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Chapter 1
Introduction

Tits’s alternative is one of the most powerful results describing the structure of
finitely generated linear groups. It tells that a linear group either has a non-
abelian free subgroup or is virtually solvable (see Section 2.2 for more details).
However in case of not virtually solvable group Classical Tits’s alternative does
not tell us where to search for generators of a free group and tells just about an
existence in the group.

By GL4(K) we denote a general linear group, i.e. the group of d X d nonsin-
gular matrices over a field K and let F' be a subset of GL4(K) such that 1 € F.
E. Breuillard found the constant N that depends only on d and but neither on
the field K nor on the the set F' such that the generators are precisely products
of N elements from F. This thesis is devoted to study the result for SLy(K) and
related results that are presented mainly in Breuillard [2011], see also Breuillard

[2008b], Breuillard [2008a]. Let us state the main result in general precisely.

Theorem 1.0.1 (strong uniform Tits Alternative). For every d € N there is
N = N(d) € N such that if K is any field and F a finite symmetric subset
of GLy(K) containing 1 then either F™ contains two elements which generate
a nonabelian free group, or the group generated by F' is virtually solvable (i.e.

contains a finite indez solvable subgroup).

The proof of this theorem allows us, in principle, to find the constant N. Due
to Grigorchuk and de la Harpe’s examples Grigorchuk and de la Harpe [2001]
N = N(d) tends to infinity with d.



The proof of Theorem 1.0.1 is divided into an arithmetic and a geometric
steps. After a careful check that all estimates are indeed uniform over all local
fields the geometric step is based on a ”ping-pong method”.

The arithmetic step in Theorem 1.0.1 relies on the following result which is
interesting by itself too. This result can be seen as a non abelian version of the
well-known Lehmer conjecture (unsolved problem in mathematics attributed to
Lehmer (1933)) from number theory. Some preliminary definitions that might be

needed are available in the Section 2.4.

Theorem 1.0.2 (Height Gap Theorem). There is a positive constant ¢ = ¢(d) >

0 such that if F is a finite subset of GL4(Q) generating a non virtually solvable
subgroup I' then ﬁ(F) > €.



Chapter 2
Preliminary Information

In this chapter we recall the results from different branches of mathematics. Some
of them are classical (”ping-pong lemma”, Tits alternative, and Lehmer conjec-
ture) and the other are very recent (escape from subvarieties). All these results

we will use in the next chapters.

2.1 Group Theory
Let us recall some definitions.
Definition 2.1.1. Let G be a group with a subgroup H, and let

G=G>G>--->G,=H

be a series of subgroups with each G; a normal subgroup of G;_1. Such a series
15 called a subnormal series.
If in addition, each G; is a normal subgroup of G, then the series is called a

normal series.

Definition 2.1.2. A group G is solvable if it has a subnormal series
G=G>G>-->G,={1}

where all the quotient groups G;/G;y1 are abelian.
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Definition 2.1.3. A group G is called virtually solvable if it has a solvable

subgroup of finite index.

Remark 2.1.4. The adverb "virtually” is used not only in this case: for example,
there are also virtually abelian, virtually nilpotent groups etc. In general for a
given property P, the group G is said to be virtually P if there is a finite index
subgroup H < G such that H has property P. A group G is P by-finite if it has
a normal subgroup of finite index with the property P.

If property P s inherited by subgroups of finite index, being virtually P is
equivalent to being P-by-finite (see Baumslag et al. [2009], p.5, Lemma 6).

Let G be a finitely generated group with generating set S (closed under in-
verses). For g = ajay...a,, € G, a; € S, let I(g,S) be the minimum value of m.
Define

v(n,S) =[{g € G:1(g,5) <n}|.

The function 7 is called the growth function for G with generating set S.
If ~ is either

(a) bounded above by a polynomial function,

(b) bounded below by an exponential function, or

(¢) neither,

then this condition is preserved under changing the generating set for G.
Respectively, then, G is said to have

(a) polynomial growth,

(b) exponential growth, or

(c) intermediate growth.

For a survey on the topic, see Grigorchuk [1991].

Groups with exponential growth will be important for us (see Remark 2.1.7)

thus we give the definitions precisely.
Definition 2.1.5. A group G with finite generating set S has exponential growth
of
h(G. S) = liminf % log(|7(n, 5)[) > 0.
Definition 2.1.6. G has uniform exponential growth if

h(G) = inf{h(G,S) : S finite set of generators for G} > 0.
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Remark 2.1.7. Finitely generated subgroups of G L, (K) which are not virtually

solvable have uniform exponential growth (see Eskin et al. [2005]).

