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Introduction

This thesis is intended to explain a result found by P.Deligne and J.-P.Serre
on Galois representation attached to some particular eigenforms of weight 1. Let
M; (N, x) be the space of modular forms of weight 1 and level N, where y is an odd
Dirichlet character modulo N and let S7(N, x) be the subspace of cuspforms. If
f € S1(V, x) is a normalized eigenform, then its associated completed L-function
A(s, f) satisfies the functional equation

Al = s, f) = cA(s, f)
for some constant ¢ € C. On the other hand, if p is an odd, 2-dimensional
irreducible complex Galois representations, then its completed L-function A(s, p)
satisfies an analogous functional equation

A1 —s,p) =W(p)A(s, p")

where W (p) € C is a constant and p* is the contragradient representation. This
suggests that there could exist a correspondence between these two classes of
objects, and this is exactly what has been proven by Deligne and Serre. After
reviewing and explaining the paper where the main theorem about this corre-
spondence is proved, we illustrate some examples found by J.-P.Serre on Galois
representations with odd conductor and their corresponding eigenforms.

In the first chapter we review the theory of classical modular forms and Hecke
operators, focusing in particular on the structure of the y-eigenspaces My (N, x)
of modular forms of weight k, level N and Dirichlet character x modulo N. Those
X-eigenspaces are invariant under the action of the 7}, Hecke operators, for primes
p1 N and therefore they have a basis of normalized eigenforms.

The second chapter is completely dedicated to the study of Galois representations.
In particular, we show that continuity implies that complex representations have
finite image and therefore they must factor through the Galois group of some
finite Galois extension L/Q. So every complex representation induces a repre-
sentation of a finite Galois group Gal(L/Q). Thus we can apply Serre’s theory of
conductor to those representations, and it is straightforward to define the Artin
conductor of a Galois representation as a measure of its ramification. When we
construct a Galois representation of this kind starting from a modular form, the
Artin conductor is exactly the level of the modular form we are starting with.
In the third chapter we finally state and prove the main theorem:

Theorem 0.1. Let N € N, y € Z/NZ an odd Dirichlet character and let 0 #
+oo

f= Z ang" € M;i(N,x) be a normalized eigenform for the Hecke operators T,
n=0

such that pt N. Then there exists a 2-dimensional complex Galois representation

p: GQ — GLQ(C)
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that is unramified at all primes that do not divide N and such that
Tr(Frob,) =a, and det(Frob,) = x(p)

for all primes pf N.
Such a representation is irreducible if and only if f is a cusp form.

Note that the proof of this theorem strongly relies on the similar result found

by Deligne for eigenforms of weight > 2, constructed passing through the étale
cohomology of the appropriate modular curve. However, the representations at-
tached to those modular forms are [-adic and in general they do not have finite
image: this is a phenomenon unique to weight 1 forms. Using a former result
of Weil and Langlands, the Deligne-Serre theorem gives a bijection! between the
set of normalized weight 1 cuspidal newforms of level N and Dirichlet character
x and the isomorphism classes of complex, irreducible 2-dimensional odd Galois
representations with conductor N and determinant y.
The fourth chapter is dedicated to show how one can compute the dimension
of the space Sf (N, x) by counting the number of isomorphism classes of 2-
dimensional, odd, irreducible complex Galois representations with conductor N
and determinant x. This method passes through a characterization of complex
Galois representations via their image in PGL2(C). Finite subgroups of PGLy(C)
are indeed of a very special kind: they can be just cyclic, dihedral or isomorphic
to Sy, Ay or As. First we show that given a continuous projective representa-
tion p: Gg — PGL,(C), one can always find a continuous lifting to GL2(C),
essentially because of the triviality of H2(Gg,C*). Then we give a formula for
the dimension of Sfr (p,x) for p prime and x the Legendre symbol modulo p
in function of the number of nonisomorphic Galois representations with image
isomorphic to Ds,, Sy or As.

!Now that the Artin conjecture has been established for all odd 2-dimensional representations.



Chapter 1

Modular forms and Hecke
operators

1.1 Modular forms and cusp forms

In this section we’ll describe, following [DJO05], the basic theory of (classical)
modular forms.
The modular group is the group SLa(Z), namely

SLg(Z)z{(Z Z) ta,b,e,dEZ, ad—bc:l}

For brevity, from now on we’ll denote the modular group SLo(Z) with I'. One
can show that the modular group is generated by the matrices

11 0 -1
T_<O 1>and5’—<1 0 >
The upper half plane is
H={reC:(r) >0}

where (7) denotes the imaginary part of 7.
The starting point of the theory of modular forms is the observation that the
modular group acts on H via the map

I'xH—-H
at +b
(v, 7) = (1) = pr——
here v = a b el
W v = e d .
This follows from the fact that V7 € H we have
S(r)
& _ >\
J(7<T)) ‘CT+d’2

It’s easy to check that v(v/(7)) = (vy/)(7) Vv,7 € T.

Remark 1.1. One could notice that if v € I, then the action of —v on H is the
same as the action of 7. So we can pass to the quotient and say that we have an
action

D/{+I} xH - H
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Roughly speaking, we want to describe a modular form as a weight & I'-
invariant complex holomorphic function. But this would not be the most natural
possible construction. Indeed, one can think of elements of I' as automorphisms
of the Riemann sphere C, by setting v(c0) = a/c and y(—d/c) = co. One natural
question that one can ask is how to define the holomorphy of a modular forms
at co. To do this, observe that there is a a natural action of I' on P}(Q), via the
map

I xP(Q) - P/(Q)
(s oy () =@ s oty

where v = ( Z 2 € I'. This action agrees with what we said above, namely
that oo should be mapped to a/c and —d/c should be mapped to oo, because
if we think to P1(Q) as Q U {oo} we identify (1: 0) with co and (0: 1) and 0.
We will say that two points (z: y), (z: t) € P}(Q) are '-equivalent if there exists
veT st. v((xz: y)) = (z: t). It’s clear that being I'-equivalent is an equivalence
relation.

Definition 1.2. The cusps of the modular group are the I'-equivalence classes
of points of P1(Q).

Remark 1.3. T has just 1 cusp, i.e. any two points of P1(Q) are I'-equivalent.
Indeed, to check this it’s enough to show that every point is I'-equivalent to
(1: 0). If (x: y) € PY(Q), we can assume without loss of generality that z,y € Z
and that (z,y) = 1. So by Bezout’s identity there exist a,b € Z s.t. ax + by = 1.

This tells us that
a b x\ (1
-y x y ) \0

with clearly < @ b ) erl.

One could now think that all this machinery is really useless. However, we’ll
see that this is not the case when we’ll speak of congruence subgroups.
The next step is to clarify what we mean by being “weight k£ I'-invariant”.

Definition 1.4. Let v = < Lcl 2

The factor of automorphy j(v,—): H — C is given by

> € GL3 (Q) = {a € GL2(Q): deta > 0}.

T j(y,7)=cT+d
For any integer k, the weight k-operator [y]i is the operator
e {f: H=Ct={f: H—=C}
Fe f0le = (et ) (G (v, 7)) THF((7)

The weight-k operator and the factor of automorphy have some nice proper-
ties, as stated by the following

Lemma 1.5. For all y,7' € I" and 7 € H,
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a) (1) =3 (1) 7);

b) [vY]k = [Vk[Y]x (as operators);
) () = o

dy(t) 1
9V FICEI R

Remark 1.6. Since the factor of automorphy is never 0 or infinity on H, f[v]x
has the same number of zeroes and poles as f on H, counted with multiplicities.

Now it should be clear that by weight k& invariancy we mean invariancy under
the action of the weight k-operator. So let’s state our

Definition 1.7. Let f: H — C a meromorphic function, k& € Z. f is called
weakly modular of weight k if

fle=f
for all v € I', namely if

forallyz(ccl Z>€Fand7€7—[.

Remark 1.8. Setting v = —I and letting k£ be an odd integer, we find that if f
is weakly modular of weight k, then f = (—=1)*f, so f = 0 if k is odd. Therefore
there are no weakly modular function of odd weight.

Now we would like to understand how to define holomorphy at infinity. Since

11
I' contains the matrix T' = 0 1 that acts on H mapping 7 — 7 + 1, any

weakly modular function f must satisfy the equation

fir+1) = f(7)

for any 7 € H. Now set D = {q € C: |g| < 1} and D’ = D\ {0}. Then we have
a holomorphic map
H— D'

T 627r7,7' =q

and the map
g: D' —C

log q
q—f ( 5 )
i
is well defined and f(7) = g(e*™7). Now if f is holomorphic on H, then g is
holomorphic on D’ and so g has a Laurent expansion g(q) = Z anq" for g € D'.
nez
The relation |g| = e tells us that ¢ — 0 as J(7) — 00. So we can finally

say that f is holomorphic at oo if g extends holomorphically to ¢ = 0, i.e. if its
Laurent series sums over n € N. This means that f has a Fourier expansion

—+00
= § anqn
n=0

—273(7)

with a,, € C for all n.
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Definition 1.9. Let &£ € Z. A function f: H — C is called modular form of
weight k if

i) f is holomorphic on H;

ii) f is weakly modular of weight k;
iii) f is holomorphic at infinity.
The set of modular forms of weight k is denoted with My(T").
Remarks 1.10.

1) The zero function on H is a modular form of every weight; constant functions
are modular forms of weight 0.

2) My(T") is a vector space over C. It can be shown that its dimension is finite
for all k.

3) Since it’s clear by definition that the product of a modular form of weight k
and a modular form of weight [ is a modular form of weight k+1, the C-vector
space

M(T) = @D My(T)

keZ
has a structure of graded ring.
+o0
Definition 1.11. If f € M(T") for some k, we set f(oc0) = ap if Zanq” is the
n=0

Fourier expansion of f. We say that f is a cusp form if ag = 0. The set of cusp
forms of weight & will be denoted with Si(I").

As in the case of all modular forms, Si(I') is a vector space over C (obviously
finite dimensional), and
ST) =P sk
keZ
is a graded ideal of M(T).
The first, and very important, examples of nontrivial modular forms are given by
the Fisenstein series of weight k. Let k € 27, k > 2 and set

1
Ge(r)= > (or+ dF

(0,0)%(c,d)€Z?

One can check that G (7) converges absolutely and uniformly on compact subsets
of H, and therefore it defines an holomorphic function on H, that is holomorphic
at cusps but doesn’t vanish there. In fact, we have the following Fourier expansion
for Gi(7):
. +oo

(2mi)* ,
(k—1)! D ok-1(n)g

n=1
where ((-) is the Riemann zeta function and oy(n) = Z d*. Since ((s) # 0 for

0<d|n

Gi(7) = 2¢(k) + 2

all s € Cs.t. R(s) > 1, Gi(7) is not a cusp form.
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Definition 1.12. The normalized FEisenstein series of weight k is defined as
Gi(1)
Ey(7) =
2¢ (k)
The second most important example of a nontrivial modular form is given by
the modular discriminant. Such a function is given by

for any k € 2Z, k > 2.

A(T) == (60G4(1))® — 27(140G¢(7))?

This is a cusp form of weight 12, and it spans the space Si2(I"). Moreover, one

can prove that
A1) = (2m) 20?4 (7)

where

is the Dedekind eta function.

1.2 Modular forms for congruence subgroups

The first natural question one can ask is: what if we consider, instead of the
whole modular group, a proper subgroup? So let’s state the following

Definition 1.13. Let NV be a positive integer. The principal congruence subgroup
of level N is

(2 ) er (3 5)=(18) wor)

A subgroup I < T is called a congruence subgroup of level N if ['(N) C I for
some N € N.

The following facts hold:
1) I'(1) =T.

2) T < T is a congruence subgroup of level N, then I'"” is a congruence subgroup
of level M for any M € Ns.t. N | M.

3) I'(N) is the kernel of the natural homomorphism SLy(Z) — SLa(Z/NZ). In
fact this map surjects, inducing an isomorphism I'/T'(N) = SLy(Z/NZ) and
showing that I'(N) < T and that [[': T'(N)] < oo.! This also implies that
[[': T"] < oo for any congruence subgroup I".

4) If T’ is a congruence subgroup of level N and « € T', then a~'T"« is again a
congruence subgroup of level N. This follows from the fact I'(/V) is a normal
subgroup of I' and so I'(N) = o 'T'(N)a C a™'T"a, implying the claim.

1
'In fact we have that [[': T'(N)] = N° H (1 - Z?)
pIN



1.2. MODULAR FORMS FOR CONGRUENCE SUBGROUPS

The most important examples of congruence subgroups (of level N) are

o= {(2 §)er (2 )=(3 1) )
- {(z 5)er (2 )=(4 1) )

Clearly one has
I(N)CT(N)CIg(NV)CT

Remarks 1.14. Fix N € N.

1) There is a group homomorphism

I'(N)—Z/NZ
( a b ) —b mod N
c d

that is surjective. Its kernel is just I'(NV), so I'(N) < T'1(N), [I'1(V): T'(N)] =
N and we have an isomorphism

I'y(N)/T(N) = Z/NZ

2) There is a group homomorphism

Io(N) — (Z/NZ)*
( Z Z ) —d mod N

that is surjective and has kernel I'1 (N). SoT'1(N) < To(N), [To(N): I'1(N)] =
©(N) and we have an isomorphism

Lo(N)/T1(N) = (Z/NZ)*

(% a)]e

So we want to think about modular forms for some congruence subgroup I"
as holomorphic functions f: H — oo s.t. f[y/]x = f for all v/ € T’ that are
holomorphic at the cusps. So it’s straightforward to introduce the following

Definition 1.15. Let I" < I' be a congruence subgroup. The cusps of I are
I-equivalence classes of points of P}(Q).

Notice that the number of cusps of any congruence subgroup is finite, because
it is at most [I': I'V].
But what about Fourier expansions? A congruence subgroup I may not contain

0 1 0 1
for some minimal A € N. Since the action of this element on points of H is just

11 1
the element < , however it must contain an element in the form < h >
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the translation by h, it follows that a weakly modular f: H — C with respect to
I corresponds to a function
g: D' —C

where D’ is the punctured disk but f(7) = g(gx) where q; = €*™7/*. Hence if f
is holomorphic, then so is g and f has a Laurent expansion

1) =3 anap

neL

We'll say that f is holomorphic at infinity with respect to I' if g can be extended
holomorphically in 0, i.e. if the Fourier expansion of f starts with n = 0.

Now, we want a modular form for I” to be holomorphic at every cusp, and if
IV # T, there might be more than one cusp. Any cusp s takes the form «(oo) for
some « € I'; so that holomorphy at s is defined by holomorphy at co of f[a].
Since such a modular form is holomorphic on ‘H and weakly modular with respect
to the congruence subgroup o 'TI'a, the notion of its holomorphy at oo makes
sense.

Definition 1.16. Let IV < T be a congruence subgroup and k € Z. A modular
form of weight k with respect to I is a function f: H — C such that

i) f is holomorphic on H;
i) fla]g = f for all a € T;
iii) f[a]x is holomorphic at co for all aw € T'.

If ap = 0 in the Fourier expansion of f[a]j for all a € T', we say that f is a cusp
form of weight k with respect to I". The sets of modular forms and cusp forms of
weight k with respect to IV will be denoted respectively by My (T") and by Sk (T").

Remarks 1.17. Let I” < T be a congruence subgroup.
1) Mp(I") and Sk(I") are C-vector spaces.

2) If -1 = ( _01 _01 > ¢ I, there could exist nonzero modular forms of odd

weight with respect to I".

3) If IV < T for some other congruence subgroup I'”, then M (T") C M(I")
and Si(I'") C S(IV).

4) As in the case of the full modular group,

M) = @) M(r)

kEZ

is a graded ring and
ST =P sk
kezZ
is a graded ideal of M (T).
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11
01
I'1(N) and for I'g(V) have a Fourier expansion of the type

Remark 1.18. Since for all N € N, < > € T'1(N), modular forms for

flg) =) ang"

n=0

The main object of study in this thesis is a particular class of modular forms
for I'1(N). To define them, we need a bit more work, starting from Dirichlet
characters.

Definition 1.19. Let G be a finite abelian group written multiplicatively. A
character of G is just a homomorphism

X: G — ((C*’)

where - is the usual multiplication of complex numbers. R
The set of all characters of G clearly forms a group that will be denoted by G.
Such a group will be called the dual group of G. The unit of the dual group is
the trivial character, namely the character

1g: G — C*
g—1

Since a character y is a homomorphism and G is finite, the values taken by
x are complex roots of unity. Therefore the inverse of x in G is its conjugate,
namely the character
X:G—C*

g9~ x(9)
Proposition 1.20. Let G be a finite abelian group.

i) @ is non canonically isomorphic to G (and so in particular |G| = |G]).

ii) There is a canonical isomorphism
G—G

g Xg
where x4(v) == 1(g) for all ¢ € G.

Definition 1.21. Let N € N. A Dirichlet character modulo N is a character of
the multiplicative group (Z/NZ)*.

From now on, Gy will denote the multiplicative group (Z/NZ)*, G N its dual
and 1 will denote the trivial character modulo V.

Proposition 1.22 (orthogonality relations). Let N € N. Then we have the
following relations:

Zx(g):{w(l\f) if x = 1y ZX(Q):{M) ifg=1

G 0 otherwise — 0 otherwise
9geGN xEGN



1.2. MODULAR FORMS FOR CONGRUENCE SUBGROUPS

12

Proof. We will only show the first relation, since the second one is just the first
applied to Gy. If x = 1y the claim is obvious. Otherwise, choose h € G s.t.
Xx(h) # 1. Then the product gh runs over all Gy as g runs over Gy, because G
is finite. So we have

dox@) =D xtgh) = D x(9) | x(h) = (x(h) = 1) > x(9) =0

9eGN 9eGN 9eGN 9eGN
and this implies Z x(g) = 0 since by assumption y(h) # 1. O
9€GN

Let N € Nand d € Ns.t. d| N. Then every character modulo d lifts to
a character modulo V. Indeed, if x4 € G4 and mn4: Gy — Gq is the natural
projection, it’s enough to define xn = xq © ™y 4, namely we set xn(n) = xq(n
mod d) for all n relatively prime to N. For example, let x4 be the only nontrivial
character modulo 4, namely
X4: G4 — C*

-1~ -1

This character lifts to
)A(/: G12 — C*

5—1
7T —1
11— —1

The inverse construction, namely going from modulo N to modulo d for some
d | N is not always possible. For instance, the character modulo 8 given by

xs: Gg — C*

3—=1
5— —1
7T —1

cannot be defined modulo 4, because if it were possible, we should have xg(5) = 1
since 5 =1 mod 4.
This motivates the following

Definition 1.23. Let x € Gn be a Dirichlet character. The conductor of x is the
smallest positive divisor d of N s.t. x = xqomn 4 for some x4 € G4. Equivalently,
the conductor is the smallest positive divisor of IV s.t. x is trivial on ker 4. X
is said to be primitive if its conductor is V.

A character modulo N is called odd if x(—1) = —1. Otherwise, namely if
x(—1) =1, it’s called even.
The only character with conductor 1 is the trivial one, and the trivial character
modulo N is primitive iff N = 1.
Every character y modulo N extends to a completely multiplicative function

X:Z—C
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s {X(n) if (n,N)=1

0 otherwise

We are now ready to define type (k,x) modular forms. Fix a level N € N

and an element o = ( CCL Z > € T'g(N). Then recall that, by remark 1.14,

Lo(N) IT1(N), so that M (T'1(N)) € M (T'o(N)). This implies that the weight-
k operator defines a map

Mg(T'1(N)) = Mg (T'1(N))

f= flalk

Indeed, choose v € I';(N). By the normality of I'1(N) in T'o(N) we have that
a™ T (N)a = I'1(N), so there exists 7/ € I'1(N) s.t. ay = 7'a. By lemma 1.5,
we have that

(fled) vl = flerlk = fIY alk
because f € My(I'1(N)). Again by lemma 1.5, we can define a group action

Il
=
)
>
2
ol

Il
=
2.
o

Lo(N) x My(T'1(N)) = Mp(I'1(N))

(Oé,f) = f[a]k

Now one can notice that I'y (V) acts trivially on M (I'1(N)) via this map. So
passing to the quotient we get an action

Lo(N)/T1(N) x My(T1(N)) = My ('t (N))

Since we have shown in remark 1.14 that I'o(N)/I'1(N) = Z/NZ via the map

that sends o = < CCL Z > — d mod N, we have that f[a]; depends only on d
mod N and so it makes sense to write

flalk = (d)f
Definition 1.24. The C-linear map
(d): Myp(T1(N)) = My(I'1(N))
fred)f

for d € N is called diamond operator, where by definition we set (d) = 0 if
(N,d) > 1.

Obviously, (1) f = f, since (1) f = f[I]x, where I is the identity matrix.

Proposition 1.25. The map
<—> N — homC(Mk(Fl(N)), Mk(Fl(N)))

n— (n)

is completely multiplicative. Hence

for all m,n € N.
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Definition 1.26. With the same notations as above, let x € @N be a Dirichlet
character with the same parity of k, i.e. such that y(—1) = (=1)k. We'll call
modular form of type (k,x) on I'o(N) an element f € M (I'1(V)) s.t.

(d)f =x(d)f

for all d € Gy, i.e. such that

F(550) = x@er + ats)

a b
for all < e d > € I'o(N).

We'll denote the set of type (k, x) modular forms of level N by My (N, x).
In an analogous way we can define the space Si(IV, x) of type (k, x) cusp forms.

Notice that since —I € T'o(N), if x and k would not have the same parity,
then it would follow M (N, x) = {0}.
One can show that My (N, x) is a finite dimensional C-vector space and Si (N, x)
is a proper subspace. If x = 1y then clearly My (N, x) = Mg(To(N)).

Proposition 1.27. There exist decompositions of vector spaces
Mp(T1(N)) = € Mp(N,x)  Sk(Ti(N) = B Sk(N.x)
x€GN x€GN
Proof. For each character y mod IV, define the operator
1 _
M=~ 30 X)) My(Ty(N)) > Mi(Ty (V)

C’O( ) deGn

This is clearly a C-linear operator on My(I'1(N)). Now take f € My(I'1(N)) and
e € Gy. One has:

1 _ 1 ) e f—
) = €057 3 R = 55 3 s
1 _
= 5 2 X = x(Om ()

because as d runs over all G, so does de for any fixed e. This proves by definition
that m, (My(T'1(N))) € My (N, x). Moreover, if f € My(N, x) then

1 ~ _
m(f) = W dGZGN xX(d)x(@) f = f

and so m, is the identity on My(N,x). Therefore 7, is the projection onto
My (N, x). Now note that

1 E— 1 .
ZMﬁWﬂ:ZWWFWWZ@ZMWﬂ>

xEGN xEGN I€CGN deGn xEGN
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where the last equality is due to the orthogonality relations. So Z Ty is the iden-

X
tity on My (I'1(V)) and this tells us that the subspaces My (N, x) span My (I'1(N)).
Indeed, take any f € M(I'1(N)). Then

fzzﬂx(f) :Zaxfx

where the ay, € C and f,, € My(N, x).
Finally, if y # X are distinct characters modulo NV,

Ty oMy = ¢(1N) S x(d)d) (ﬁ(lN) (Z X’(e)<e>> _

deGrn

~ i 320 X O = i ) 3w -

neGn de=n ecGn
SN2 2 mxm) Y (i)(e) =0
neN eeG N

because of the orthogonality relations. This last property implies that M (N, x)N
Myi(N,x") = {0} for x # X/, because if f would lie in the intersection, then
(my omy)(f) = f since as we showed, 7, is the identity on My (N, x) for every x.
The operators 7, restrict to Si(I'1(N)) and hence the proof of the second decom-
position goes in the same way. [

Note that by definition, the diamond operators respect the decomposition
described in the proposition, i.e. if x € Gx and n € N, then

(n)(Mi(N, x)) € Mi(N, x)

Definition 1.28. The weight k Eisenstein space of I'1(N) is the quotient vector
space

&(T1(N)) = Mp(T1(N))/Se(T1(N))
Analogously, if x € G N, then we set

&(N, x) = My(N, x)/Sk(N, x)

By proposition 1.27, we have a decomposition of vector spaces

XGéN
1.3 Hecke operators

Let a € GL3 (Q), where GL (Q) = {8 € GL3(Q): det 8 > 0}. Let I';,I's be
congruence subgroups of I'. Then the set

I'aol's = {yiavy2: 71 €1, 72 € 'y}
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is called double coset.
The group I'; acts on the double coset I'yal's by left multiplication, so we have
a decomposition

Fl\FlaFg = U Flﬁj
J

for some choice of representatives 3; € I'tal's. The key point is that this de-
composition is finite, as shown by the following lemma, and this will allow us to
define an important operator on My(I'1(N)).

Lemma 1.29. Let o € GL; (Q), I';,I'y < T two congruence subgroups.

i) I'y and T’y are commensurable, i.e. the indexes [['1: I'y N Ty, [['y: I'y N Ty
are both finite.

ii) The set a 'I';a N SLy(Z) is a congruence subgroup.
iii) Set I's = a~!T'ya N Ty, a subgroup of I's. Then the map
I'y - Tals

Y2 = QY2

induces a natural bijection from the coset space I's\I'y to the orbit space
['\I'al's. Hence {727j} is a set of coset representatives for I's\I'y if and
only if {ays;} is a set of orbit representatives for I'y\I'yol's.

Corollary 1.30. The orbit space I';\I';al's is finite.

Proof. By point ii), a T is a congruence subgroup, so by point i) the set
['s\I'y is finite and therefore by point iii) the claim follows. O

Definition 1.31. Let o € GLj (Q), I';,T'y < T be congruence subgroups. The
double coset operator, or weight-k I'ial'y operator takes modular forms f €
M (T1(N)) to

fIC10Tal = > fIB5lk
J
where {3}; is a set of orbit representatives, namely I'ial'y = (J; I'13; is a disjoint
union.
Proposition 1.32.

i) The double coset operator is well defined, i.e. is independent from the choice
of representatives.

ii) The double coset operator defines a C-linear map
[Flal“g]k: Mk(l“l) — Mk(rg)
Moreover, it restricts to a map

[Plafg]k: Sk(Fl) — Sk(rg)
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Definition 1.33. Let p € N be a prime, set o = < é 2 ) € GL3(Q) and
'y =Ty =T1(N). The Hecke operator T, is given by
f — Tpf = f[Fl(N)aFl(N)]k
Proposition 1.34. The T}, operator on M (I'1(IV)) is given by
sl b ) itp| N
j=0 0 p
Tof =
p—1 1 g m n 1 g . B o
Sy 2 st N ) (6 ) e itpt N andmp v =1
The thing we are really interested in is how Hecke operators act on the Fourier

expansion of modular forms. This is given by the following

Theorem 1.35. Let N,p € N with p prime, x € Gy and f € Mg(N,x), so that
f has a Fourier expansion of the form

“+oo

f(Q) = Z anq"

n=0

Then T, f € My(N, x) and we have

+00 too
(Tpf)(@) =D anp(H)a" + x@)P* D an(f)g"™ =
n=0 n=0

+00
= (anp(f) + x0)P* " app()d"
n=0

where we set a,,/,(f) = 0if p{ n and x is regarded as a function N — C. In other
words, for f € My(N,x) we have

an(Tpf) = anp(f) + X(p)pk_lan/p(f)

The definition of the Hecke operators can be extended to all n € N, via the
following theorem.

Theorem 1.36. Set T} = 1 (the identity operator). Let r,p € N with p prime
and r > 2. Define
Ty = TyTyr—1 — p"H(p) T2

Then we have:
i) TprTys = TysTpr if p, q are distinct primes and r, s € N.
ii) For any n € N, set T}, = H T Pl where n = H pi* is the prime factorization
of n. Then T}, T,, = TnTmifor allm,n e N anid T Ty = T if (m,n) = 1.
ili) Tp,(d) = (d)T, for all d € N.
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iv) Fix n,N € N and y € Gx. Then for every f € Mp(N,x) we have that
T.f € Mi(N,x) and

+oo
Tnf = Z am<Tnf)qm
m=0

where

am(Tnf) = Z X(d)dkilamn/dQ(f)

d|(m,n)

1.4 Oldforms, newforms and eigenforms

The first step to do in order to understand newforms is to define an inner product
on the space Si(I'1(N)).

The hyperbolic measure on H is given by

_ dzdy

du(r) 7

ifr=x+iyeH.

Such a measure is GLJ (R)-invariant, i.e. du(a(r)) = du(r) for all 7 € H and all
a € GL(R). If I" < T be a congruence subgroup and X (I") is a fundamental
domain for the action of I on H, we define volume of T the integral

Vo= [ du(r)
X(I7)

Theorem 1.37. Let IV < T be a congruence subgroup. The map
(= =)re Sp(I") x Si(1') = C

(9= g =g [ SERES )

is well defined, positive definite and turns S(I) into an Hermitian space. This
map is called Petersson inner product.?

Now recall the following

Definition 1.38. let V' be a complex inner product space and 7" a linear operator
on V. The adjoint of T is the linear operator defined by

(Tv,w) = (v, T*w)
A linear operator T is called normal if it commutes with its adjoint.

Theorem 1.39. Let p € N be a prime s.t. p4 N. Then in the inner product
space Sk(I'1(NV)), the Hecke operators (p) and T}, have adjoints

oy =m~ Ty =m"T

Then it follows by theorem 1.36 that (p) and 7}, are normal.

2More generally, it can be shown that the integral defining the Petersson inner product
converges if at least one between f and g is a cusp form and the inner product of a cusp form
and an Eisenstein series is always 0. This tells us that, using a slight abuse of language, the
spaces Si(I'1(N)) and &%(I'1(N)) are orthogonal with respect to the Petersson inner product.
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The spectral theorem of linear algebra easily implies the following fundamen-
tal

Theorem 1.40. The space S;(I'1(N)) has an orthogonal basis of simultaneous
eigenvectors for the Hecke operators {(n),T},: (n,N) = 1}.

Definition 1.41. A nonzero modular form f € M (I';(V)) that is a simultaneous
eigenvector for all Hecke operators (n) and T,,, for n € Z* is called eigenform.
An eigenform is said to be normalized if a; = 1 in its Fourier expansion.

To conclude the section we will show how one can decompose Si(I'1(N)) into
two subspaces orthogonal with respect to the Petersson inner product.
First, notice that if M, N € N are s.t. M | N, then I';)(N) C I'y(M) and so
Sp(T'1(M)) C Sp(I'1(N)). Now suppose d € N is s.t. d | N/M. Then set
Qg = g (1) so that we can define a C-linear map

Sp(L1(M)) — Sp(I'1(N))
F(r) = f(D)]agle = d*' f(dr)

which is injective (it is an easy computation). By this observation, it will be

natural to look at the subspace of Si(I'1(N)) spanned by forms “coming from a
lower level”.

Definition 1.42. For any divisor d of N, let’s define a map

(f,9) = [+ gladlk
The subspace of oldforms at level N is
SpT1(N)? = " iq(Sp(T1(N/d)) x Sp(T'1(N/d)))
d|N

and the space of newforms at level N is its orthogonal complement with respect
to the Petersson inner product, i.e.

Sk(TL(IN)™ = (ST (V)

Proposition 1.43. The subspaces Si(I'1(N))?4 and Sy(T'1(N))"" are stable
under all Hecke operators.

Corollary 1.44. The subspaces Si(I'1(N))?? and Si,(T'; (N))™* have orthogonal
bases of eigenforms for the Hecke operators T, and (n) for all n € N such that
(n,N) = 1.

It can be shown that the condition (n, N) = 1 can be removed from Sy (I'y (IV))™".

Definition 1.45. A newform is a normalized eigenform in Sy (I'1(NV))™".

“+oo
Remark 1.46. By theorem 1.35, it’s clear that if f = Z anq" is any eigenform

n=0

in Si(I'1(IV)) and p is a prime, then since we have T, f = A\, f for some ), € C,
Ap = al_lap.3 Hence if f is normalized, its p-th coefficient is an eigenvalue of T),.

3 As next theorem says, one always has a1 # 0 for an eigenform.
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It is useful to note that the converse also holds.

Theorem 1.47. Let f € My(N,x). Then f is a normalized eigenform if and
only if its Fourier coefficients satisfy the following conditions

1) a,1:1;

ii) apr = apay,r—1 — x(p)ayr—2 for all primes p and r > 2;

iii) amn = amay, for all m,n € Ns.t. (m,n) = 1.
Now it will be straightforward to define newforms on Sk (N, x). More details
can be found in [Li75].

So fix M,N € N and x € Gar. The main observation is that if M | N and
d | N/M, then the map f — f[ag]r restricts to a map

Sk:(Ma X) - Sk(Na X)

[ flaalk

where with a slight abuse of language we will use x also to denote the extension
of x to Gn. To prove this, recall that f € Si(M, x) means that (e)f = x(e)f for

all e € Gps. So choose any v = < Z

a—dadb—adba‘—’a
=\ . . )= c/d e d="70q

where clearly v € T'g(M) because N | ¢ and so M | ¢/d. This calculation implies
that

z ) € I'y(V) and note that

fedlkVk = flaayle = f1V]klaalk = x(e) faals
ie. flaa] € Sp(N,x).
Now fix x € Gx and consider the set A = {N; € N: x can be defined mod N,}.
Then we can define a subspace S, (IV, x) as the span of the set

{filow,,]: fi € S(Ni, x) for some N; € A, d;; | N/N;}

Definition 1.48. The complement of S, (N, x) inside Si(IV,x) is denoted by
S:F(N, x) and is called space of newforms on S(N, x).

Remarks 1.49.

1) The subspaces S; (N,x) and S, (N x) are orthogonal under the Petersson
inner product.

2) The Hecke operators T), for p prime respect the decomposition of Si(N, x).
Therefore we can find a basis for S,‘:(N , x) made of eigenforms. The elements
of this basis are called newforms. A newform will be called normalized if
a1 = 1 in its Fourier expansion.

3) If two newforms have the same eigenvalues A, for almost all p, then they differ
by a constant factor (cfr. [Li75]). This is a very important result, since it tells
us that the subspace of S; (N, x) relative to a collection of eigenvalues {A,}
has dimension 1.
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n

as

Each element f(7) € Sk(N, x) can be written as
= Z fi(diT)

where d;N; | N, x can be defined mod N; and f; € Sk(N;, x) is a newform.
We will show this by induction. For N = 2, we have clearly that Si(2,13) =
S:(N, 12) and so the result is obvious. Suppose it’s true for every 2 < r < N.
Then take f(7) € Sp(N + 1,x). We can then write f(7) = g1(7) + g2(7),
where g1 € S (N 4+ 1,x) and g2 € Sp(N + 1, x). Then by definition g;(7) =
> fildiT), for some d;N; | N + 1, such that x can be defined mod V; and
fi(1) € Sp(Ni, x). Now take f;(d;7) and set d;7 = 7. Then f;(7") € Sk(N;, x)
and so by induction hypothesis we have fi(7') = >_, gij(di;7') where d;;Ni; |
Ni, x can be defined mod N;; and g;;(7') € S (Ny;, x). So we have what we
wanted, since we can write

f( fz dT Zgu dz]dT

where d;;dN;; | N + 1, x can be defined mod N;; and g;j(7) is a newform in
Sk(Nij, x)- The claim follows from the fact that this is true for all .

In conclusion, what we found is that any element f € My (N, x) can be written

£(r) = Br) + 3 fildir)

where E(7) € &,(N, x) is an Eisenstein series and the f; are as above. The last
important result tells us that we can find a basis for the space & (N, x) made by
normalized eigenforms for the Hecke operators T}, with p { N. This will allow us

to

associate a Galois representation to any element of this basis, but it will be a

reducible representation.