Lemma 2.1.8 (Ping-pong Lemma for subgroups). Let G be a group acting on a
set Q) and let A and B be two subgroups. Suppose that there exist nonempty sets
S1, Sy C Q such that

1. SiNSy=0;

2. Sea C S7 and S1b C Sy for all nontrivial a € A and b € B;

3. for alla € A, S;anS; # 0.

Then the subgroup < A, B > generated by A and B is the free product A x B.

Proof. Tt is enough to show that no product g = ajby - ... - agby (with & > 1 and
nontrivial a; € A and b; € B) is equal to 1. Indeed, by 3. there exists § € S
such that da; € S7. Then 2. shows that g € Sy and so 1. proves that g #1. [

The name ”ping-pong lemma” is motivated by the fact that, in the above

argument, the point da;b; ... agb, bounces like a ping-pong between the sets Sy
and S.

We will use another variant of this lemma which is given below.

Lemma 2.1.9 (Ping-pong Lemma). Let G be a group acting on a set X. Let

ai,...,ap be elements of G, where k > 2. Suppose there exist pairwise disjoint
nonempty subsets X{", ..., X;" and X7 ,..., X, of X with the following proper-
ties:

(X )a; C X" fori=1,... k,
(XH)a;' € X[ fori=1,...,k,

where by (Y)¢ we denote the completion of Y C X to X. Then the subgroup
H=<ay,...,a, >< G generated by ay, ..., ay is free with free basis {ay, ..., a;}.

Proof. The proof of this lemma is analogous to the proof of Ping-pong Lemma
for subgroups above.
To simplify the argument, we will prove the statement under the following

assumption:
k

X #JxFux)). (2.1)

i=1
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Choose a point x in X such that

k

A U(X;FUXZ.’).

i=1
To show that H is free with free basis ay, . . ., a;, it suffices to prove that every non-
trivial freely reduced word in the alphabet A = ay,. .., ax, a7, ..., a,:l represents

a nontrivial element of G.
Let w be such a freely reduced word, that is, w = b,,b,,_1 ... by, where n > 1,

where each b; belongs to A and where w does not contain subwords of the form

a;a; " or a; 'a;. Induction on j shows that for every j =1,...,n we have
k
bjbj—l Ce bl.flf < U(Xj_ U Xz_)
i=1
Thus

k
wr € | J(X;FUX)).
i=1
Therefore wx # x and hence w # 1 in G, as required.
The argument for the general case is similar to the one given below but requires
more careful analysis. Without the assumption (2.1) we may choose x from some
set such that wx is in the same set but we can always find another element on

which w acts nontrivially. O

2.2 Tits Alternative: Classical Variant

The Tits alternative, named for Jacques Tits, is an important theorem about the
structure of finitely generated linear groups. Originally it was stated by Tits in
the form below in Tits [1972].

Theorem 2.2.1 ( Tits Tits [1972]). Owver a field of characteristic 0, a linear
group either has a non-abelian free subgroup or possesses a solvable subgroup of

finite index.

Every finite group of order less than 60, every abelian group, and every sub-
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group of a solvable group are solvable. There is a table of solvable groups of order
up to 242 (Betten 1996, Besche and Eick 1999).
The condition that a group is a subgroup of GL,, is essential. There are many

famous groups that do not satisfy the Tits alternative:

Thompson’s group F. A finite presentation of F' is given by the following ex-

pression:

(A, B|[AB™', A"'BA] = [AB™', A7?BA?] = id)

where [z,y] = zyz~'y~! is the usual group theory commutator. Alterna-

tively F' has the infinite presentation:

(xg, 21,9 . .. |x,;1xnxk =Tp1 for k<n).

Burnside’s group B(m,n) for n > 665, odd. It is a free group of rank m and

exponent 7.

Grigorchuk group. It is a finitely generated infinite group constructed by Ros-
tislav Grigorchuk that provided the first example of such a group of inter-

mediate growth.

This means that these groups are not linear.

2.3 Elements of Matrix Analysis

Let k be a local field of characteristic 0. Let || - || be the standard norm on k9
which is the canonical Euclidean (resp. Hermitian) norm if £k = R (resp. C) and
the sup norm (||(z1,...,2zq)||lx = max{|z1|k, ..., |z4|r}) if k£ is non Archimedean.
We will also denote by || ||, the operator norm induced on M, (k) by the standard
norm || - ||x on k<.

Let @ be a bounded subset of matrices in My(k). We set

|Qlx = sup |[g][x
geqQ

and call it the norm of Q. Let k be an algebraic closure of k. It is well known (see
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Lang’s Algebra Lang [1983]) that the absolute value on k extends to a unique

— . —d
absolute value on k. Hence the norm || - ||x also extends in a natural way to k

and to My(k). This allows one to define the minimal norm of a bounded subset
Q of My(k) as

Ey(Q) = inf |[zQz™'(|x
IEGGLd(k)

We will also need to consider the mazimal eigenvalue of () namely

Ar(Q) = max{|A|x|\ € spec(q),q € Q}

where spec(q) denotes the set of eigenvalues (the spectrum) of ¢ in k. Define

Q"=Q-...-Q={Ar-...- AJA € Qi =1.n}.