Theorem 1.50. Let N € N and let Ay; be the set of all triples ({¢, p},t) s.t

a)
b)
c)

1 and ¢ are primitive characters modulo u and v respectively;

(Pe)(-1) = —1;*
t € Niss.t. tuv | N.

Now set

EY?(1) = 6(0)L(0,4) + 8(1h) )+ 2 Z ol (n _ 2mir

where 0(¢) =1 iff ¢ = 1; and is 0 otherwise, while

05 % =" W(n/m)p(m)

m|n

m>0

and L(s, ) is the L-function associated to 1. If EY*' .= EV?(t1), we have:

4“When we compute such a product, we implicitly assume that we have raised ¢ and ¢ to

level N to make the product have sense.
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i) The set
Bi(L1(N)) = {E}*": ({1, 0},t) € Ana}

is a basis of the space & (I'1(N)). Moreover, for any character x mod N,
the set

Bi(N.x) = {B]*": ({9, 0},1) € Axa e = X}
is a basis of &1(N, x).

ii) If p € N is a prime s.t. p{ N, we have that

T, %" = (4(p) + ¢ (p) B
for every E}b’@’t € Bi(N,x).

To conclude the chapter, we cite without proof this fundamental fact about
newforms.

+00
Theorem 1.51. Let f = Zanq" € Sk(N,x), let o be a automorphism of C.

n=1

+oo
Let f7 = Z apq". Then
n=1

i) f7 € Sp(N,x7);
ii) if the a,, are algebraic, they have bounded denominators;

iii) the eigenvalues of the Hecke operators T), lie in the ring of integers of a fixed
algebraic number field.

Proof. See [Ser77b]. O



Chapter 2

Galois representations

2.1 The Galois group Gal(Q/Q)

Definition 2.1. The absolute Galois group of Q is the Galois group Gal(Q/Q),
where Q denotes an algebraic closure of Q.

In this entire thesis, we fix an embedding Q < C, so that when we will speak

of Q we will think of it as a subfield of C. Also, the p-adic valuation on Q, will be
normalized, i.e. v,(p) = 1. From now on, we set Gg := Gal(Q/Q). Furthermore,
if 0 € Gal(F/K) for some fields K C F' and = € F, we’ll denote the image of x
by o by z°.
It is clear that Q is the union of all Galois number fields. Indeed, if = €
Q, then Q(z) is a number field contained in @ and so is its normal closure,
which is Galois over Q. Conversely if F' is a Galois number field, each of
its elements is algebraic over Q, and so lies in Q. Moreover, the collection
{Gal(F/Q): F/Q is a finite Galois extension} is a projective system whose maps
are the ones induced by inclusions, i.e. if K C F'is an extension of Galois number
field we have a canonical restriction map

Gal(F/Q) — Gal(K/Q)
o 0K =0|Kk
that is surjective.
Proposition 2.2. We have Gg = @Gal(F/Q), where F' runs over all finite
Galois extensions of Q. "

Proof. Let 0 € Ggq, let I C Q be a Galois number field. Then o|p lies in

Gal(F'/Q), because F'/Q is Galois. Moreover, it’s clear that if K C F is an-

other Galois number field, then o|x = (0|r)y. Therefore o define an element

of l'glGal(F /Q) and the map obtained in this way is clearly injective. On the
F

other hand, take an element {or} € lim Gal(F/Q). This comes from an element
F

o € Gg in an obvious way, namely if z € Q then z € F for some Galois number
field F' and so we set £ := x°F. This proves that the map is also surjective, and
we are done. O

23
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The group Ggq is then a profinite group, namely a projective limit of finite
groups. Hence it carries a structure of topological group, the one induced by the
inclusion

cm:%g&mw@}QQCmR@y:c

where the product is taken over all Galois number fields. Here we are con-
sidering the discrete topology on the finite Galois groups Gal(F/Q) and the
product topology on C. By Tychonoff’s theorem, C' is a compact topological
space. Moreover, Gg is a closed subspace, because if {or} € C'\ Gg, then by
definition there exists an extension of number fields K C L and two elements
ox € Gal(K/Q) and o1, € Gal(L/Q) such that or|x # ox. Therefore the set
{{rr} € C: 7x = oK, 71, = o} is an open subspace that does not intersect G
and contains {or}. So we proved that Gg is compact. Moreover, one can see
that Gg is Hausdorff and totally disconnected, i.e. its only connected compo-
nents are the points. The properties of being a Hausdorff, compact and totally
disconnected topological group characterize completely profinite groups (see for
example [CA67]).

The same result holds for any Galois extension F'/ K, in the sense that Gal(F/K) =

Jim Gal(L/K) where L runs over all finite Galois extensions L/K s.t. L C F and
L
again Gal(F/K) is a topological group. So we can recall the main theorem of

Galois theory for possibly infinite extensions.

Theorem 2.3 (Krull). Let F//K be a Galois extension of fields, and K C L C F' a
subextension. Then Gal(F'/L) is a closed subgroup of G := Gal(F/K). Moreover,
the maps

L+ H:=Gal(F/L) and H — L = F?

yield an inclusion-reversing bijection between subfields K C L C F and closed
subgroups H C G, where by F we are denoting the subfield of F' fixed pointwise
by the elements of H. A subextension L/K is Galois over K if and only if
Gal(F/L) is normal in Gal(F/K); in this case there is a natural isomorphism
Gal(L/K) = Gal(F/K)/ Gal(F/L).

From now on, every time we will have a group G acting on a set X, we will
denote the subset of pointwise fixed elements by X. Note that if o € G and
Y C X is any subset, with Y we denote the set {y7: y € Y}, while Y{} = {y €

Y:y? =y}

Remark 2.4. By the theorem, we have that for any Galois number field F/Q,
the restriction map
TE: GQ — Gal(F/Q)

o o|p

is surjective. This is a general fact about inverse limits of surjective systems,
namely if {G;};cr is an surjective system of groups, the projections

el
{gi}icr = gi

are surjective.
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Now, a system of open neighborhoods in Gq for 1 = 15, is the one generated
by the kernels of the projections

Gg — Gal(F/Q)

as F' runs over all Galois number fields. Since G is a topological group, it follows
that a system of open neighborhoods for any o € G is generated by

Uy (F) == 0 - ker(Ggp — Gal(F/Q))

as F' runs over all Galois number fields. Clearly, U;(F') is an open normal sub-
group of Gg for every Galois number field F'. But the converse also holds. Indeed,
if U C Gg is an open normal subgroup, then U(F) C U for some Galois number
field F'. So we get a surjection

Gal(F/Q) = Go/U(F) — Go/U

which by Galois theory main theorem implies that Go/U = Gal(F”/Q) for some
F’' C F and hence U = Uy (F").

The next step is understanding maximal ideals of Z. Let p C Z such an ideal. Let
Ok C Z be any number ring. Since the extension O C Z is integral, the ideal
pN Ok is maximal. Therefore in particular when K = QQ we have that pNZ = pZ
for some rational prime p. Conversely, given such a rational prime, the ideal pZ
is contained by Zorn’s lemma in some maximal ideal p.

Since Z = U Of for all number fields K, any maximal ideal p C Z is given by

K
p = UpK where pg = p N Ok and the pg are compatible, in the sense that if

K
K’ C K are two number fields, then px N K’ = pg. Conversely, every such union

defines a maximal ideal of Z.
It is easy to check that if p C Z is a maximal ideal and p = pNZ, then Z/p is an
algebraic closure of F,,. From now on, we’ll always identify Z/p with F,,.
So let p € Z be a prime and let p C Z be any maximal ideal lying over p. Then
we have a reduction map

Z —F,
whose kernel is p.

Definition 2.5. The decomposition group of p is defined as
D, = {0 € Gg: p° =p}
One can also see that D, = fim Dy, where F' runs over all Galois number
F

fields, pr == p N F and Dy, is the decomposition group of pr in F. In fact, it’s
clear that we have a homomorphism

Dy — lim Dy,
F

o {or}

which is injective. On the other hand any {op} € @DPF is by definition an
F

element of Gg and so the map is surjective too. Now the point is that if F//Q is
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a finite Galois extension, then for every rational prime p and every prime p C F
lying over p it’s known (see for example [Ser79]) that there exists an isomorphism

Dy, = Gal(F,/Qp)

where F, denotes the completion of I’ with respect to the discrete valuation
induced by p. This tells us that

D, = lim Gal(/Q;)

where K runs over all the finite extensions of Q,. But again, it is easy to see that

lim Gal(K /@) = Cal(@,/Q,) = G,

K
So what we found is that we can identify the decomposition group of any maximal
ideal p C Z with the local Galois group Gp. What happens if we choose another
p’ C Z lying over p? We'll see in proposition 2.8 that there exists o € Gg s.t.
p? = p’ and Dy = 0’7le0'. This shows choosing another p lying over p the
embedding G, — Gg changes by conjugation.
Any o € D, gives rise to a commutative diagram

n

5 —
FP p

[

where (2 4+ p)? := 2° + p. What we have is thus a map
D, — Gy, = Gal(F,/F)
o0
which is surjective.

Definition 2.6. The inertia group of p, denoted by Iy, is the kernel of the map

One has that
I,={0 € Dy: 2° =zmodp Vz € Z}

Again, it is easy to see that I, = @Ip »» namely the absolute inertia over p is
F

the inverse limit over the inertia groups of p in the finite Galois extensions F/Q.
The group G, is procyclic, i.e. it’s the inverse limit of the cyclic groups Z/nZ
as n runs over N. So R
Ge, 222 [] Z,
pEP

where & is the set of all rational primes. One can embed
17 7

x = {x + nllnen

The subgroup of 7 generated by «(1) := o, is a dense subgroup.
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Definition 2.7. Any preimage of o, via the reduction map
Dp — G[Fp
is denoted by Froby, and is called absolute Frobenius element over p.

_Clearly Frob, is determined only up to I,. However, any two maximal ideals
of Z lying over the same rational prime p are conjugate by some o € Gy, as
explained by the following

Proposition 2.8. Let p,q C Z be two maximal ideals s.t. pNZ = qNZ = pZ.
Then there exists 0 € Gg s.t. p7 =q.

Proof. Recall that

IJZUPK CIZUCIK
K K

where K runs over all Galois number fields, px = p N K, qx = qN K and the
unions are compatible. Since for every K the ideals px and qx lie both over the
same prime p, there exists o € Gal(K/Q) s.t. pif = qx. Now fix any Galois
number field K and choose such an automorphism ox € Gal(K/Q). By remark
2.4, there exists 0 € Gg s.t. o|xk = og. The fact that the unions of primes
defining p and q are compatible implies clearly that p° = q. O

This fact shows that if p,q C Z lie over p € Z, then their decomposition
groups are isomorphic via the map

v: Dy — Dy
—1
T OTO

where 0 € G is s.t. p° = q. Then it follows that the Frobenius of the conjugate
is the conjugate of the Frobenius, namely

Frobye = o Frob, ot
Let’s now recall a very important result

Theorem 2.9 (Chebotarev density theorem). Let K C L be a Galois extension
of number fields, with G = Gal(L/K). Let C C G be a conjugacy class. Then
the set

S ={p: p C Ok is an unramified prime ideal of Ok s.t. Frob, € C'}
has density #C/#G.
Remarks 2.10.

1) The density mentioned in the theorem is the natural density, namely if S is a
set of primes of Ok we set

oy e #(Ok/p) S a.p € S}
z—+oo #{p: #(Ok /p) < x,p prime}

d(s) =
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2) From the theorem it follows easily that every element o € G is the Frobenius
of an infinite number of primes of K. In fact, it is clear that every finite set
of primes has density 0, so if C' is the conjugacy class of o, since #C > 1
there must exist an infinite number of primes p s.t. Frob, € C. But if
rlor = Froby, then o = Froby- and were done.

Theorem 2.11. Suppose S = {p1,...,pn} C Z is a set of primes. For any
maximal ideal p C Z not lying over any of the p;’s, choose an absolute Frobenius
Frob,. Then the set of such elements is dense in Gg.

Proof. Pick any 0 € Gg and F C Q Galois number field. We will show that
U, (F) contains some Frob, with p NZ ¢ S. Indeed, look at the surjective map

Gg — Gal(F/Q)

The image of ¢ via this map, call it op, is by Chebotarev density theorem, a
Frobenius of infinite primes of F'. So we can choose on of those primes, say pr,
not lying over any of the p;’s, because the set of primes of F' lying over some of
the p;’s is clearly finite. For the same reason, we can assume that p = ppNZ
doesn’t ramify in F', so that I, is trivial. Now lift pr to a maximal ideal p C Z
and consider the following commutative diagram

Gr, —— Gal(F,s/F,)
' y

o

F

é@ = Gal(}’ /Q)

where we have identified F'/pr and F,;, where f is the inertia degree of p in F.
By our choice or € Dy, is mapped to the Frobenius of Gal(F,;/F,). Such an
element can clearly be lifted a topological generator of G, , say 0;,. Again, o, can
be lifted to Frob, € D, (the one chosen by hypothesis). So by the commutativity
of the upper square, it follows that 7r|p, (Froby) and of differ by an element of
the inertia group of pr, which is trivial. Therefore 7x|p, (Froby) = or, but we
know that or = 7p|p, (o), namely

7r|p, (Froby chH=1

This means that Frob, o1 lies in the kernel of iy D, and since obviously ker 7 | D,
ker mp, we have proven that Frob, = o7 for some 7 € kernp, i.e. Frob, €
Uy(F). O

2.2 Galois representations
Definition 2.12. An n-dimensional Galois representation is a continuous homo-

morphism

p: Gg — GL,(K)

-
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where K is a topological field, and the topology on GL,(K) is the one induced
by the inclusion GL,(K) — K™
Two representations p, p’ are said to be equivalent if there exists M € GL,(K)
s.t.

p(a) =M""p(o)M

for all o € Gg.

When K = C, we will speak of a complex Galois representation, when K is
an extension of Q,, we will call p a p-adic Galois representation.
The identity matrix of order n will always be denoted by I,,.

Remark 2.13. Since K is chosen to be a topological field, GL,,(K) turns into a
topological group. If
p:G—H

is a homomorphism of topological groups, to check the continuity of p it’s enough
to check that p~!(V) is open in Gg for every V in a basis of open neighborhoods
of the identity 1g. In fact, for every h € H, we have a homeomorphism

(phZH—>H

o~ ho

and therefore p~t(hV) = (¢p 0 p)~1(hV) is open in G since hV is open in H.

Definition 2.14. Let ¢ € Gg be a complex conjugation. A Galois representation
p: Gg = GL,(C) is said to be odd if det(p(c)) = —1 while is said to be even if

det(p(c)) = 1.

The fundamental property the distinguishes complex Galois representation is
the one stated by the following theorem.

Theorem 2.15. Let p: Gg — GL,,(C) be a complex Galois representation. Then
Im p is finite and therefore p factors through Gal(F'/Q) for some Galois number
field F.

Proof. To prove the claim, it suffices to show that there exists an open neigh-
borhood of I, in GL,(C) which doesn’t contain nontrivial subgroups of GL,(C).
Indeed, if this is true, call U such a neighborhood. Clearly one must have that
p(Gg)NU = I,,. Therefore p~1(U) = ker p, but on the other hand the continuity
of p implies that ker p is open. Now the compactness of Gg ensure that every
open normal subgroup has finite index, and the claim follows.

So recall that the topology we are considering on GLo(C) is the one induced by

the norm defined as |M|| =  sup |[Mv]|| for every M € Mat,(C). Now let
veCn: |jv||=1

U ={M € Mat,(C): |M — I,|| < 1/2}. Note that we cane suppose that every

element in U is in its Jordan canonical form, because for each A € Mat,,(C) one

has
|ATTMA = L|| = [A7Y (M — L) A|| < |ATHIM = L[| All < |M — L

Now take some M € GL,(C) such that M # I, and M € U. If M has all
the eigenvalues equal to 1, then its Jordan canonical form has to have at least a

nondiagonal entry. This implies that for N € N big enough, ||MY — I,,|| > 1/2,
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so that U cannot contain the subgroup generated by M. So assume that M
has an eigenvalue o # 1. If |a| # 1 then it’s clear that for some N € Z one
has [a™ — 1| > 1/2 so that [|[MY — I,|| > 1/2. If |a| = 1, say that « is in
the (i,4)-th diagonal entry of M. Then consider the projection 7: cv = C
that sends a matrix A to its (4,4)-th entry, so that m(M) = «. It’s clear that
m(U) CV :={z € C: |z — 1| < 1/2}. Therefore the argument of « cannot be
greater in absolute value than arctan1/2 and choosing an appropriate N € N
one has that the argument of o is greater than such a number, so that V, and
hence U, cannot contain the group generated by a. O

Note that the proof of this theorem doesn’t rely strongly on the structure of
Gq, except for the fact that by its compactness, an open normal subgroup have
finite index. In fact, the same theorem is true for a continuous representation of
any profinite group and we will use it when we will speak about representations
of Gp.

We can easily invert the theorem: given a representation p: Gal(F/Q) — GL,(C)
for some number field F', we can always compose this homomorphism, which is
obviously continuous because Gal(F'/Q) has the discrete topology, with the pro-
jection onto the quotient Gg — Gg/ Gal(Q/F) = Gal(F/Q), which is continuous
too, and get a Galois representation p: Gg — GL,(C).

Now, once we have a Galois representation p: Gg — GL,,(K), a natural question
would be to understand p(Froby,) for some prime p C Z. The problem is that
Froby, is defined only up to I, so the notion of p(Frob,) makes sense if and only if
I, C ker p. Moreover, if p € Z is a prime and p, p’ C Z are two primes lying over
p, then I, and I,y are conjugate in G so that I, C ker p if and only if I,y C ker p
by the normality of ker p in Gg. Therefore it makes sense to state the following

Definition 2.16. Let p € Z be a prime, p: Gg — GL,(K) be a Galois represen-
tation. We say that p is unramified at p if I, C ker p for some p C Z lying over

p.
Remarks 2.17.

1) If a Galois representation p is unramified at all primes except for a finite num-
ber, then the values p(Froby), when they are defined, determine completely p.
In fact, by theorem 2.11, such Frob, are dense in Gg and so if o € G we can
always find a sequence Froby, that tends to o (in the topology of Gg), and
the continuity of p forces p(c) to be the limit of the p(Froby,).

2) Every complex Galois representation p: Gg — GL,(C) is unramified outside

a finite set of primes. More precisely, let F' = @kerp and p': Gal(F/Q) —
GL,,(C) be the corresponding faithful representation. We claim that p is
ramified at p iff p ramifies in F'. In fact, suppose that p is unramified at p.
This means that p is trivial on I, for any maximal ideal p C 7 lying over p.
Since there exists a surjection I, — I, (see remark 2.4) where pp :==pNF,
if I, were nontrivial then p(o) # I,, for some o € I, because the induced
representation of Gal(F/Q) is faithful by construction and so we could lift o
to some ¢’ € Gg s.t. p(c’) # I,, contradiction.

Conversely suppose that p does not ramify in F. If p were ramified at p, then
there would exist o € I, C Gq such that p(o) # I,,. But then we would have
¢’ (o|F) # I, and this is impossible since o|p € I, which is trivial.
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This fact shows also that a Galois representation is unramified everywhere
if and only if it is trivial, because there always exists a ramified prime in F
unless F' = Q.

3) It’s also possible to define ramification at the infinite prime of Q of a Galois
representation p. In fact, by convention one has that Dy, = Gal(C/R) =
{1,¢} = I where ¢ is a complex conjugation and so it makes sense to say
that p is unramified at oo iff p(c¢) # I,. For 1-dimensional representations,
being ramified at co means being odd, while being unramified means being
even. When n = 2, an odd Galois representation is necessarily ramified at oo,
while an even one can be ramified or unramified at oco.

Examples 2.18.

i) Of course one can always define the trivial representation, denoted by 1,
mapping the whole Gg to the identity. Such a representation is of course
unramified everywhere.

ii) Let K = C and n = 1, so that GL;(C) = C*. Let x be a primitive Dirichlet
character modulo N € N. Now consider the following diagram

Gq

TN

1R

Gal(Q(pn)/Q)

(Z/NZ)*

Px,N X
(C*

where puy is a primitive N-th root of unity and p, n is the unique map that
makes the diagram commute. The composition

Px = Px,N ©TN

yields a complex Galois representation. In fact, the image of p, is finite and
so to check that the map is continuous it’s enough, by remark 2.13, to check
that p;l(l) is open. This is certainly true because ker py v = Gal(Q(un)/F)
for some Galois extension Q € F € Q(uy) and hence p/'(1) = Ty (ker py n) =
Gal(F/Q) = U(F') which we know to be an open subgroup of Gg.
Conversely, let p: Gg — C* be a continuous homomorphism with kernel
Gal(Q/F). By the Kronecker-Weber theorem, we can assume F = Q(uy),
so that we have the same commutative diagram as above, namely p is in-
duced by some Dirichlet character modulo N. One can show that if p fac-
tors through Q(uy) and Q(unv), then it factors also through Q(ug) where
d = (N,N’). Therefore we can assume that x is primitive. So we have a
bijection between the set of 1-dimensional complex Galois representations
and primitive Dirichlet characters modulo N. This correspondence can be
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viewed as a consequence of global class field theory: each continuous charac-
ter of Gg can be composed with the global Artin map to obtain a character
of the idéle class group of QQ, and viceversa.

Note that the complex conjugation c restricts to the automorphism uy +—
pfvl and this shows that x(c¢) = —1. More generally, an absolute Frobe-
nius element Frob, lying over a prime p { N maps to pmod N and so

x(Froby) = x(p)-
By remark 2.17, this representation is ramified exactly at primes dividing V.

iii) Pick a prime [ and consider the field Q(p~) = U Q(un). Then it is easy
neN
Go, = Gal(Q(u~)/Q) = Z;

and since we have a surjection Gg — Gg,, what we constructed is an l-adic
representation

to show that

X1+ GQ —>Q?
o — (m1,mg,...) where uf, = pp" for all n

that is called l-adic cyclotomic character of Gg.

A phenomenon typical of l-adic Galois representation is the following, and we
will need it at a certain point of our main proof.

Lemma 2.19. Let K be a finite extension of QQ; for some prime [, let p: Gg —
GL,(K) be a Galois representation. Then p is equivalent to a Galois representa-
tion p': Gg — GL,(Ok), where Of is the valuation ring of K.

Proof. See [DJO05]. O

The definition of Galois representations we gave is good because it’s very clear,
but it doesn’t allow us to construct many natural examples. For that purpose,
we can restate the definition in the following equivalent way

Definition 2.20. Let K be a topological field, let n € N. An n-dimensional
Galois representation is an K[Ggl-module which is n-dimensional as a K-vector
space such that the action

GQXV-)V
(o,v) — v

is continuous.
Two representations V, V' are said to be equivalent if there exists a continuous
K[Gg]-modules isomorphism V — V.

To see why this definition is equivalent to the previous one, first let p: Ggp —
GL,(K) be a Galois representation in the sense of 2.12. We can define a Gg-
module structure on K™ by the map

GQ x K" — K"
(0,0) > plo)u
This can be viewed as the composition of the maps

Gg x K" — GL,(K) x K"
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(0,v) = (p(0),v)
and
GL,(K) x K" — K"

(M,v) — Mv

The first map is continuous by hypothesis, and the second one is well-known to
be continuous. Hence also their composition is continuous, and so we obtained
a Galois representation in the sense of definition 2.20. Now suppose p, p’ are
two isomorphic Galois representations in the sense of definition 2.12. Then there
exists M € GL,(K) s.t. p(o) = M~1p/(6)M for all ¢ € Gg. We can define the
map
p: K" — K"
v = Mo

which is clearly continuous. Moreover, for any o € Gg one has

p(v7) = @(p(o)v) = M(p(a)v) = p(o) (Mv) = (Mv)? = ¢(v)”

Viceversa, let V' a n-dimensional K vector space which is endowed with a con-
tinuous action by Gg. Fix a basis £ = {e1,...,e,} C V. Then every 0 € Gg
induces an automorphism of V', hence we have a map

p: GQ — GLH(K)

that is an homomorphism since Gg acts on V. To show that such a map is
continuous, first recall that we are considering GL,,(K) — K "* and the topology
on GL, (C) is the one induced by the inclusion. Now note that to give a continuous
map p: Gg — GL,(C) is equivalent to give a continuous map p: Gg — K
such that p(Gg) C GL,(C). By the universal property of the product, to give
a continuous map Gg — K n® ig equivalent to give n? continuous maps to the
components of the product that make the obvious diagram commute. Clearly our

n? maps must be, in order to make the diagram commute, the maps given by

Pij - GQ—>K

o~ (p(0))ij
where (p(0));; is the (4, j)-th entry of p(c). One sees immediately that

pij(0) = mj(p(a)e:)

where 7;: K" — K is the projection to the j-th component, that is a continuous
map. Since by hypothesis the action of Gg on V' is continuous, p;; is continuous
as composition of continuous maps.

Now let V' be a n-dimensional K vector spaces which is isomorphic to V' as
Gg-module. Fix a basis , F = {f1,..., fa} € V' and write M for the matrix
that represent the isomorphism of V and V' in the bases £, F. Then saying
that multiplication by M induces an isomorphism that commute with the action
means saying that for all v € V' and o € Gg one has

M@®) = (Mv)°

namely that M(p(o)v) = p/(o)(Mwv) so that choosing v = e; for i = 1,...,d
yields p(o) = M~1p/(0)M for all o € Gy.
Working with definition 2.20 gives us directly the following crucial example.
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Example 2.21. Let E be an elliptic curve over Q. For every prime p € Z and
n € N, we denote the subgroup of the p™-torsion points over Q by E(Q)[p"].

The group Ggq clearly acts on E(Q)[p"]; moreover, for all n there is a group
homomorphism

EQP" - E@Ip"]

given by the multiplication by p which turns {E(Q)[p"]}nen into a projective
system. Since the action of G is compatible with the transition maps, what we
get is by the universal property of the inverse limit a (continuous) action of Gg

over lim E(Q)[p"] = T»(E), which is called the p-adic Tate module of E. Since
neN

E(Q)[p"] = (Z/p"Z)?, we have that T,(E) = Z2 and so we ended up with a

2-dimensional p-adic Galois representation associated to F.

An advantage of working with K[Ggl-modules instead of homomoprhism
Ggp — GL,(C) is that the category Gg-mod in which the objects are discrete
abelian groups on which Gg acts continuously, is an abelian category. Two basic
construction can be made out of Galois representations, as described below.

Definition 2.22. Let p: Gg — GL,(K), p': Gg — GL;,,(K) be two Galois
representations.
The direct sum of p and p’ is the representations given by

p®p: Gg — GLypm(K)

plo) 0 )
o —
< 0 o)
The tensor product of p and p’ is the representation given by
p®@p: Gp — Aut(K" ® K™)
o= plo) @ p(0)

Definition 2.23. Suppose that V is an n-dimensional Galois representation. We
say that V is irreducible if the only stable subspaces' of V are 0, V.

A Galois representation p: Gg — GL,,(K) is said to be semisiple if it is isomor-
phic to a direct sum of irreducible Galois representation.

Since Gq is not finite, it is not always true that Galois representations are
semisimple. However, we will be interested in complex Galois representations
and as we know from theorem 2.15 such representations have finite image, and
so they can be thought as faithful representations of the finite group Gal(F/Q)
for some Galois number field F'. Therefore, complex Galois representations are
automatically semisimple.

We are then ready to state the following fundamental

Theorem 2.24. Let p,p': Gg — GL,(C) be two Galois representations s.t.
Tr(p(Froby,)) = Tr(p'(Froby)) for all primes p € Z outside of a finite set S. Then
p and p’ are isomorphic.

'See appendix for the definition of stability.



2.3. RAMIFICATION AND THE ARTIN CONDUCTOR

35

Proof. By theorem 2.15, p, p’ give rise to faithful representations of Gal(K/Q) and
Gal(F/Q) respectively, where K = @kerp and I = @ker /. Since K, I’ are Galois
number fields, so is F'K and then we have surjections Gal(F'K/Q) — Gal(K/Q),
Gal(FK/Q) — Gal(F,Q). Therefore we can assume that both p, p’ factor through
Gal(KF/Q) = G. Now by Chebotarev density theorem, each ¢ € G is the
Frobenius of infinite primes p € Q, so as in the proof of theorem 2.11 we can
lift o to the absolute Frobenius of a prime which doesn’t lie in S. In this way,
by hypothesis we know that Tr(p(c)) = Tr(p'(0)) for every o € G and so by
corollary A.13 it follows that p, p’ are isomorphic as representations of G' and so
also as Galois representations. O

2.3 Ramification and the Artin conductor

One natural question one could ask is “how much” a Galois representation is
ramified. To understand what we mean by this, we shall start introducing the
higher ramification groups, as done in [Ser79]. Throughout the rest of the section,
K will be a field complete under a discrete valuation vk (e.g. a finite extension of
Qp), Ak will be its valuation ring with maximal ideal pg, Ux the group of units
of Ax and k the residue field. Moreover, L will be a finite separable extension
of K, Ay, will be its valuation ring with maximal ideal pz,, Uy, the group of units
and ky, the residue field. Finally, we assume kz/k to be separable. Recall that
we have the following

Proposition 2.25. Under the above hypothesis, there exists x € Ap s.t. Ap =
AK[JI]

Proof. See [Ser79]. O

Now we add the hypothesis that L/K is Galois and we set G := Gal(L/K).
Moreover, we set g = |G|, so that ef = g where f is the inertia degree and e the
ramification index of L/K.

Lemma 2.26. Let 0 € G and ¢« > —1 be an integer. Then the following are
equivalent:

a) o acts trivially on AL/PiLH;

b) vp(a® —a) > i+ 1forall a € Ayp;

¢) vp(z® —x) > i+ 1, where x € A, is s.t. Ax[x] = Ap.

Proof.
a)<= b) If & acts trivially on Az /p%™, then a” and a lie in the same coset of Ay,
therefore they differ by an element of p’;l, and such an element has valuation
> i+1. Conversely, if vy (a” —a) > i+1, then there exists b € pit s.t. a”—a =10
and therefore a” = amod piL'H.

a)<= c) If x € Ay, generates Ay as an Ag-algebra, then x; := z mod pl}jl gen-
erates A,/ piL'H as an Aj-algebra. Therefore 7 = x; mod piLH is a sufficient and
necessary condition for o to act trivially on Ap, /piLH, by the same argument of
point a). O
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Definition 2.27. For each integer ¢ > —1, the i-th ramification group is defined
as
G; :={0 € G: satisfy a), b) or ¢) of the previous lemma}

It’s clear that G_1 = G and Gy C G is the usual inertia subgroup. Also, note

that one can define '
G, = ker(G — Aut(Ar/pi))

for the obvious map G — Aut(Ay/p4™). This automatically shows that the G;’s
are normal in G.

Proposition 2.28. The ramification groups form a descending chain of normal
subgroups of G such that Gj is trivial for ¢ big enough.

Proof. The only thing to prove is that the G;’s become eventually trivial. But

looking at condition ¢) of lemma 2.26 it is clear that whenever i > sup{vy(z°—x)}
oeG
then G; is trivial, and so we are done. ]

Still denoting by x an Ag-generator of Ay, let’s define the following function
on G
ic: G—7ZU {+OO}

o ig(o) =vp(x? — x)

Clearly, if o0 # 1 then ig(o) is a nonnegative integer, while i¢(lg) = +oc.
Moreover, the function ¢ has the following properties:

i)
iglo) > i+ 1< 0€aqG;
i)
ic(t7'or) = ig(0)
iii)
ig(or) > inflig(o),iq(T)}

Now suppose that H is a subgroup of G, and let K’ = L be the corresponding
subextension of L/K.

Proposition 2.29. For every 0 € H, ig(0) =ig(c) and H; = G; N H.

Proof. The fact that iy (o) = ig(0) is clear. To see the second assertion, recall
point a) of proposition 2.26: o € H; iff 0 € H and o acts trivially on AL/p’LH.

The claim then follows. O

Corollary 2.30. If K“" is the largest unramified extension of K inside L and
H = Gal(L/K""), then H; = G; for all i.

Proof. The claim follows directly from the previous proposition and the fact that
H = Gy. O
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This last corollary reduces the study of ramification groups to the totally
ramified case.
Our aim now is to introduce the Artin conductor of a Galois representation, that
in some sense will measure its ramification. To do that, first we need to describe
the Artin representation of G. This is done as follows: for ¢ € G define

_ J—fic(o) if o # la
ag(o) = : .
s ic(r) ifo=lg

This implies that Z ag(o) = 0, i.e. (ag,1g) = 02 One can prove that ag is

oeG
the character of a representation of G. We won’t reproduce the proof here; we

just say that it relies strongly on the following fundamental

Theorem 2.31 (Brauer-Tate). Every character of a finite group G is a linear
combination with integer coefficients of characters induced from characters of its
elementary subgroups.?

Proof. See [SerTT7a). O

Definition 2.32. The representation of G whose character is ag is called Artin
representation of G.

The fact that ag is a class function is clear. Write ag Zcle where

X1, - - -, Xn are the irreducible characters of G and ¢; € C for all i. T hen we have
¢i = (ag, xi) = Zac; Zaa Hxi(o)
JEG UEG

and as ag(o) = ag(c~!) we have ¢; = (xi,ag). So for each class function ¢ on
G define

f(e) = (p,aa)
Such number is called conductor of ¢. The fact that ag is the character of a
representation of G implies the fundamental

Theorem 2.33. f(x) is a nonnegative integer for all characters .

Now recall that if H < G and ¢ is a class function on H then for all 0 € G
we have

md()(@) = 3. ¥ o)

T€G/H

where by convention ¢(7 lor) = 0if 77107 ¢ H.

Proposition 2.34. The function ag on G is equal to the function Ind(ag,)
induced by the corresponding function on the inertia subgroup.

2See the appendix for the inner product of class functions.

3A group G is said to be p-elementary for a prime number p if it is the direct product of a
cyclic group of order prime to p and a p-group. G is said to be elementary if it is elementary
for at least a prime p.
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Proof. Since Gy < G, clearly Ind(ag,)(0) =0 =ag(o) if 0 ¢ Go. If 1 # 0 € Gy,
then

Ind(ag,)(0) = 3 ag(r 'or)=— Y ig,(r 'or) = - fig(o) = ag(o)

TEG/GO TEG/GO
O

Proposition 2.35. Let G; be the i-th ramification group of G, u; the character
of the augmentation representation of G; and u; the induced character of G.