Finally let Ry (Q) be the spectral radius of Q

R(Q) = lim ||Q"[]}/"

n—oo
the limit exists because for n = tq + r,n € N we have

n—r

1Q™1% < [I(@Y T = |Q"[|+ = [|Q!]|¢~]|Q"|| (2:2)

by letting n tend to 400 for every ¢ we have

limsup ||Q"||" = R(Q) < ||Q"]|7

n—oQ

therefore limsup, . [|Q"||* = lim,_ ||Q"||7. Note that these arguments also
1
tell us that the limit coincides with inf,ey |[|Q"||;. The quantities defined above

are related to one another.
Obviously from the definitions that E(Q) < ||Q]|x and Ax(Q) < Ri(Q).

Lemma 2.3.1. For any n € N the following holds:

A(Q") > Ae(Q)",  Ep(Q") < Ep(Q)", Ri(Q") = Ri(Q)".
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Proof. The following inclusion for sets ensures the first inequality.

{IAlR, A € spec(q), ¢ € @} € {|Als, A € spec(q),q € Q"}

For the second one we have

—_1t — —1t —112 n
Ey(@Q") = |lgQ™ g |[* = |lgQ'g™" ... - gQ% 7 < lgQ'g '|I* = Ex(Q)".
The last equality is also clear

n : n||s : a n p
Ri(Q") = Jim [|Q™]|* = lim ||Q"||> = Ry(Q)", where t = .

Corollary 2.3.2. Collecting together all obtained information we have

Ap(Q)" < AR(Q") < Ri(Q™) = Ri(Q)" < ER(Q™) < Ex(Q)". (2.3)

2.4 Height and Lehmer Conjecture

For any rational prime p (or p = o0) let us fix an algebraic closure @p of the
field of p-adic numbers Q,, (if p = oo; set Qoo = R and Q,, = C). We take the
standard normalization of the absolute value on Q, (i.e. [p|, = zla) It admits a
unique extension to Q,, which we denote by |- |[,.

Now we define the height function on the field of algebraic numbers Q (for
more details see Bilu et al.). To explain the motivation and nature of the function

we introduce the definition step by step.
e First we define the height of a non-zero a € Z by H(«) = |a| and H(0) = 1.

e On rational numbers, the absolute value is no longer adequate: there exist
infinitely many rational numbers of bounded absolute value. To obtain
finiteness, one should bound both the numerator and the denominator.
Thus, for « = a/b € Q, where a,b € Z and ged(a,b) = 1, we define
H{(a) = max{Jal, o]}
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e Next, we wish to extend this definition to all algebraic numbers. One idea is
to observe that bX —a is the minimal polynomial of the rational number a /b
over Q. Hence, for a € Q and also for a polynomial P(X) € Z[X] one may
define H(a) = H(P) = max{|ao|, ..., |an|}, where P(X) = a, X"+ ...+ ag

is the primitive minimal polynomial of o over Z.

However this definition is not convenient to deal with.
The modern definition of height (due to A. Weil) is motivated by the follow-
ing observation: the height of a rational number o = a/b, originally defined as

max{|al, |b|}, satisfies the identity

H(a) = H max{1, [al,}

veVp

where Vj is the set of all equivalence classes of valuations on Q.

Absolute Weil’s height is the logarithm of right-hand side of this identity,
properly generalized to number fields. Now we make some preparation to give a
formal definition of the height. Let K be a number field. Let Vx be the set of
equivalence classes of valuations on K. For v € Vi let K, be the corresponding
completion which is a finite extension of @, for some prime p. We normalize the
absolute value on K, to be the unique one that extends the standard absolute
value on Q,. Namely |z|, = |Ng,jg,(®)|p* where n, = [K, : Q,]. We identify
K,, the algebraic closure of K, with @p. For x € K absolute logarithmic Weil’s
height the following quantity

1
7o 2 o el

veEVK

h(z) =

The height of x does not depend on K. For example, it is the same in all
extensions of K.

We will use of the following basic inequalities valid for any two algebraic
numbers x and y: h(zy) < h(z) + h(y) and h(xz +y) < h(x) + h(y) + log 2.