Then
400

1 *
ag = —u;
Zz; (Go: Gi)
Proof. Let g; = |G;|. Since G; < G, if R is a system of representatives of G;
in G and 7 € R, one has that 7~ 'or € G; iff 0 € G;. This easily tells us that
uf(o) =0 for o ¢ G;, while for 1 # o € G; we have

uf(o) =Y wi(rlor) ==Y 1=—g/gi = —f90/9i

TER TER

If o = 1¢, then u;(1g) = ¢; — 1 and so u}(1g) = g/gi(gi — 1). This also tells us
that Z u; (o) = 0, i.e. the RHS is orthogonal with 1. Now, for every o € G we

oceG
can find k € N s.t. 0 € Gy \ Gia1. For such o, it’s clear that ag(o) = —f(k+1)

because ig(0) = vy (x? — x) and the latter is an integer > k4 1 but not > k + 2,
namely it is exactly £ + 1. On the other hand,

—+00 1 1 k
§<G0 Gy @) fgoZG AT —fglz—f(kﬂ)

For ¢ = 1 the claim follows from the orthogonality of both LHS and RHS with
1g. O

Now for any class function ¢ on G we set

geG;
Corollary 2.36. If ¢ is a class function on G, then
+oo

HOEDIEICORIE(EN)

=0 90

Proof. Recall that f(¢) = (¢,ag). Now use proposition 2.35 and Frobenius
reciprocity, namely the fact that

(0, ui) = (#la;,ui) = ; Y wlo)uilo) = @(1) = ¢(Gi)

(3
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Corollary 2.37. If x is the character of a representation of G in V' then
+00 i
= 2 codim V&
fx) §_ %

Proof. This follows from the fact that x(G;) = dim V. O

Corollary 2.38. f(x) is a nonnegative rational number.
Proof. Since by proposition 2.35 goaq is the character of a representation of G,

the claim follows. O

Theorem 2.39. Let H < G be a subgroup corresponding to the subextension
K'/K, and let dg/k be its the discriminant. Then
acly = ru + frr )k - an
where A\ = v (dg+ /)
Proof. See [Ser79]. O

Corollary 2.40. With the same notations of the theorem above, let 1 be a
character of H and let ©* be the induced character on G. Then

f@W*) = vi(dr/x)P(1) + frorx f(¥)
Proof. We have
J@W*) = @W* aq) = (Y,ac|n)

by Frobenius reciprocity. By the previous theorem,

(V,acla) = A ra) + froyx (b, am) = Mp(1) + frorx f(4)
L]

To define the Artin conductor of a Galois representation, we proceed in the
following way. Let p: Gg — GL,(C) be a complex Galois representation, let

F = @kerp . We will continue to call p the corresponding faithful representation
of G = Gal(F/Q) and x its character. Now let p € Z be a prime. For every prime
p C F lying over p, F,/Q, is a Galois extension of local fields whose Galois group
is isomorphic to the decomposition group of p over p. Therefore for each of such
primes we can define a corresponding function ay = aqai(r, /q,)- Now extend this
function to all G by setting ap(0) = 0 for all ¢ ¢ Dy,. Then define

ap = Z ap
plp

One checks that a, = Ind(ay) for any choice of a prime p lying over p. Therefore
ay is the character of a representation of G.

Definition 2.41. The representation whose character is a, is called Artin rep-
resentation of G attached to p.

For every rational prime p, set f(x,p) == (x,ap) = f(x|p,) where the equality
comes from Frobenius reciprocity. The (integral) ideal

foo =[] >
p

is called Artin conductor of p.
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If p is unramified in F' then f(x,p) = 0 (this follows easily by the definition
of ap). Conversely, if p ramifies in F' then the definition of f(x|p,) implies that
such an integer is > 1. This fact, with remark 2.17, explains in which sense does
the conductor “measure” the ramification of p.

Theorem 2.42. Let H < G be a subgroup corresponding to the subextension
K'/K.

i) If x’ is the character of another representation p’ of G, then
FOx+x) = f00fX)
ii) For every character ¢ of H we have
P LK) = i Ny (F(0, LK)
iii) If K'/K is Galois and ¢ is a character of G/H we have
fW,L/K) = f(4, K'/K)

Proof.
The proof immediate: i) follows from the linearity of the inner product of char-
acters, ii) can be deduced easily by corollary 2.40 and iii) is just Frobenius reci-
procity.

O

Now, if we apply ii) to the case H = {1} we find that ¢* = rq, the character
of the regular representation of G. So since obviously f(v, L/L) = 1 applying ii)
of the previous theorem we get

flra,L/K) =dpk

If we decompose rg as rg = Z X(1)x where y runs over all irreducible characters

X
of G, we find the “Fuhrerdiskriminantenproduktformel” of Artin and Hasse:

dr/k = H f(X)X(l)
X

which in particular tells us that the Artin conductor of any representation of G
divides the discriminant of L/K.
To end the section, we define an “absolute” version of the ramification groups.

Definition 2.43. Let p be a finite prime of Q and v € R s.t. uw > —1. The
ramification groups are given by

Gpu = Galy(Q,/Q,) = {o € Gal(Q,/Qp): vp(a” —x) > u+1Vx € Zy}
It’s clear that G, _1 = G, while Gy, g is the absolute inertia group over p.

Definition 2.44. The group G, is called wild inertia group. Let p be Galois
representation ramified at p. If p is trivial on G, 1 we say that it’s tamely ramified,
otherwise we say that it’s wildly ramified. The group G o/Gp,1 is called tame
inertia group.
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In terms of subextensions we have that Gy is the Galois group of @p /
where Q" is the maximal unramified extension of @y, while G is the Galois

ur
p

group of @p/(@é where Qﬁ) is the maximal tamely ramified extension of Q,. It
follows that Gp0/Gp,1 is the Galois group of the extension Qf/Qu". The wild
inertia group is the pro-p Sylow subgroup of G, ¢ and there is an isomorphism

Gpo/Gpr =[] Zi
l#p

Again one can see that G, ; = @1 x Gfi where K runs over all finite extensions of

Qp and G{fi is the i-th ramification groups of the extension K/Q,. By remark 2.4,
there are surjective maps G ; — Ggi for each 4, K. Now let p: Gg — GL,(C) be
a Galois representation with K = @kerp. Fix a prime p € Z and a prime p C Ok
lying above p. One can show that the ramification group G;fl is the p-Sylow

subgroup of Gal(K/Q,). Therefore we have that p is tamely ramified at p if and
only if (|p(Zp)],p) = 1.



Chapter 3

Correspondence between
modular forms and (alois
representations

We will construct a bijection between the set of normalized eigenforms in My (N, x)
and a certain class of Galois representations. This is done by looking at the Artin
L-function associated to such representations. In fact we will see that there is a
deep symmetry between those L-function and the ones associated to eigenforms.
This symmetry is exactly what allows us to pass from modular forms to Galois
representation and viceversa.

3.1 Artin L-functions
We start briefly recalling some basic facts about Dirichlet series and Euler prod-

f(n)

uct.

A Dirichlet series is a series of the form Z ——, where f: N — C is any function

neN
and s is a complex variable.

Proposition 3.1. Let g(s) = Z LZ) be a Dirichlet series that doesn’t diverge
n

neN
for all s € C nor converge for all s € C. Then there exists two real numbers o, and

04, called respectively abcissa of convergence and abcissa of absolute convergence
s.t.

i) g(s) converges for all s € C with R(s) > o;
ii) g(s) converges absolutely for all s € C with R(s) > og;
iii) o0 < oq.

Proof. See [Apo76]. O

Proposition 3.2. Let g(s) = Z LZL) be a Dirichlet series s.t. f(n) is a mul-
n

neN
tiplicative function. Suppose g(s) converges absolutely for R(s) > o,. Then we

42
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can write

g(s) = H <1 + /() + f(];j) +. > for R(s) > o,

p p p
Moreover, if f(n) is completely multiplicative we get
1
g(s) = T s
) 1;I<1—f(p)p 5)

where p runs over all natural primes. Such products are called Fuler products.

Now, theorem 1.47, tells us that we can associate to any f(7) = Z anq" €

M}, (N, x) which is a normalized eigenform a Dirichlet series

+oo
Gnp,

L(Saf): s
n:ln

that admits an Euler product at least in its region of absolute convergence. More
precisely,

+oo
Theorem 3.3. Let f(q) = Z anq" € Myp(N,x). Then:

n=1

i) If f is a cusp form, then L(s, f) converges absolutely in the half plane £(s) >
k/2+1. If f is not a cusp form, then L(s, f) converges absolutely in the half
plane R(s) > k.

ii) The following conditions are equivalent:

a) f is a normalized eigenform;

b) L(s, f) admits the following Euler product

1
He )= l;I <1 —app~° + x(p)p’“‘l‘25> -

1 1
B }_][V <1 - app5> pl;lv (1 —app~* + x(p)p’“”s)

iii) If p | N, then

0 if p? | N and x can be defined mod N/p
lap| = pk=1/2 if \ cannot be defined mod N/p
p*/2=1 if p2t N and y can be defined mod N/p

iv) Set A(s, f) = N*/2(2m)=*T'(s)L(s, f). Such a function admits a meromorphic
continuation to the whole complex plane. Its only possible poles are at
s = 0, k. Moreover, the following functional equation holds:

Ak — s, f) = ci*A(s, f)

where ¢ € C is a constant.
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Proof. See [Li75]. O

Now let p: Gg — GL,,(C) be a Galois representation. Our aim is to define an
L-function attached to p as a product of “local” factors corresponding to primes
(finite and infinite) of Q.! Recall that we can think of p as giving a C[Gg]-module
structure to a vector space V = C". For a prime p € Z, set

Ly(s, p) = det(I, — p~*p(Froby)|y1 )
The terms involved have the following meanings:
e p C Z is any maximal ideal lying over p;

e D, is the absolute decomposition group of the ideal p and I, is the inertia
group. Froby, is any Frobenius element in D,. If p is unramified at p,
the action of I, on C" is trivial. Therefore p(Froby) is well defined and
p(Froby)|y 1, is just p(Froby). Moreover, if we choose another p’ lying over
p, then the Frobenius changes by conjugacy. So if o € Gg is s.t. p7 =p/,
then Froby = ot Frob, o, so that

p(Froby) = p(o)~" p(Froby)p(o)
and then clearly
det(I, — p~*p(Froby)) = det(l, — p~*p(Froby))

So the choice of p and Frob, does not matter for unramified primes. When p
is ramified in p, by definition the action of I, is not trivial on C". Therefore
we have a pointwise fixed subspace

Ve ={veC": ployv=vVoecl}

If we choose any Frob, € Dy, such an element is defined just up to some
element in the inertia, but its action on V' is well-defined. Therefore it
makes sense to consider the restriction of p(Froby) to V. Now if we choose
another p’ lying over p we have that I, = 71,7 for some 7 € Ggp. We
claim that the effect on the (pointwise) fixed subspace is that

le/ _ p(Tfl)VIp
In fact, if p(771)v € p(771)V%, then for all 7~lo7 € I, we have

(p(r™Hp(0)p(T))(p(r~Hv) = p(r v

an we have the O inclusion. Conversely, if v € VI then by definition
p(t7ro7)v = v, which means that p(c)p(7)v = p(7)v, namely that p(7)v €
V1 and we’re done.

This tells us that V> and V! have the same dimension and of course the
matrices p(Froby)|; 7, and p(Frobp/)|V1p, have the same eigenvalues, so that
our definition is again well-posed.

We underline the distinction between finite and infinite primes because even if Q has only
one infinite prime, this construction of the Artin L-function can be generalized in a pretty
obvious way for any continuous representation p: Gal(Q/K) — GL,(C) where K is a number
field, so that in some case we shall be dealing with different infinite primes, the ones of K.
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Definition 3.4. The Artin L-function of a Galois representation p: Gg — GL,(C)

is defined as
s,0) =[] Ln(s. p)
p

where p runs over all finite primes of Q.
Remarks 3.5.

1) The Euler product defining L(s, p) converges for R(s) > 1. This is because
L(s, p) is bounded (in absolute value) up to a finite number of (holomorphic)
factors by ((s)".

2) There is a more explicit description of L(s, p) using the logarithm. In fact,
call A1(p),..., An(p) the eigenvalues of p(Froby) and notice that

n
det (I, — p~*p(Froby)) H (1-—
1=1

Thus,

n +oo
log(det(Z,, — p~*p(Froby))~ Zlog <1 — > Z Z mpms =

i=1 m=1

I Tr( Frobm

- Z mpms

. . . . . . . . —ker
where if p is ramified with ramification index e in F = Q" *, we set

Tr(Froby") = é Z x(o)

oed~1(Froby?)
where 9: D, /I, = Gal(F,s /F,) is the well-known isomorpshim.

3) It’s easy to check that if p': Gg — GL,(C) is another Galois representation,
then

L(s,p®p') = L(s,p)L(s, )
4) If 1: Gg — C* denotes the trivial representation, it’s clear that

L(s, 1) = ((s)

The reason for introducing also factors for infinite primes is that the enlarged
Artin L-function satisfies a certain functional equation. More precisely, we set

A(s, p) == N*2(21) =T (s)L(s, p)

where N is the Artin conductor of p. Recall that if p: G — GL,(C) is any repre-
sentation of a group G, the dual representation or contragradient representation
is the one given by
p*: G — GL,(C)
o= plo™ )"
It’s clear that if x is the character of p, then ¥ is the character of p*. Also,
(p*)* = p. The following fundamental result holds.
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Theorem 3.6. If p is a Galois representation, then:

i) the enlarged L-function A(s, p) possesses a meromorphic continuation to the
entire complex plane;

ii) the following functional equation holds:

Al —s,p) = W(p)A(s, p7)

where W(p) is a constant of absolute value 1 which is called Artin root
number.

Proof. See [Mar77b]. O

One can show that the only possible poles of the meromorphic continuation
of A(s, p) are at s = 0,1. Moreover, if p doesn’t contain the unit representation
then this analytic continuation is holomorphic at s = 0, so the only interesting
possible lack of holomorphy is at s = 1.

Conjecture 3.7 (Artin conjecture). If p: Gg — GL,(C) is a (nontrivial) irre-
ducible Galois representation, then the meromorphic continuation of A(s,p) is
holomorphic on the whole complex plane.

The case n = 1 is known to be true. It has been proved recently that if n = 2
and p is odd, then the Artin conjecture is true. The even case is still open.

3.2 The Deligne-Serre theorem
We are now ready to state and prove the main result, following [DS74].
Theorem 3.8. Let N € N, x € Gnx an odd Dirichlet character and let 0 #+ f=
JFZO:O anq" € Mi(N,x) be a normalized eigenform for the Hecke operators T, such
gl?zgt p1 N. Then there exists a 2-dimensional complex Galois representation

p: Gg — GL2(C)
that is unramified at all primes that do not divide N and such that

Tr(Frob,) = ap, and det(Frob,) = x(p)

for all primes pt N.
Such a representation is irreducible if and only if f is a cusp form.

Remarks 3.9.
1) Thanks to theorem 2.24, the representation p is unique up to isomorphism.

2) Clearly, det p = ¥, identifying x with the induced character on Gal(Q(un)/Q)
(see example 2.18).

3) Let c € Gg be a complex conjugation. Previous point implies that det p(c) =
—1, namely p is odd.
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+oo
Theorem 3.10. Let f = Zanq” € S1(V, x) be a normalized newform. Let p

n=1
be the corresponding Galois representation given by theorem 3.8. Then

i) the Artin conductor of p is equal to N;
+oo

ii) the Artin L-function attached to p is L(p,s) = Z apn”®.
n=1

Before proving this theorem, we need a preliminary lemma.

Lemma 3.11. Let

G(s) = A°[[ Gp(s) H(s) = A*[] Hp(s)

be two Euler products such that p runs over a finite set of primes, A € C is a

constant and Gp(s), Hp(s) = H (1 — app*)*L, for some a,; € C s.t. |ap| <
J€Jp

pl/2. Suppose also that

G(1—s)=wH(s) for some w € C*
Then A =1 and Gy(s) = Hy(s) =1 for all p.

Proof. If Hy(s) were not 1 for all p, then the function H must have an infinite
number of zeroes or poles of the form (log o, ; + 2min)/logp with n € Z. By the
functional equation, those should be zeroes or poles also for G(1 — s), but this is

impossible since the hypothesis |ay, ;| < p'/? ensures us that apj 7 p/ oy for all
p, k. ]

Proof of the theorem. Recall that the following functional equation holds

A1 —s,f) =cA(s, f)

where A(s, f) = N*/2(2x)~T'(s)L(s, f). Let M be the Artin conductor of p.
Then we have
A(l - S, p) = W(p)A(Svp*)

where A(s, p) = M®/?(2r)=*T'(s)L(s, p) and W (p) € C*. Now set

L) = LT
Yoep TV

where A = (N/M)'/?. Combining the two functional equations, one has that

F(s) =

By theorems 3.3 and 3.8, if p is a prime that does not divide N then the p-th terms
in the Euler products of A(s, f) and A(s, p) coincide, so that F(s) = A® H F,(s)
pIN

where Fj(s) = (l_b”ﬁ:?;;ff”pis). Here b, and ¢, are the eigenvalues of p(Froby)
suitably restricted to some subspace of C? (as we already discussed) and p lies
over p; those numbers have absolute value 1 because p(Froby) has finite order.
The Fourier coefficients a, respect the bounds stated in theorem 3.3 and therefore

we’re allowed to apply the previous lemma and get the claim. ]
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Corollary 3.12.
i) p is ramified at all primes dividing N.

ii) L(p,s) has an analytic continuation to the entire complex plane (i.e. the
Artin conjecture is true for p).

Proof. Part i) is immediate, part ii) is due to the fact that f is a normalized
newform. ]

If f= Zanq € S1(N, x) is a normalized newform, then the Galois repre-
sentation p attached to it by theorem 3.8 has the following properties:

a) p is irreducible;

b) x = det p is odd;

c) for all continuous characters x: Go — C* the L-function L(p ® x,s) =
Z x(n)ap,n~?® has an analytic continuation to the entire complex plane. This
follows from the fact that for any 1-dimensional Galois representation x : Gg —
C*, fox = Z x(n)anq" is again a newform (possibly of different level) whose
correspondinng: 1Gadois representation is p ® x.

Conversely, given a Galois representation satisfying those properties, we have the
following

Theorem 3.13 (Weil-Langlands). Given p: Gg — GL2(C) satisfying a),b),c)

above with Artin conductor N and determinant x, let L(p, s Z ann”° be its
+oo

Artin L-function. Then f = Z anq" is a normalized newform lying in Sp (N, x).
n=1

Such a theorem realize a bijection between the set of (isomorphism classes
of) complex Galois representations of conductor N satisfying a),b) and c¢) above
and the set of normalized newforms on S1(V,x). In fact, it’s clear that the
maps constructed by theorem 3.8 and by Weil-Langlands theorem are inverse
one of each other, basically because the eigenspaces of My(N,x) are at most
1-dimensional. Point c) is the Artin conjecture for the representation p ® x.
Since p is 2-dimensional, det(p ® x) = det(p)x? and therefore if p is odd, so is
p ® x. A recent work of Khare and Wintenberger on Serre’s modularity conjec-
ture has shown that the Artin conjecture for odd, 2-dimensional representations
is true. This amounts to say that we have a bijection between the set of (isomor-
phism classes of) complex, 2-dimensional, irreducible, odd Galois representations
of conductor N and the set of normalized newforms on S (N, x).
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3.3 The proof of the Deligne-Serre theorem

3.3.1 Step 1: Application of a result by Rankin to weight 1 mod-
ular forms

Proposition 3.14. Let f € Si(V, x). Suppose f is an normalized eigenform for
the T, operator with p{ N. Then the series Z |ap|*p™* converges for all s € R

PN
such that s > k, and we have

1
Z lap|?p™* < log (s—k) +0(1)as s = k
N

+00
Proof. Clearly we can assume that f = Z anq” is a newform. For all p{ N, let

n=1

¢p € GLa(C) be s.t. Tr(pp) = a, and det(p,) = x(p)p*~1(?). Then we know by
+o00
theorem 3.3 that the Dirichlet series L(s, f) = E a—z admits the Euler product
n
n=1

L(s, f) = (1 = app™) " [ [ det (T2 — opp™*) "

p|N ptN

Now let F(s) = H det(I— 0, @Fpp*)~*. If we denote by Ay, 11, the eigenvalues

ptN
of ¢p, it follows easily that

F(s) =] = XAp ™) (1 = Apipp™®) M1 = ppApp ™) " (1 = ppipp ™)~
N

By the formula )\p)\ip,up/Tp = | det(gop)|2 = p?h~2

tion that

one can prove by a little calcula-

+o0
F(s)=H(s)((2s — 2k +2) <Z an!n_5>
n=1

where H(s) = H(l —p 22 (1 — |a,|?p*). Rankin’s proved in [Ran39] that
pIN
+0o0

the series Z lan|?n % converges for R(s) > k and its product with ¢(2s — 2k +2)

n=1
can be extended to a meromorphic function on the entire complex plane with a

pole at s = k. Since by 3.3 we have that |a,| < p*/? when p | N, the function F(s)
is clearly holomorphic on C and # 0 in R(s) > k. Therefore F'(s) is meromorphic
on C and holomorphic for R(s) > k, except for a simple pole in s = k; moreover
F(s) # 0 for R(s) > k because none of its factors vanish. Now set

(o™ 2 +00
o) = ST G 2 S s)
m=1

ms
v TP

2This is always possible: it is enough to find Ay, pp € C st Ap + pp = ap and Appp =
xX(pp*
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We claim that for |s| big enough, G(s) = log F'(s). In fact,

log F(s) = — [ D log(Is = ApApp™®) + log(Is — ppApp™*) + log(Is — Apfipp™*) + log(Iz — pipfipp™*)
pIN

and using the expansion in power series of the logarithm one gets

+o00
Z Z ((Apr>m + (Nprp)m + (Aplp)™ + (Mp/Tp) Z Z gm (s
ptN m=1 ptN m=1

since Tr(p,') = Ap' + py'. Now, F(s) is holomorphic and nonzero for R(s) > k.
Recall the followmg

Lemma 3.15 (Landau). Let f(s Zann be a Dirichlet series with real

coefficients a,, > 0. Suppose that for some oy € R, f(s) converges for all s such
that R(s) > o¢. If f(s) extends to a holomorphic function in a neighborhood of
s = 0, then f(s) converges for R(s) > o9 — € for some € > 0.

This lemma applied to G(s) shows that G(s) converges for (s) > k. Since
L(s) has a simple pole in s = k, we get easily that

1
G(s) = log (k:) +0O(1) for s » k
P
The claim easily follows from the fact that

ZI%\Q T =01(s) <G(s)

O]

Before applying the above result to weight 1 modular forms, let’s state the
following

Definition 3.16. Let &2 the set of natural primes and X C &. The upper
density of X is given by

—s
dens sup X = lim sup %
s—1,s>110g(1/(s — 1))

It’s a well-known fact that this value lies in [0, 1].

Proposition 3.17. Let f € S1(N, x) be an eigenform for the Hecke operator T,
where p { N. Then for every real n > 0, there exists X, C &, Y, C C with Y,
finite such that

denssup X, <nand a, € Y, forall p ¢ X,

Proof. By theorem 1.51, a, € K Vp, where K is a fixed number field. Now let
¢ > 0 be a real constant. The set

Y(c) = {a € O: |o(a)|* < ¢ for all embeddings o: K — C}
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is finite. This is because if o1,...,0, are the embeddings of K in C, then for
any « € Y(c) of degree m € N, the j-th coefficient of the minimal polynomial
2™+ apm_12™ 4 - + ag of a over Q is given by

a; = Z oy (a)...oi,_;(a)
ipFifor k #1
and therefore one has by the triangle inequality
m
= X @l @< (" )V

D] 5eney I —j
ikfilfor k#1

Since the a;’s are integers, this means that the minimal polynomials of the el-
ements of Y'(c) are just a finite number, and hence Y (¢) must be finite. Now
set

X()={pe P:a,¢Y(c)}

It will be enough to prove that denssup X(c¢) < 7 for sufficiently large c. Again
by theorem 1.51, we know that o;(a,) is an eigenvalue for T}, for every embedding
o;. Thanks to proposition 3.14 we have

n

ZZ |loi(ay)*p™* < nlog <5i1> +O0(1) for s > 1

=1 p

n
Since Z |oi(ap)|? > ¢ for p € X(c), it’s easy to conclude that
i=1

1
5L I
cE D _nlog<s_1>—|—0(1)fors—>1
peX(c)

and so denssup X (¢) < n/c, implying that it’s enough to set ¢ > n/n to prove
the claim. O

3.3.2 Step 2: [-adic and mod [/ representations

The key result we will use in our proof is the following, which is due to Deligne.
For the proof and more details, see [Del71].

Theorem 3.18. Let 0 # f € My(N,x), with & > 2. Suppose that f is a
normalized eigenform for all 7}, with p f N. Let K be a number field which
contains all the a, and all the x(p). Let A be a finite place of K of residual
characteristic [, and let K be the completion of K with respect to it. Then
there exists a semisimple Galois representation

P GQ — GLQ(K)\)
which is unramified at all primes that don’t divide NI and s.t.

Tr(Frob,) = a, and det(Frob,) = x(p)p* " if p{ NI
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By theorem 2.24, such a representation is unique up to isomorphism.

If f is an Eisenstein series, the attached representation is the direct sum of two
1-dimensional representations, and is therefore reducible. The construction of
those Galois representations involves the étale cohomology of the modular curve
of level N. It is interesting to note that the weight of the modular form we start
with has to be > 2, so for the weight 1 case we will need a different construction.
First of all, we will show how it is possible, using theorem 3.18, to attach to
an eigenform as above of any weight a continuous representation over a field of
characteristic > 0. From here to the end of this section, K C C is a number
field, A is a finite place of K, O, is the valuation ring and m) its maximal ideal.
Furthermore, ky = O)/m, is the residue field and [ its characteristic.

Definition 3.19. Let f € My(N,x), where k > 1. We say that f is A-integral
(resp. that f = 0modm,) if every coefficient of the Fourier expansion of f lies
in O, (resp. in my).

if f is A-integral, we say that f is an eigenform modm) of the Hecke operator
T,, with eigenvalue a, € k) if

T,f —apf = 0modm)y

Theorem 3.20. Let f € Mp(N,x), k > 1, with coefficients in K. Suppose that
f is A-integral but f # Omodm) and that f is an eigenform of 7T}, modulo m),
for p { NI, with eigenvalues a, € k). Let k¢ be the subextension of k) generated
by the a, and the x(p) mod my. Then there exists a semisimple representation

p: GQ — GLQ(kf)
unramified outside of NI and s.t. for all primes p{ NI one has
Tr(Frob,) = a, and det(Frob,) = x(p)p* ! mod m, (%)

Before starting with the proof of this theorem, we state two preliminary lem-
mas.

Lemma 3.21. Let M be a free module of finite rank over a discrete valuation
ring O. Let m C O be the maximal ideal, k the residue field and K the field of
fractions of O. Let T C Endp(M) be a set of endomorphisms which commute
two by two. Let f € M/mM be a nonzero common eigenvector for all the T € T,
with eigenvalues a7. Then there exist:

a) a discrete valuation ring @’ O O with maximal ideal m’ s.t. m' N O = m and
with field of fractions K’ s.t. [K': K] < o0;

b) an element 0 # ' € M' = O’ ®» M which is an eigenvector for all the T € T
with eigenvalues a/, = ar mod m'.

Proof. See [DS74]. O

Lemma 3.22. Let ¢: G — GL,, (k) be a semisimple representation of a group G
over a finite field k. Let ¥’ C k be a subfield s.t. the coefficients of the polynomials
det(I,, — p(0)T), o € G all lie in k'. Then ¢ is realizable over k', namely ¢ is
isomorphic to a representation ¢’': G — GL,, (k).

Proof. See [DS74]. O
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Proof of theorem 3.20. We are going to do three preliminary reductions.
a) Suppose that (K', X', f', k', x’, (a;,)) is as in the hypothesis of the theorem with

K C K’ and X | A\. Then if a, = a;, mod my and x(p)p*~' = X (p)pF 1
mod my for all p{ NI, it’s immediate to see that the theorem holds for f if and
only if it holds for f’. In particular, if f = f'mod XN, x = x’ and k = ¥’ mod(I—1),
then the theorem for f and the theorem for f’ are equivalent.

b) If n > 2 is an even integer, let E, be the Eisenstein series of weight n over
I' (see definition 1.12). If [ — 1 | n then one can show (see [SD73]) that E,
is l-integral and that E,, = 1modl. This shows that fFE,, = fmod\, and of
course fE, is a modular form of type (k + n,x) on I'o(N). By our choice of n,
k+n = kmod(l — 1) and so by reduction a) the theorem for f is equivalent to
the theorem for fF,, which has weight > 2.

c) It’s enough to show the theorem for f eigenform for the T}, p { NI. In fact,
pick any f as in the hypothesis of the theorem. Now apply lemma 3.21 with
M = {f € My(N,x): f has coefficient in Oy} and T = {T}},yn;- Then we can
find some f’ € M which is equivalent to f modulo A because of the lemma and
such that (k, x) = (K’, X'). Therefore we can apply again reduction a).

So from now on, let £ > 2 and f be an eigenform for the T, pt NI. If [ { N,
since T}, and T} commute we may as well suppose that f is an eigenvector for 7;.
Now apply theorem 3.18 and construct a representation

PX: GQ — GLQ(K)\)

By lemma 2.19, we can assume that the image of p) is contained in GLQ((/I)\)\),
where O, is the valuation ring of K. Now reduce such a representation modulo
A to get another representation

EX: G@ — GLQ(k)\)

To conclude the proof, let ¢ be the semisimplification of py: this is a semisimple
represetation, unramified outside NI and satisfying (**). The group ¢(Ggq) is
isomorphic to Gal(@kcw /Q) and is finite: by Chebotarev density theorem we
deduce that every element in ¢(Gg) is of the form ¢(Froby), with pNQ = p
and p { Ni. By the definition of k¢, it follows directly that the polynomials
det(Iy — ¢(0)T), 0 € Gg all lie in k¢ and by applying lemma 3.22 we are done.

O

3.3.3 Step 3: A bound on the order of certain subgroups of
GLy(F))

In this section, [ € Z will denote a prime and F; = Z/IZ. Let n, M be two positive
real numbers, let G be a subgroup of GLa(F;).

Definition 3.23. We say that G has the property C(n, M) if there exists a subset
H C G s.t.

i) [H] = (1-n)|Gl;
i) [{det(1 — hT), h € H}| < M.

We say that G is semisimple if the identical representation G — GLo(IF;) is
semisimple.
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Proposition 3.24. Let n < 1/2 and M > 0. Then there exists a constant
A = A(n,M) s.t. for all primes [ and all semisimple subgroups G < GLa(F;)
satisfying the C(n, M) property, we have |G| < A.

Proof. Let G < GLo(FF;) be a semisimple subgroup. Then one of the following is
true (cfr. [Ser72]):

a) SLQ(F[) < G;
b) G is contained in some Cartan subgroup 7T’

¢) G is contained in the normalizator of some Cartan subgroup 7" and is not
contained in T

d) the image of G in PGLy([F;) is isomorphic to Sy, A4 or As.

We will show that in each case we have an upper bound on |G|. Recall that

| GL2(Fy)| = (I2—1)(I1?~1). This implies, by the fact that the determinant induces

an exact sequence 0 — SLy(F;) — GLa(IF}) a F; — 0, that | SLa(Fy)| = 13 — L.

Now we can start to analize the different cases.

a) Let r = (G: SLa(F})). Then |G| = r(I* — ). If we fix any characteristic poly-
nomial, the number of elements of GLy(F;) having that characteristic polynomial
is 124 1,1? or I?> — | depending if the polynomial has respectively 2,1 or 0 roots in
F;. Therefore if G satisfies C'(n, M) in any case we have

(L =mri(1* =) = (1= n)|G| < [H| < M(1* +1)

implying

M M
1=—nr(l-1)<M=1<1+ <1+
(L—=mn)r 1—n
Since we have a bound on I, we have automatically a bound on | GLy(F;)| and so
also on |G].
b) Fixed a characteristic polynomial, no more than 2 elements of 7' can have it
as characteristic polynomial. The fact that n < 1/2 implies easily that

2M
(I-n)|G| <2M = |G| < f

¢) The group G’ = GNT has index 2 in G. Therefore if G satisfy C(n, M) then
we have

1 =n)Gl =1 -n2|G| =1 -2n)|¢"| +|¢'| < |H]
namely (1 — 27)|G’| < |H| — |G'|. On the other hand, |H| — |G'| < |H NT|,
because the condition 7 < 1/2 ensures us that |H| > |G|/2 = |G’| so once we set
H' := HNT using point b) for G’ we finally have

G| < M
1—2n

d) The image of G in PGLy([F;) has order at most 60 = | A5|. Therefore GNSLa(F;)
has order at most 120, because for every element M € SLy(F;) the only multiple
of M lying again in SLo(TF;) is —M. Now, by the exactness of the sequence
SLy(IF;) — GLo(IF;) — Fj it follows that for any fixed determinant 3 € I} there
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exist at most 120 matrices in G with determinant 3: in fact fixed such a matrix
in G then only all its multiple by elements of SLy(IF;) N G have determinant £.
So in G there are also at most 120 elements with fixed characteristic polynomial.
Then if G satisfies C(n, M) we have (1 —7)|G| < 120M, namely

The theorem is clearly proved choosing A as the maximum among the constants
found in each case. O

3.3.4 Step 4: Conclusion of the proof

Let f be as in the hypothesis of theorem 3.8. If f is an Eisenstein series, theorem
1.50 shows us immediately how to construct the desired rappresentation: f is
uniquely associated to two Dirichlet characters that 1, ¢ that (raised to modulo
N) have product x. Hence the map

p: Gg — GL2(C)

o ( wgg) w(oa) )

is a reducible representation with the desired properties, after having identified

1 and ¢ with characters of Gg as in example 2.18.
+oo

So from now on we suppose that f = Zanq" is a cusp form. Let K C C be a
n=1

Galois number field containing the a, and the x(p), for all primes p. Let L be

the set of rational primes that split completely in K. For all [ € L, fix a place

A of K extending [. The residue field is of course isomorphic to F;. By theorem

3.20, there exists a semisimple continuous representation

Pl GQ — GLQ(F[)

unramified outside of NI and s.t. det(1 — Frob, T) = 1 — a,T + x(p)T? mod \;
for all primes p { NI. Now let G; = p;(Gg) C GL2(IF;).

Lemma 3.25. For all > 0, there exists a constant M s.t. G satisfies C'(n, M)
forall I € L.