Let us similarly define the height of a matrix A € My(K) by

1
(K- Q

hA) = > nulogt (Al

veVK

10
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and the height of a finite set F' of matrices in My(K) by

1
[K : Q] Z nvlog+ ||F||”U7

veVK

h(F) =

where n, = [K, : Q,]. Note that for v € Vi we will use the subscript v instead
of K, in the quantities E,(F) = Ek, (F), Ay(F) = Ak, (F), etc. We define the

minimal height of F' as:

1
€(F) = m Z nv10g+ E’U<F)

veVk
and the arithmetic spectral radius (or normalized height) of F

hF) = [Klz Q

Z n,logt R,(F).

vEVi

Let V; be the set of finite places and V, the set of infinite places.For any height
h, we also set h = ho + hy , where hy is the infinite part of h (i.e. the part of
the sum over the infinite places of K) and hy is the finite part of h (i.e. the part
of the sum over the finite places of K). Note again that these heights are well
defined independently of the number field K such that F' C M,(K). The above

terminology is motivated in Section 3.3.

Definition 2.4.1. Mahler measure of P(x) = ao [, (x — ;) is

M, (P) = |ay| Hmax(l, lo]).

Recall that for @ € Q with a primitive minimal polynomial P(X) € Z[X]
we have H(a) = H(P) = ]],e, max{1, |a,}. Now we explain relations between
M, (P) and h(P) (or H(P)). Let P(x) € Z[z] be a minimal primitive polynomial
of a € Q. From the product formula and and from considering the Newton

polygons of the irreducible factors (of degree n,) of P over Q, we have

‘ao‘ = H |G0’;1 = H Hmax(l, ’@‘Zv)>a € @

p<oo p<oo w|p

11
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Then from [Waldschmidt, 2000, pp. 74-79], Bombieri and Gubler [2006] we have
M,(P) =], max(1, |«|}”) thus

log M
H(P)" = My(P) therefore h(a) = h(P) = —2 Zlog+|a|n. (2.4)

Note also that for every coefficient a;,7 = 1,...,n of P(z) we have

la;| < (7;) M, (P), (2.5)

so there exist C'= C(n) € Q where n = deg P, such that

%H(P) < M,(P) < CH(P).

The first inequality follows from (2.5) immediately when the second is a funda-

mental result that is called Mahler inequality.

Conjecture 2.4.2 (Lehmer conjecture). Mahler measure of any integral polyno-
mial P(x), that is not a product of cyclotomic polynomials, is bounded from below

by a constant strictly bigger then 1.
More specifically

My(P(z)) > My(2" +2° — 2" — 2% —2° —2* —2® + o + 1) = 1.1763.

Essentially, to disprove this conjecture, one should for every ¢ > 0 find a poly-
nomial P(x) € Z[z] that is not a product of cyclotomic polynomials, such that
M;(P(z)) <1+e.

In terms of height the conjecture states that the Weil height h(z) of an alge-

where

braic number that is not a root of unity must be bounded below by - ( L

€o is an absolute positive constant.

2.5 Escape from Subvarieties

The aim of this section is to prove Proposition 2.5.5 which is known as ”escape

from subvarieties” and was proved by Eskin, Mozes, and Oh (see Eskin et al.

12
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[2005]). This result is explained also in Gill. We will use this result in sections
3.3 and 4.2.

The dimension dim(X) of an irreducible variety X is the length k of the
longest chain {z} = Xy C X; C --- C X} = X of irreducible subvarieties of X.
An irreducible component of a variety V' is an irreducible subvariety of V not
contained in any other irreducible subvariety of V. If the irreducible components
of a variety V all have the same dimension, we say V is pure dimensional, and
define the dimension dim(V') of V' to be that of any of its irreducible components.

The degree deg(V) of a pure-dimensional variety V of dimension r in n-
dimensional affine or projective space is its number of intersection points with a
generic linear variety of dimension n — r. (Here generic means outside a variety
of positive codimention.) It remains to see how to define the dimension and the
degree of a variety V' when V is not irreducible. We simply define d(V') to be
the dimension of the irreducible subvariety of V' of largest dimension. As for the
degree, it will be best to see it as a vector: we define the degree d_eg>(V) of an
arbitrary variety V to be

(do,dy, . .., dy,0,0,0,...),

where k = dim(V') and d; is the degree of the union of the irreducible components
of V' of dimension j.

First we recall the following theorem:

Theorem 2.5.1 (Generalized Bezout theorem). Let X1, Xs,..., X, be puredi-
mensional varieties over C and let Z1, Zo, ..., Z; be the irreducible components of
XiNnXoNn---NX,. Then

t s
Z deg Z; < H deg X;
i=1 Jj=1

(see [Schinzel, 2000, p. 519]).

Let I' € GL,(C) be any finitely generated subgroup and let H denote the
Zariski closure of I', which is assumed to be Zariski connected. Let Y = U ,Y; C

H be an algebraic variety where Y;, 1 < i < n are the irreducible components of

13
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Y. Denote by irr(Y') the number of irreducible components of Y, by irr,,q(Y") the
number of irreducible components of Y of the maximal dimension d(Y’) and by
mdeg(Y) the maximal degree of an irreducible component of Y. Let S be any

given finite generating set of I

Lemma 2.5.2. Ifirr,q(Y) = 1 then there exists an element s € S such that the
variety Z =Y N sY satisfies d(Z) < d(Y).