Proof. By proposition 3.17, there exists a subset X, C & s.t. denssup X,, <7
and s.t. the set {a,: p ¢ X,} is finite. Now let .# = {1 —a,T+x(p)T?%: p ¢ X,,}
which is a finite set, and let M = |.#|. We claim that G; satisfies C'(n, M) for
all I € L. In fact, G| = @kerp = Gal(F/Q) = G for some Galois number field F’
because of the continuity of p;. Now let H = {o~'Frobyo: 0 € G, p | p} C G
and H; C G; be its image under the isomorphism G — ;. By Chebotarev
density theorem, |H| > (1 — n)|G], so that |H;| > (1 — n)|Gi|. On the other
hand, if h € H; then by construction the polynomial det(1 — A7) is the reduction
modulo A; of an element in .# and therefore it lies in a set that contains at most
M elements. Hence G| satisfies C(n, M). O

Corollary 3.26. If n < 1/2, there exists an absolute constant A = A(n, M) s.t.
|G)| < AforallleL.
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Proof. This follows directly from proposition 3.24 together with the fact that
obviously Gy is semisimple being p; a semisimple representation. O

So now fix a constant A as in the above corollary. Up to replacing K with
a bigger number field (reducing L consequently), we may well suppose that K
contains all n-th roots of unity for all n < A. Let

Y ={(1-aT)(1—-pT): a, B are roots of unity of order < A}

It’s clear that by construction if p t N, then for all [ € L with [ # p there exists
R(T) €Y s.t.
1 —a,T + x(p)T? = R(T) mod \;

Since Y is finite and L is infinite, there must exist some R(T) s.t. the above
congruence is satisfied for an infinite number of I’s. This implies that such a
congruence has to be an equality, namely that the polynomials 1 —a,T" + T2 all
lie in Y. Now let

I'={leL:l>A RSeY,R+S = R#Smod\}

Since L\ L' is finite, L’ is infinite. Choose [ € L'. Since |G;| < A and A <[, it
follows that (|G;|,1) = 1 and therefore the identical representation G; — GLo ()
is the reduction modulo \; of a representation G; — GL2(Oy,), where O, is the
valuation ring of A; in K, namely we have a commutative diagram

G; — GL2(0y))

GLa(Fy)

Composing the representation G; — GL2(0),,) with the projection Gog — G
we get a representation p: Gg — GL2(0O),) which by construction is unramified
outside NI. If p{ NI, the eigenvalues of p(Frob,) are roots of unity of order < A,
because p(Gg) = G; and |G| < A. Therefore det(ly — p(Frob,)T) € Y. On the
other hand, again by construction one has that

det(Iy — p(Frob,)T) = 1 — a,T + x(p)T? mod \;

But we have seen above that 1 — a,T + x(p)T? € Y and since | € L' the last
congruence is an equality. Now repeat the same construction by choosing another
I' € I'. What we find is a second representation p’': Gg — GL2(O),) which has
the same properties as p but for p t NI'. This implies that

det(Is — p(Frob,)T) = det(Iy — p'(Frob,)T) V pt NI

By theorem 2.24 it follows easily that p and p’ are isomorphic as representation
over GLo(K) and so they are isomorphic also as complex representations. More-
over, since p is unramified at I’ and symmetrically p’ is unramified at [, then both
p and p’ are unramified outside N. Finally, by construction we clearly have that

det(Iy — p(Frob,)T) =1 —a,T + x(p)T* VptN
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The last thing we have to show is that p is irreducible. Suppose it is not. Then
there exist two 1-dimensional representations x1,x2: Gg — C* s.t. p = x1 @ x2,
so that x = x1x2, ap = x1(p) + x2(p) for p { N and both x;’s are unramified
outside N. Then we have

dlalPp* =23 p 7+ > xae)x2(p "+ Y xa)xe(p)p*

It’s a well-known fact that as s — 17, > p~* = log (i) + O(1). On the other

hand, x1Xz # 1 because otherwise we would have y = x? and so x(—1) = 1.
Hence,

> xaxe(Pp* =0(1) = > xi(p)x2(p)p*

s 1
Z |ap’p™* = 2log <8_1> +0(1)

which is in contradiction with proposition 3.14.

and so



Chapter 4

The dimension of S (N, x)

One of the applications of the Deligne-Serre theorem is a way to compute the
dimension of the space S; (N, x). In fact, this can be done by counting isomor-
phism classes of irreducible 2-dimensional complex Galois representations with
conductor N and determinant x. The aim of this chapter is to illustrate this
technique in a particular case, namely the case where N is prime. The method
starts from a characterization of the projective images of linear representations.

4.1 Projective Galois representations

Definition 4.1. A projective Galois representation is a continuous homomor-
phism p: Gg — PGL,(C).

Such an homomorphism must have finite image. In fact, if there would exist

an open neighborhood of the identity of PGL,,(C) containing a nontrivial sub-
group, then the preimage in GL,(C) of such a neighborhood would be an open
neighborhood of the identity in GL,(C) containing a nontrivial subgroup, too
and this is impossible by theorem 2.15.
It is clear that every complex Galois representation gives rise to a projective
representation just by composing with the projection 7: GL,(C) — PGL,(C).
Conversely, one could ask wether given a projective Galois representation p, there
exist a Galois representation p such that p = 7o p.

Definition 4.2. Let p: Gg — PGL,(C) be a projective Galois representation.
A lifting of p is a Galois representation p: Gg — GL,(C) such that the following
diagram

Gg —2—~ GL,(C)

I

PGL,(C)
commutes.

Remark 4.3. Let p be a lifting of p. Then for any 1-dimensional Galois repre-
sentation x: Gg — GL,(C), the representation p® x is a lifting of p, too. Indeed,
for any o € Gg, p(0) and (p ® x)(o) differ for a nonzero constant, and so they

o8
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map to the same element of the quotient PGL,,(C).
Conversely, let p and p’ be two liftings of p. Then it is clear that p' = p ® x for
some 1-dimensional representation Y.

The reason why is useful to look at projectivizations of 2-dimensional Galois
representation is that PGLy(C) contains up to isomorphism just a few number
of finite subgroups, which are classified by the following

Theorem 4.4. Let G C PGL2(C) be a finite subgroup. Then G is either

e cyclic;

e isomorphic to the dihedral group Day;

e isomorphic to Sy or Ag;

e isomorphic to As.
Proof. See [Ser72]. O
Corollary 4.5. Let p: Gg — GL2(C) be a Galois representation and p: Gg —
PGL3(C) its projectivization. Then p is reducible if and only if p(Gg) is cyclic.

: : pi(c) 0
Proof. If ducible th =
roof. If p is reducible then p(o) < 0 po(o)

representations p; and pa. So for every o € Gg we have that

(o) = ( pl(a)ggl(") (1) ) mod C*

> for some 1-dimensional

By theorem 4.4 the group p(Gg) is either cyclic or isomorphic to D4. The latter
case is however impossible, since clearly p(Gg) can contain at most 1 element of
period 2.

Conversely, if p(Gg) is cyclic, in particular it is abelian. Then also p(Gg) is

abelian because C*Np(G) is contained in the center of p(Gg). Now let F' = @kerp

and consider p as a faithful representation of the finite group G = Gal(F/Q). This
implies that G is abelian, but the irreducible representations of an abelian group
can be just 1-dimensional, and therefore p must be reducible as a representation
of G, and so also as a representation of Gg. 0

Of course the first natural problem is understanding when a projective rep-
resentation admits a lifting. The answer is provided by the following theorem,
which uses concepts from Galois cohomology. So note that with H"(G,A) =
Z"(G,A)/B"(G, A) we will denote the n-th Galois cohomology group of the G-
module A, where G is a group, A is an abelian group and the action of G on A
is continuous with respect to the discrete topology on A.

Theorem 4.6. Let p: Gx — PGL,(C) be a continuous representation of the
Galois group G = Gal(K/K), where K is a local or a global field. Then p
admits a lifting to a continuous representation p: Gx — GL,(C).

Proof. For each 0 € Gk choose an element a(oc) € GL,(C) such that (o) =
p(o0)mod C*. Of course this is not necessarily an homomorphism of Gg to
GL,(C). However,

a(o103) = plo1)p(o2) = aor)a(oz) mod C*
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and this implies that a(o7)a(o2)a(o102)™t € C*. So we have defined a map

E:GKXGK%C*

(01, (72) —> 04(01)04(02)04(0102)_1

which is continuous. One checks directly that £ is a also a 2-cocycle, namely that

d2(§)(01,02,03) = &(02,03)€(0102,03) " E(01,0203)E (01, 09) " =1

where the action of Gk on C* is trivial. So & € Z?(Gg,C*). Now, by the
theorem of Tate proved by Serre in [Ser77b], the group H?(G,C*) is trivial.
Hence Z?(Gg,C*) = B?(Gk,C*) and ¢ is a coboundary. This means that there
exists a continuous map

B: Gg — C*
such that ¢ = dy(B), i.e. such that £(o1,02) = B(01)B(02)B(0102) L. Now define

p: G — GL,(C)

o Blo)ta(o)

By construction, p is continuous and p(o) = p(o) mod C*, so we only need to
show that it is a homomorphism. For all 01,09 € G, we have

p(o)p(o2) = p(a1)p(oa)p(a102) ' p(o102) =

= B(o1) a(01)B(02) " a(o2) B(o102)a(or02) " ploroa) =
= [B(a1)B(02)B(a102) " Ha(or)a(os)a(or02) Hp(o102) = p(a102)

and we are done. ]

The following theorem shows how one can recover a global lifting starting
from local ones.

Theorem 4.7 (Tate). Let p: Gg — PGL,(C) be a projective Galois represen-
tation. For each prime p € Z, let p;J be a lifting of p|p,. Suppose that p; is
unramified at p for almost all p. Then there exists a unique lifting p of p s.t.

plr, = Pyl
for all p.

Proof. Let p1 be any lifting of p. For each p, let x,, be a 1-dimensional represen-
tation of D), s.t.

Py = Xp ® p1lp,

Clearly x; is unramified for almost all p, because so is p;,. By (local) class field
theory we can consider x; as a character of Q. Doing that for all p we can find
an idele class character y of QQ s.t. x zy = Xp|Z;; for all p. Now again by class
field theory we can view such a character as a character of Gg. Then p = x ® p1
is the required lifting. O
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Definition 4.8. Let p: Gg — PGL,(C) be a projective Galois representation.
The conductor of p is the integer

N =]
p

where m(p) is the least integer s.t. p|p, has a lifting with conductor pP),

By theorem 4.7 it is clear that if p has conductor N then it has a lifting with
conductor N. Moreover, since any two liftings differ by a character, any lifting
of p has conductor a multiple of N.

From now on, we will set n = 2.

Remarks 4.9. Let p: Gg — GL2(C) be a Galois representation and p: Gg —
—ker pp,

PGL2(C) be its projectivization. Let p, = p|p, and F) = Q,
1) If p is unramified at p, then I,, N F), = {1}, so D, N F, is cyclic and therefore

p(Dp) is cyclic, too. Obviously, m(p) = 0.

2) If p is ramified at p, but only tamely ramified, then p(D)) is either cyclic
or dihedral. This is because p|;, factors through the wild inertia group Gy 1
and so p(I,) = p(I,/Gp,1) is cyclic. Consequently, p(D)) has a normal cyclic
subgroup, namely p(,,). Since there exists a surjection D, /I, — p(Dp)/p(1p),
this last group is abelian. By theorem 4.4 this implies that p(D,) is cyclic
or dihedral. In the first case, as noted in corollary 4.5, any lifting of p|p, is
cyclic. Moreover, have m(p) = 1 because if D,, is cyclic, so is I, and so it’s
clear that the subspace of C? pointwise fixed by I, is exactly the one fixed by
a generator of I, and so it must be 1-dimensional.

4.2 Representations with prime conductor

In this section, we will describe a classification of the irreducible representations
with prime conductor.

4.2.1 Dihedral representations

Recall that the dihedral group of order 2n can be presented as

2

Dop = (r,s: 1" =52 =1 srs =r"1)

Every element of x € Da,, can be written uniquely as z = s'r* where i € {0,1} and
ke {0,...,n—1}. If i =0, then = € C,, a cyclic subgroup of order n. If n > 3,
C,, is unique, while Dy contains three distinct subgroups of order 2. Observe that
the relation srs = r~! implies that sr¥s = r=* for all k € {0,...,n — 1}.

If n is even, there are precisely 4 nonisomorphic 1-dimensional representations of
D5,,. One can define them setting p(r) = £1 and p(s) = £1 in all possible ways.
Now let w = €>™/™ and for h € N set

hk —hk
w 0 0 w
Ph(rk) = < 0 w > Ph(STk) = ( whk 0 )
It can be checked that this defines a 2-dimensional representation. If h = 0,n/2,

1 -1
the representation p” is reducible, since by conjugating by the matrix < 11 >



4.2. REPRESENTATIONS WITH PRIME CONDUCTOR

62

it becomes diagonal. The representation p” depends only on h mod n, so p" and
p"~" are isomorphic for every 0 < h < n. On the other hand, if 0 < h < n/2 then
p is irreducible, because the only 1-dimensional subspaces of C2 stable under the
action of p"(r) are the coordinate axes, since w” # w™", but those lines are not
stable under p”(s). Now it is enough to note that the character x, of p” is given

by
2mhk
Xh(?“k) = wh +w™F =2cos <7Tn )

xn(sr®) =0

to see that if 0 < h,l < n/2 then p" and p! are not isomorphic. We have
thus found all irreducible representations (up to isomorphism) of Da,, for n even,
because the sum of the squares of their degreesis 4-1+ (n/2—1)-4 = 2n.

If n is odd, there are just 2 irreducible representations of D, of degree 1. The
nontrivial one is defined by mapping ¥ +— 1 and sr* — —1 for all k. The
representations p defined above remain valid in the case n odd; note just that
h < n/2 can be written as h < (n — 1)/2. Therefore the sum of the squares of

the degrees of all these representations is 2-14 —(n —1) -4 = 2n, and this means

that we have found again all irreducible representations up to isomorphism.

Now suppose we have a dihedral representation of Gg, i.e. a Galois representation

p: Gg — GL2(C) such that p(Gg) = Day, for some n € N, n > 2. Set E = @kerﬁ

and write C,, for the unique cyclic subgroup of Ds,, of order n. The composition
w: Gg B p(Gg) = Doy /Cp = {1} < C*

is a 1-dimensional representation of Gg and it corresponds to some quadratic
extension K/Q. Now set Gk = Gal(Q/K) and G = Gal(Q/E), so that Dy, &
Gal(E/Q). By construction p(Gx) = C,, and so p|g, is reducible, thus up to
isomorphism we can write

ﬁ|GK G — GLQ(C)

v ( X(Ow x’((]v) >

for some 1-dimensional representations x, Y’ of Gx. Now take v € G and sup-

pose, using the same mnotation as above, that [y] = r* in the quotient group
Gk/Gg = C,. Then we must have x(v) - X'(7) = 1, namely x'(v) = x(v1).
Noting that for every m € {0,...,n} one has (sr™)r*(sr™)~! = r=* it follows

that X'(7) = xo(7), where 0 € Gg\ Gk and x,(7) == x(0yo ™). Moreover, if we
look at x as a character of Gal(E/K) and we construct the induced representa-
tion, we find immediately that the representation of Gal(£/Q) induced by p by
the quotient over ker p is isomorphic to Indgfl“ X-
We want now show that the converse of this fact holds too. In order to do this, we
have to introduce the transfer homomorphism. Let G be any group, let H < G
be a subgroup of finite index. Let ¥: G/H — G be a system of representatives
for the left cosets of H in G. Given s € G and t € G/H, we define an element
as; € H via the formula

sU(t) = V(st)aszt

where we write st for 7(s)t, with 7: G — G/H the projection onto the quotient.
The element a,; exists because clearly s¥(t) and ¥(st) lie in the same coset.
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Definition 4.10. Let 5 € G® and s € G be any lifting of 5. The image in H®
of the element H asy is called the transfer of s.
teG/H

One can show that the definition is well-posed and that this correspondence
is an homomorphism Ver: G — H.

Proposition 4.11. Let G be a finite group and H < G a subgroup. Let x be
a character of H and x* the induced character on G. For s € G, let eg/(s) be
the signature of the permutation of G/H induced by multiplication by s. Then

det(s) = eqym(s) det(Ver(s))

Proof. Let V' be the complex vector space that corresponds to the representa-
tion x* and W C V be the subspace invariant by H that corresponds to y. If
v: G/H — G is a a set of representatives for the left cosets of H in G and
W, == 9(o)W for any 0 € G/H, then we have a decomposition of vector spaces
V=8B,cc /it Wo. We have to find the determinant of the endomorphism = — sz

of V for every s € G. Write x = Z Y¥(o)z, with z, € W,. Then
ceG/H

sr = Z s¥(o)xy = Z V(s0)as o %o

ceG/H oceG/H

This shows that the map x — sz is the composition of the maps v and u, where

u:V -V
D 9(0)ze = > D(0)aseTo

v: V=V

Z o)z, — Z I(so)d (o) e,

Since © maps W, to itself, we have

and

det H det (ulw,) H det (x = asox) = det (x — Has o) = det(Ver( )

U

oceG/H UEG/H

Now let {e;};—1,. 1) be a basis of W. Then {d(c)e;} for 0 € G/H, i =
1,...,x(1) is a basis of V. By constuction, for each ¢ the map v maps ¥(o)W
onto ¥(so)W and so it permutes the ¥(o)e;. The signature of such a permutation
is g/m(s). Since there are x(1) indices i, the claim follows. O

Proposition 4.12. The following diagram commutes

Ver
_—

Gal(Q/K)® Gal(Q/E)™

Ik - Ip

where E'/K is an extension of number fields, Ix and Ig are the idele class groups,
the vertical maps are the Artin maps and ¢ is the inclusion.
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Proof. See [SerT9]. O

Now suppose that we have a quadratic number field K which corresponds to
a character w of Gg and a 1-dimensional linear representation x: G — C*. Let
p be the representation of Gg induced by x and let o € Gg such that its image
in Gal(K/Q) generates that group. Let x, be as above. Finally, let m be the
conductor of x and dg be the discriminant of K.

Proposition 4.13.
a) The following are equivalent:
i) p is irreducible;
ii) p is dihedral;
i) X # Xo-
b) The conductor of p is |dk |- Nk g(m).
c¢) pis odd if and only if one of the following holds:

i) K is imaginary;

ii) K is real and x has signature (+, —) at infinity, namely if ¢, € Gk are
Frobenius elements at the two real places of K then x(c) # x(¢).

d) If p(Gg) = Dap, then n is the order of x ~1x,-.

Proof.

a) Since plg, is reducible, p(Gk) is cyclic. This means that p(Gg) has a cyclic
subgroup of index > 2, and by theorem 4.4 it follows that p(Gg) is either cyclic or
dihedral, so the equivalence of i) and ii) is clear by corollary 4.5. The equivalence
of i) and iii) follows from theorem A.23.

b) This follows immediately from theorem 2.42

c¢) By proposition 4.11, the determinant of p is given by

det(p) = wxq

where xq = x o Verg /g and Verg q: G%’ — Gal(Q/K)% is the transfer map. By
proposition 4.12, xg as an idele class character is just the restriction of x to the
idele class group of Q. Now, w is odd if and only if K is imaginary. If v is the
archimedean place of K, then K, = C and so necessarily x|x; is trivial because
C* is connected. Thus that xq is even. If K is real, w is even. Let vi,v2 be
the two real places of K, so that K,, = K,, = R. Since R* has two connected
components det(p) is odd if and only if the signature of x is (+, —).

d) We have that C), = p(Gk) and p|g, is given by

- < x%v) xa(z’y) > _ ( x(v)%gl(v) (1) ) nod

so the claim is clear. O

One can prove (see [Ser77b]) that representations induced from characters of
real quadratic fields cannot have prime conductor.
The first consequence of the theorem is that to have a dihedral representation
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of prime conductor we must have p = 3mod4 because otherwise dx cannot
be prime. In such case, dihedral Galois representations with prime conductor
p are exactly the ones induced from unramified characters of Gal(Q/K) where
K = Q(y/—p). Unramified characters can be viewed as characters of the ideal
class group of K, so we can count dihedral representations by counting characters
of the ideal class group. Let Clg be the ideal class group of K and h be its class
number. Recall that if p = 3 mod 4 then h is odd. Let H be the Hilbert class
field of K, so that Gal(H/K) = Clg. Now note that since [K: Q] = 2, for
every ideal I C Ok, the ideal I - I? is principal in Og. So if we look at x as a
character of Clg, we have that x(I - I°) =1, so x(I?) = x(I)~!. On the other
hand, let ¢ be the isomorphism between Clx and Gal(H/K). Then ¢ takes I9
to op(I)o~! and hence x(I)~! = x,(I). This tells us that x(I)xs(I) = 1 and
we can conclude that ¥ = Y, if and only if x> = 1. As h is odd this cannot
happen if y is nontrivial. So we have showed that for any nontrivial character of
Gal(H/K) the induced representation of Gal(H/Q) is dihedral and irreducible.
Now let x, x’ two characters of Gal(H/Q). Then the representations induced by
x and )/ are isomorphic if and only if ' = x~!. Therefore, there are %(h - 1)
nonisomorphic dihedral representations with conductor p.