Proof. Without loss of generality we may assume that Y; is the unique irreducible
component of maximal dimension. If for every s € S we have sY; = Y] then it
would follow that Y; is invariant under the group generated by S. However as
this subgroup is Zariski dense and Y] is a proper closed subvariety it follows that
this is impossible; hence there is some s € S such that sY; # Y;. It follows that
d(sY NY) <d(Y). O

Lemma 2.5.3. Let Y be a proper subvariety of H. There exists an s € S such
that for Z =Y N sY either d(Z) < d(Y) orirrpg(Z) < irrpa(Y).

Proof. Consider the set M of all maximal dimension irreducible components of
Y. If every element of S would have mapped this set into itself it would have
been < S >-invariant and this would contradict the assumption that ' =< S >
is Zariski dense whereas Y is a Zariski closed proper subset. Hence there is some
s € S so that for some element Y; € M and sY; € M and it follows that for
Z =Y NsY either d(Z) < d(Y) or irrpg(Z) < irrma(Y). O

Lemma 2.5.4. LetY be a proper subvariety of H. Then there exists an integer
m € N (depending only onirr,,q(Y)) and a sequence of m elements sg, s1, - - ., Sm—1

of S so that if we define the following sequence of varieties Vo =Y and
Vim=Vins Vi, 0<i<m—1,

then Vi, satisfies d(V,,) < d(Y'). Moreover irr(V,,) as well as mdeg(V,,,) are also
bounded above by constants depending only on irr(Y) and mdeg(Y).

Proof. We shall be applying Theorem 2.5.1 to the intersections of pairs of irre-
ducible varieties. Namely, let W = U ;W; be the decomposition of a Zariski

14
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closed variety W into irreducible components. Then we have

W =W nsW = U _,W, N s,

—~

Thus given n = irr(W) and mdeg(1¥') we have an estimate both on irr(W) as

well as on mdeg(W). Combining this observation with Lemmas 2.5.2 and 2.5.3

one can deduce the result. O

Proposition 2.5.5. Let I' C GL,,(C) be any finitely generated subgroup and let
H denote the Zariski closure of I, which is assumed to be Zariski connected. For
any proper subvariety X of H, there exists N > 1(depending on X ) such that for

any finite generating set S of I', we have
(N, S) € X.

Proof. By repeated application of Lemma 2.5.4 at most d(X)-+1 times we find el-
ements wy, We, . .., w; € y(n,S), where n > 2 is bounded in terms of the constant
depending only on irr(X) and mdeg(X), so that Ul_jw; X = 0. If v(n,S) were
contained in X, then it would follow that e € U!_,w; X, as vy(n,S) = y(n,S)™!
and hence w; ! € y(n, S) for each 1 < i < t. Therefore we have v(n,S) ¢ X. O

We reformulate Proposition 2.5.5 in more convenient form for us.

Lemma 2.5.6 (see Breuillard [2011]). Let K be a field, d € N. For every m € N
there is N € N such that if X a K algebraic subvariety of GLq4(K) such that the
sum of the degrees of the geometrically irreducible components of X is at most m,
then for any subset >, C G Ly(K) containing Id and generating a subgroup which
is not contained in X (K), we have S ¢ X(K).

15



Chapter 3

Sets of Matrices and Height Gap

Theorem

In this chapter we describe properties of sets of matrices that satisfy some con-
ditions. After using them we deduce properties of height and prove Height gap
theorem 3.3.1.

3.1 Spectral Radius Lemma for Several Matri-

ces

Lemma 3.1.1. Let L be a field and Q a subset of My(L) such that Q and Q?
consist of nilpotent matrices. Then there is a basis (u,v) of L* such that Qu =0
and Qu C Lu.

Proof. For any A, B € Q we have A> = B? = (AB)? = 0. It follows, unless A
or B are zero, that kerA = I'mA and kerB = ImB. Also if AB # 0 we get
kerB = ker(AB) = Im(AB) = ImA while if AB = 0 then ImB = kerA. So
at any case kerA = ImA = kerB = ImB. So we have proved that the kernels

and images of non zero elements of () coincide and are equal to some line Lu say.
Pick v € L*\{Lu} then (u,v) forms the desired basis. O

The condition from the previous lemma that ) and Q? consist of nilpotent

matrices is in fact very strong. It actually means that the set of matrices consists

16
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of matrices proportional to a one fixed nilpotent matrix.

Corollary 3.1.2. Let L be a field and Q a subset of My(L) such that Q@ and
Q? consist of nilpotent matrices then there exists a nilpotent matriz N such that
QC{AN:XelL}.