To sum up, we have found that any dihedral representation of prime conductor
p must be such that:

a) p=3mod4;

b) p = Indg/g(x) where K = Q(\/—p) and x is an unramified character of
Gal(Q/K);
c¢) det(p) is the Legendre symbol modulo p.

So starting from such a representation, the associated Artin L-function is defined
as

L(s,x) = L(s,p) = [ (1= x(Frob,)N(p)~*)~"*
pCOK

where p runs over all prime ideals of Ok and the first equality comes from the fact
that the L-functions attached to x and to Ind x are equal for every representation
X. Regarding x as a character of Ox we can write

L(s,p) = [] @ =x(m®)N®) )= > x(HN(I)™*
pCOK ICOxk

where I runs over all ideals of Q. Such Dirichlet series must correspond, by
theorem 3.13, to the newform

f=Y x()g""
ICOk

Looking at tables of quadratic fields, it turns out that the first nontrivial example
is p = 23. In this case, h = 3, so there is exactly 1 normalized cuspform of
dihedral type. The Hilbert class field H of Q(y/—23) is generated by the roots
of 23 —x —1 =0 and Gal(H/Q) = Dg. The corresponding newform is given by

1
f= 5(91 — 63) where

91 — Z qm2—i—mn—i—6n2 92: Z q2m2—|—mn—|—3n2

m,nez m,ne”z
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+o0
F=a TTO =1 =g®") =n(z)n(232)
n=1

4.2.2 Non-dihedral representations

Theorem 4.14. Let p: Gg — GL2(C) an irreducible Galois representation with
prime conductor p such that € = det(p) is odd. Suppose p is not dihedral. then

a) p# lmodSs;
b) if p = 5mod 8 then p of type Sy and ¢ has order 4 and conductor p;

¢) if p = 3mod4 then p is of type Sy or As and ¢ is the Legendre symbol modulo
b;

Proof. The conductor of € divides p and since ¢ is odd, it is not trivial and
therefore its conductor is exactly p. Let I, C Gg be the inertia group above p.
Since the conductor of p is exactly p, p is tamely ramified at p and therefore p(I})
is cyclic. So up to isomorphism we can write p|7, = 1)@ 1 for some 1-dimensional
representation of I,,. Hence the natural homomorphisms

p(Ip) = e(lp) and p(I,) — p(Ip)

are isomorphisms. Since ¢ is ramified only at p, we have that ¢(I,) = ¢(Gg) and
this group is cyclic of even order since p is odd. Since it is a subgroup of Ay, Sy
or As, this order has to be 2 or 4. On the other hand, ¢ has conductor p and so it
can be viewed as a character of (Z/pZ)*. The fact that e(—1) = —1 implies that
e is faithful on the 2-primary component of (Z/pZ)*. Therefore we cannot have
p = 1 mod 8 because in this case the order of € would be > 8. If p =5 mod 8 ¢
has order 4 and since A4 and As have no elements of order 4, p is of type Sy.
Now suppose p = 3 mod 4. Then ¢ has order 2 and so it is the Legendre symbol.
If p were of type A4, then the image of I, under the map

I, % Ay — Cy

would be trivial (recall that A4 has a normal subgroup isomorphic to Dy4). So
the kernel of the Galois representation

Go 5 Ay — Cs

would correspond to an everywhere unramified cubic field, impossible. Hence p
is of type Sy or As. O

One can show that the converse of this theorem holds, in the following sense.
Start with a Galois extension E/Q, a prime number p and consider the following
cases

a) Gal(F/Q) = Sy and p =5 mod §;
b) Gal(E/Q) = S; and p = 3 mod 4;
¢) Gal(E/Q) = A5 and p = 3 mod 4;
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Any embedding of Gal(E/Q) into PGL2(C) defines, via composition with the
projection onto the quotient, a projective Galois representation pg of Gg. In cases
a) and b) pg is essentially unique because any two embeddings of Sy into PGL2(C)
are conjugate, while in case c) there are two conjugacy classes of embeddings of
A5 in PGL2 ((C)

Theorem 4.15. The projective representation pp defined as above has a lifting
with conductor p and odd determinant if and only if:

a) E is the normal closure of a nonreal quartic number field E4 with discriminant
%
b) E is the normal closure of a quartic number field E; with discriminant —p;

c¢) E is the normal closure of a nonreal quintic field F5 with discriminant p?.

In each of those cases, pr has precisely two nonisomorphic liftings with odd
determinant and conductor p. If one of these is p, the other one is p ® det(p).

Proof. See [Ser77b]. O

To conclude, we have that in the case where p = 3 mod 4 and yx is the Legendre
symbol mod p, the space S; (N, x) has dimension %(h — 1) + 2s + 4a, where h
is the class number of Q(y/—p), s is the number of nonisomorphic quartic fields
with discriminant —p and a is the number of nonisomorphic quintic fields with
discriminant p?.



Appendix A

Representations of finite
groups

We will state here some of the basic results about (linear) representations of finite
groups. From now on, G will denote a finite group of order g.

Definition A.1. Let n € N and K be any field. A linear representation of degree
n of G is a homomorphism
p: G — GL,(K)

or equivalently a K[G]-module which is also an n-dimensional K-vector space.
Two representations p,p': G — GL,(K) are isomorphic if there exists M €
GL,(K) st. M~ tp(c)M = p/(0) for all ¢ € G, or equivalently V,V’ are two
isomorphic representations if there exists a K-linear isomorphism f: V — V' s.t.
f(7) = f(v)? forallv eV, oe€G.

In what follows, we will always assume K = C, even if most of the result are
still valid over any field of characteristic 0.
Let V' be a complex vector space of dimension g with a basis {e; }rcg. The regular
representation of G is defined as follows: for every o € G, we set €7 = e,.
Note that for every o € G, one has e, = e ,. Hence the images of €1, under the
action of the elements of G form a basis of V. Conversely, suppose that W is
a complex representation of G such that there exists a vector w € W such that
{w},eq is a basis of W. Then W is isomorphic to the regular representation,
via the isomorphism

VW

ey — w’

Let p: G — Aut(V) be a representation. A linear subspace W C V is said to be
stable under G if for all x € W, p(o)x € W for all 0 € G. In this case we have a

representation
oV G — Aut(W)

which is called subrepresentation of G.

Definition A.2. A representation p: G — Aut(V) is said to be irreducible if
V #£ 0 and 0,V are the only stable subspaces.

This definition remains valid also for representations of infinite groups.

68
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Theorem A.3. Let V be a vector space over a field of characteristic zero. Let
p: G — Aut(V) be a representation of a finite group G and let W C V be a
subspace stable under the action of G. Then there exist a complement W of W
that is stable under the action of G.

Proof. See [SerT77a] 0
As a consequence of this theorem, we have the following fundamental

Theorem A.4. Every representation of a finite group G into GL,(K) with
char K = 0 is isomorphic to a direct sum of irreducible representations.

Proof. Induction on dim V. O

Definition A.5. A representation p: G — Aut(V) is said to be semisimple if it
is isomorphic to a direct sum of irreducible representations.

A.1 Character theory

Definition A.6. Let p: G — GL,(C) a complex representation of G. The
character of p is the map given by

x:G—C
o = Tr(p(0))
The determinant of p is the 1-dimensional representation given by
det: G — C*

o — det(p(0))
Remarks A.7.

1) Obviously, both character and determinant are invariant under isomorphism
since they are two of the coefficients of the characteristic polynomial of p(o)
for any o € G. When we deal with 2-dimensional representations, they are all
the coefficients of the characteristic polynomial.

2) Suppose Y is the character of a complex representation p: G — GL,,(C). Then

@) XU =m

b) x(c™!) = x(o) for all o € G;
c) x(ror™!) = x(o) for all 0,7 € G.

In fact, a) is obvious. For b), since any o € G has finite order, the same is
true for the eigenvalues A1, ..., A\, of p(0) and therefore they all have absolute
value 1. Hence

X(@) = Tr(p(@)) = DX =D AT = Tr(p(0) ™) = Tr(p(o™")) = x(o7 )

Point ¢), setting u = 7o and v = 77! can be restated as x(vu) = x(uv), which

is true by the well-known fact that Tr(AB) = Tr(BA) for all A, B € GL,(C).
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3) If p1: G — Aut(Vy) and po: G — Aut(Va) are complex representations with
characters x1, x2, then
a) the character of the representation p; @ po is given by x1 + Xx2;
b) the character of the representation p; ® py is given by x1xa2.
One of the crucial results which we are going to prove is that the character of a

complex representation of a finite group completely determines the representation
itself.!

Definition A.8. Let ¢,1: G — C be any two complex-valued functions. Set
1 _
(6:9) = = > d(0)¥(0)
g ceG

This is an Hermitian scalar product: it is linear in ¢, antilinear in ¢ and (¢, ¢) > 0
for all ¢ # 0.

Theorem A.9. Let x be the character of an irreducible representation p of G.
Then

) ex) =1
ii) if x/ is the character of an irreducible representation nonisomorphic to p,
then
(x:x)=0
i.e. x,x are orthogonal.
Proof. See [Ser77al. O

Recall that a class function on G is a function f: G — Cs.t. f(o) = f(r7lo7)
for all 0,7 € G, i.e. f is defined on the set of conjugacy classes of G.
The set of class functions on G has a structure of complex vector space in an
obvious way. By remark A.7, we see that the character of a representation is a
class function. Moreover, we have the following fundamental

Theorem A.10. The set of characters of the irreducible representations of G is
an orthonormal basis for the vector space of class functions. Such a space has
dimension equal to the number of conjugacy classes in G. Moreover, a linear
combination of irreducible characters is the character of a representation of G if
and only if the coefficients are all nonnegative integers.

Proof. See [Ser77al. O

Corollary A.11. Every finite group has a finite number of nonisomorphic irre-
ducible representations.

Theorem A.12. Let p: G — Aut(V) be a complex representation. Suppose
that V' decomposes into a direct sum of irreducible representations

V=WioW,d oW

Then if W C V is an irreducible representation of G with character x, the number
of W; isomorphic to W is equal to the scalar product (¢, x).

!This result remains true for representations over any field of characteristic 0. In character-
istic p, we need the whole characteristic polynomial to recover the representation.



A.1. CHARACTER THEORY

71

Proof. By remark A.7, ¢ = x1 + x2 + - - + xx where x; is the character of W;.
Therefore by theorem A.12, using the fact that

k

i=1
the result follows. ]
Corollary A.13. Two representations with the same character are isomorphic.

Proof. By the previous theorem they contain each given irreducible representa-
tion the same number of times, and so the claim is clear. O

Now suppose we have a representation V' with character ¢ of G. Call Wy, ..., W}

the nonisomorphic irreducible representations of G with characters xi,..., Xx.
Then we can write
V=mWi & - &m,W,

where the m; are nonnegative integers. Now we know that m; = (¢, x;) by
h

the orthogonality relations and for the same reason (¢,¢) = Z:ml2 These
i=1

observations imply very easily the following

Theorem A.14. For every character y, (x,x) is a nonnegative integer and
(¢, 9) = 1 iff ¢ is an irreducible character.

Let V' be the regular representation of G. Recall that for a basis {e;};ec of
V' we have e = esr. If p: G = GL4(C) is the homomorphism that describes the
representation in the basis {e;}, the fact that for every o # 1o we have o1 # 7
implies that Tr(p(c)) = 0 if 0 # 1g. On the other hand, as we already said
Tr(p(1g)) = ¢g. Thus we have determined the character of p, namely

0 ifo#l1g
x(o) = :
g ifo=1g
Therefore we have the following
Lemma A.15.

i) Every irreducible representation of G is contained in the regular representa-
tion with multiplicity equal to its degree.

ii) If ny,...,ny are the degrees of the irreducible representations of GG, we have

h
2
=1

h
iii) For 1 # o € G we have Znin‘(U) =0.
i=1
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Proof.

i) Let r¢ be the character of the regular representation. If W; is an irreducible
representation of G with character x; and degree n;, by theorem A.12 its multi-
plicity is the scalar product (r¢g, x:), namely

(renxi) = = 3 raloxal0) = = - gxa(la) = mi
oceG 9

h

ii),iii) By i) we have rg(o) = an‘Xi(U)- For o0 = 1¢ we get ii) and for o # 1g
i=1

we get iii). O

Corollary A.16. G is abelian if and only if it has exactly g nonisomorphic
irreducible representations, each of them of degree 1.

Proof. Since G is abelian, its order is equal to the number of conjugacy classes,
namely g = h. Now apply the previous theorem and get the claim. O

Definition A.17. The unit representation of G is given by V = C and v? = v
for all 0 € G, v € V. Its character is denoted by 1. This representation is
clearly irreducible, and therefore it embeds in the regular representation. The
quotient is called the augmentation representation and its character ug is s.t.
ra =ug + lg.

A.2 Induced representations

Let H < G be any subgroup. It’s clear that any representation of G gives rise by
restriction to a representation of H. The other way round is more complicated.
We now describe a particular construction of a representation of GG starting from
representations of H. Suppose that V is a representation of G and that W C V
is an H-stable subspace of V. For any o € GG, the subspace W depends only on
the left coset of H in G, since for any 6 € H one has

W = (Wé)a — Waé

Therefore if H = Hy, ..., H,, are the left cosets of H in (G it makes sense to define
for each H; a subspace W; :== W7 where 7 € H;. The elements of G permute those
subspaces, namely for any ¢ € G one has W7 = W; for some j € {1,...,m}.
Moreover, W; N W; = {0} if i # j because if cw = Tw for some 0,7 € G and
w € W, then w = o~ '7w and so 0~ '7 € H; = H, namely cH = 7H. Thus we

can define a representation of G by setting

m

Ind% (W) = P W,
=1

Definition A.18. We say that the representation p of G in V is induced by the
representation 6 of H in W C V if V = Ind§(W).

In such a case we have that dimV = Zdim(Wi) = (G: H)dim W and so
i=1
dim W | dim V.
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Recall that giving a representation p of G is the same as giving a C[G]-module
V. It’s not hard to show that V is induced from a C[H]-module W if and only
if the natural map C[G] ®cig) W — V is an isomorphism. Moreover, with this
fact one can easily check that induction is transitive, i.e. if H < K < @, then
Ind% (W) = Ind% (Ind& (W)).

Example A.19. The regular representation V of G is induced by the regular
representation of any of its subgroups. Indeed, if {e;};ec is a basis of V s.t.
e? = esr and H < G, then {es}scm generates a subrepresentation W C V| which
is the regular representation of H. It’s then straightforward to check that V is
induced by W.

Starting from a representation of a subgroup H of GG, we can recover a unique
representation of G:

Theorem A.20. Let H < G be a subgroup and let 9: H — Aut(WW) be a rep-
resentation of H. Then there exists a unique (up to isomorphism) representation
p: G — Aut(V) s.t. p is induced by 9.

Proof. See [Ser77al. O

Such a theorem suggests us the possibility to calculate the character of a rep-
resentation of G which is induced by a representation of H just by the character
of H. In fact, this is possible.

Theorem A.21. Let H < G be a subgroup of order h and R a system of
representatives of H in G. For every o € G we have

_ 1 _
Xolo) = D xo(rlor) =1 Y7 xalrlor)
TER T€G
r~loreH T—loreH

Proof. See [SerT7a). O

Now, as we mentioned before, the set of irreducible characters on G is a
basis for the complex vector space of class functions and a linear combination of
irreducible characters is the character of a representation iff the coefficients are
integers. Therefore if {x1,...,xn} are the irreducible characters of G it makes
sense to introduce the following object:

R(G) =Zx1®Zx2® - ® Lxy,

which is a free finitely generated Z-module but also a ring since a product of
characters is again a character. Now if H < G, one has two homomorphism

Res: R(G) — R(H)

which sends a character of G to the character that corresponds to the represen-
tation of H obtained by restriction and

Ind: R(H) — R(G)

which sends the character of a representation of H to the character of the induced
representation of G. Those two homomorphisms are adjoints, in the following
sense
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Theorem A.22 (Frobenius reciprocity). For every characters ¢ of H and v of
G we have

(¢a Res ¢)H = (Ind Qb, w)G

This extends in an obvious way to any pair of class functions on G and H.

Moreover, one can check that

Ind(¢) - ¢ = Ind(¢ - Res(¢))

which implies that the image of R(H) under Ind is an ideal of R(G). The last
important result concerning induced representations is the following one.

Theorem A.23 (Mackey’s irreducibility criterion). Let H < G, let S C G be a
system of representatives for the double cosets of H in G. Let p: H — Aut(W)
be a representation of H. For each s € S, let H, := sHs~! and define

p°: Hg —» W
x> p(sxs)
Then the representation Indg p is irreducible if and only if

i) p is irreducible;

ii) for every s € G'\ H the representations p® and Resy, p are disjoint, i.e. they
have no irreducible components in common.

Proof. See [Ser77al. O
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