Corollary 3.1.3. The product of two nilpotent 2 X 2 matrices is nilpotent if and

only if it is zero.

A principal ideal domain is an integral domain where every ideal is a
principal ideal. In a principal ideal domain, an ideal (p) is maximal if and only
if p is irreducible. An ideal of a commutative ring is said to be irreducible if it
cannot be written as a finite intersection of ideals properly containing it.

A discrete valuation ring R is a principal ideal domain with exactly one
nonzero maximal ideal M. Any generator ¢t of M is called a uniformizer or
uniformizing element of R; in other words, a uniformizer of R is an element
t € R such that t € M but ¢t ¢ M?.

Given a discrete valuation ring R and a uniformizer ¢ € R, every element
z € R can be written uniquely in the form u - ¢" for some unit v € R and some
nonnegative integer n € Z. The integer n is called the order of z, and its value

is independent of the choice of uniformizing element t € R.

Lemma 3.1.4. Let k be a local field with ring of integers Oy and uniformizer .
Let A = (a;;) € M?*(Og) such that det(A) belong to (7*) and a1, a,an € ()
while aix € O;. Then ag € (72).

Proof. We have ajpas = ajjag — det(A) € (72) and a;p € O], hence ag; €
(72). O

Lemma 3.1.5. Let k be a local field with ring of integers Oy and uniformizer

together with an absolute value | - |, which is (uniquely) extended to an algebraic
closure k of k. Let Q be a subset of Ma(Oy,) such that Ax(Q) and Ax(Q?) are both
< |7|k. Then there is T € GLa(k) such that TQT ' C wMa(Oy).

Proof. Projecting @ to Msy(L) where L is the residue field L = Oy/(7) the ma-
trices from @ and Q? become nilpotent. By Corollary 3.1.2 we have Q| = {AN}

17



3. Sets of matrices and Height gap theorem

which implies that
QC{AN+7mA: Nk, Aec My(k)}.

Clearly that we can find the transformation P such that PQP~! consists of
matrices A = (a;;) € M2(Oy) with ayq, a0, a1 € (7) and a2 € O;. Using the
condition Ay(Q) < ||, we have det A < A,(Q)* < |r|?. Hence by Lemma 3.1.4,
ag € (m?). Let T = diag(m, 1) € GLy(k). Then clearly TQT ' C nMy(0y). O

Remark 3.1.6. If Id € Q then Ay(Q) < Ar(Q?).

Definition 3.1.7. Let X and Y be two non-empty subsets of a metric space
(M, d). We define their Hausdorff distance dg(X,Y") by

dy(X,Y) = max{sup inf d(z,y),sup inf d(z,y)}.
zeX YEY yeYy z€X

xT

Equivalently
dg(X,Y)=inf{r >0,X CY, andY C X, }

where

X, = U{z € M,d(z,x) <r}.
zeX
Proposition 3.1.8. Let (S,d) be a compact metric space and

X ={K C S, K is compact}.

Then (X, dy) is a compact metric space.

Proof. Suppose that (X, dy) is not compact. Then for X there exists an open
cover |JU; that does not have a finite subcover. This means that for every finite
subcover there exists K € X not covered by it. Therefore there exists x € K C S

not covered. Now consider | J U; where

U= J W

VkGUi

U U; is a cover for S. We do not have a finite subcover for S either. This is a

contradiction with the compactness of S. O

18



3. Sets of matrices and Height gap theorem

The following lemma ensures us that we can always find a matrix in a set Q?
whose maximal eigenvalue is not much smaller than square of the minimal norm
of the set. Elements with large eigenvalues will be used as generators of a free

group in a ”ping-pong method” (see Section 4.1).

Lemma 3.1.9 (Spectral Radius Lemma). Let Q be a bounded subset of Ms(k)
(a) if k is non Archimedean, then Ay (Q?) = En(Q)%;
(b) if k is Archimedean, there is a constant ¢ € (0,1) independent of Q) such
that Ap(Q?) > ER(Q)?.

Proof. (a): From Section 2.3 and in particular from Lemma 2.3.1 we have

Ap(Q)? < Ap(Q%) < EL(Q?) < ER(Q)%

Assume that Ay(Q?) < E(Q)% Then we have also Ax(Q) < Ei(Q). Extending
the field k, we may assume that

Ae(@Q) < Tl Bk(Q)?, Mk(Q) < |7l Er(Q),

where 7 is a primitive element of k. Put y = min{||gQg || : ¢ € GLy(k)} The
existence of the minimum is assured by the discreteness of the absolute value on
k. Replacing ) by a conjugate and multiplying it by a suitable scalar, we may
assume that ||Q|| = y = 1. Then both Ax(Q) and Ax(Q?) do not exceed |r|;, and
Lemma 3.1.5 implies that for some g € GLy(k) we have ||gQg || < |7k < 1,
contradicting the minimal choice of y.

(b): It is enough to give a proof for a compact set because we can approximate
any set by compacts set. We prove it by contradiction, if such a ¢ did not exist,
then we may find a sequence of @),, such that % — 0, in the Hausdorff metric.
% and thus obtain a sequence of compact sets in My (k)
such that Ex(Q,) =1 with A,(Q?) — 0 and Ax(Q,) — 0 and passing to a limit,
we obtain a compact subset @) of My(k) which exists by Proposition 3.1.8 such

that Ax(Q?%) = Ax(Q) = 0 while E(Q) = 1 By Corollary 3.1.2, we can transform

@ to a subset of
0 A ,where \ € L
0 0

19
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3. Sets of matrices and Height gap theorem

thus Ej(Q) = 0. This is a contradiction. O

Remark 3.1.10. Note that the proof of (b) is not effective because of a compact-

ness arqument.

An analogous result with almost the same proof holds in general (see Breuil-
lard [2008a]).

Lemma 3.1.11 (Spectral Radius Formula for Q). Let Q) be a bounded subset of
My(k).

(a) if k is non Archimedean, there is an integer q € [1,d?| such that Ax(Q7) =
Er(Q)1.

(b) if k is Archimedean, there is a constant ¢ = c¢(d) € (0, 1) independent of
Q and an integer q € [1,d?] such that Ax(Q9) > cEx(Q)A.

Proposition 3.1.12. Let Q) be a bounded subset of Ms(k). We have

1

i = sup A(Q")*.

n—oo neN

Ri(Q) = lim E,(Q™)r = inf EL(Q")" = lm Ay (Q*™)

n—o0

Moreover if k is non Archimedean, Ry (Q) = Ex(Q), while if k is Archimedean,
then cEx(Q) < Ri(Q) < Ex(Q), where ¢ is the constant from Lemma 3.1.9 (b).

Proof. First we prove the first equality. Since Ex(Q") < ||Q"||x for every n € N
then Ey(Q™)" < Ri(Q). On the other hand,

Ri(Q) = Ri(9Qg™") < [19Qg |«

for every g € GLy(k). Hence Ri(Q) < Ex(Q) and for every n € N we have
Rie(Q)" = Ri(Q™) < Ei(Q), hence Ri(Q) < liminf E(Q™)x. Thus lim Ej,(Q™)«
exists and equals Ry (Q). For n > 1,n € N we have

nt —111L _ _ 1L _11
1gQ™ g |7 = ||gQ'g ' gQ g™ - ... - gQ'g M |m < ||gQ'g"||*.

Thus the second equality is clear.
It is also clear that as A,(Q™) < Ex(Q™) we have

lim sup Ax(Q¥")2 < limsup A,(Q")" < Ri(Q).

20



3. Sets of matrices and Height gap theorem

By Lemma 3.1.9 Ax(Q%)2 > ¢E}(Q) (where ¢ = 1 if k is non Archimedean) thus
M@ 2 en By(Q")7 2 en Ril(Q)

which forces liminf Ax(Q?")2n > Ri(Q) Hence from two inequalities above we
have that lim,,_, Ak(QQ”)ﬁ exists and equals Ry (Q). Since for every n,p € N
we have Ap(Q™) > Ak(QP)"™ and thus

AL(Q™)77 > AL(Q)7

=

by letting n tend to +oo we indeed get Ry(Q) = sup,ey Ar(Q7)

By Lemma 2.3.1 have for any ¢ € N that Ak(Qq)% < Ri(Q) < Ep(Q). If k is
non Archimedean, then this combined with Lemma 3.1.9 (a) shows the desired
identity. If £ is Archimedean, then Lemma 2.3.1 gives Ax(Q9) < Ri(Q)?, which
when combined with Lemma 3.1.9 (b) and (2.3) gives

Ei(@) > Fi(@Q) = A(@)F > eBy(Q).
Remark 3.1.13. Define F C GLy(C) as follows
A b el)
0 0 10

lim Ap(Q*)3 =14 0= lim Ay(Q* )7,

n—oo n—o0

For this set we have

Thus 2n in Theorem 3.1.12 is essential.

Note also that if @ belongs to SLs(k) then Ex(Q) > Ri(Q) > Ar(Q) > 1 and
all three quantities remain unchanged if we add Id to ). The following lemma
explains what happens if these quantities are close or equal to 1.

A similar result with a similar proof holds in general (see Breuillard [2008a]).
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3. Sets of matrices and Height gap theorem

Proposition 3.1.14. Let Q) be a bounded subset of My(k) such that 1 € Q. We
have

Ri(Q) = lim,, o0 Bx(Q") % = inf,en Ex(Q™)w

By (Q) = limy 00 Ak(Qn)% = SUPpen Ak(Qn)%

Moreover if k is non Archimedean, Ry(Q) = Ex(Q), while if k is Archimedean,
then cEL(Q) < Rp(Q) < Ex(Q), where ¢ is the constant from Lemma 3.1.11 (b).

For a real number w, let M,, denote the unique simply connected surface (real
2-dimensional Riemannian manifold) with constant curvature w. Denote by D,,
the diameter of M,,, which is +oc if w < 0 and \/LE for w > 0.

Let (X, d) be a geodesic metric space, i.e. a metric space for which every two
points z,y € X can be joined by a geodesic segment, an arc length parametrized
continuous curve. Let A be a triangle in X with geodesic segments as its sides.
A is said to satisfy the C AT (w) inequality if there is a comparison triangle A’ in
the model space M,,, with sides of the same length as the sides of A, such that
distances between points on A are less than or equal to the distances between
corresponding points on A’. The geodesic metric space (X,d) is said to be a
CAT(w) space if every geodesic triangle A in X with perimeter less than 2D,
satisfies the C AT (w) inequality.

Remark 3.1.15. o Any CAT (w) space (X, d) is also a CAT (1) space for all
[ > w. In fact, the converse holds: if (X,d) is a CAT (1) space for alll > w,
then it is a CAT(w) space.

e n-dimensional Fuclidean space with its usual metric is a CAT(0) space.

e n-dimensional hyperbolic space H"™ with its usual metric is a CAT(—1)

space, and hence a CAT(0) space as well.

Define

S

L:{[C_; ] SuchthatbeCanda,CER}
c

and
H = {A € L such that det A =1 and a,c > 0}.
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3. Sets of matrices and Height gap theorem

Note that for P € SLy(C) and A € H we have the group action
P(A) :== PAP*

where P* = P'. Note also that H can be represented as H? = C x (0,400) due
to
H — H3,

F1 b+ j
_ — .
b ¢ c

Using this representation we have the action of PSLy(C) on H?® that may be

written as
0) + ayt* +tj
B @+¢ﬁ::mz+ﬁﬁw%;)+gz +1
¢ vz + 02 + |
where [oz € PSLy(C) and (z + tj) € H®.
Y

Lemma 3.1.16 (Linear growth of displacement squared). Suppose k is Archimedean
(i.e. k=R or C). Then we have for every n € N and every bounded subset )
of SLy(k) containing 1d,

E(Q) > Bu(Q)VF (3.1)

Moreover,
log Ri,(Q) = ¢1log Ex(Q) min{1, log E(Q)}

for some constant ¢; > 0. In particular Ex(Q) = 1 if and only if R,(Q) = 1.

Proof. We use non-positive curvature of hyperbolic space H?.

For x € H? set L(Q,z) = max,eqd(gz,z) and L(Q) = inf, L(Q, ). Fix
e >0, set £, := L(Q") = 2log E(Q™), and let 7, be the infimum over z € H? of
the smallest radius of a closed ball containing Q"x Note first that r, < ¢,,. We
now prove (3.1). Fix e > 0 and let z,y € H? be such that Q""'x is contained
in a ball of radius r, 11 + ¢ around y. Let ¢ € @) be arbitrary. Since () contains
Id we have Q"x C Q""'z, and ¢Q"x lies in the two balls of radius 7,41 + ¢
centered around ¢qy and around y. By the CAT(0) inequality for the median (see
Remark 3.1.15), the intersection of the two balls is contained in the ball B of
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3. Sets of matrices and Height gap theorem

radius ¢ := \/(rn41 +€)2 — d(qy, y)2/4 centered around the midpoint m between
y and qy. Translating by ¢~! we get that Q"x lies in the ball of radius ¢ centered
at ¢~ 'm. In particular r,, < ¢. This means d(qy, y)* < 4((rn41 +€)* — r2). Since
¢ € Q and € > 0 were arbitrary, we obtain 3 < 4(r2,, —r2). Summing over n, we
get nl? < 4r? < 402 hence (3.1). But by Lemma 3.1.9 (b), Ax(Q*") > ?Ex(Q™)?,

hence
1

Ri(Q) > AL(Q™)2 > cn B (Q)V n.
Optimizing in n, we obtain the desired bound. O]

An analogous result with almost the same proof holds in general (see Breuil-
lard [2008a]).

Lemma 3.1.17 (growth of displacement). Suppose k is Archimedean (i.e. k =R
or C). Then we have for every n € N and every bounded subset QQ of SLy(k)

containing 1d,

E/(Q") > E(Q)VE (3.2)
Moreover,
log R(Q) > c¢1log E(Q) min{1,log E(Q)} (3.3)

for some constant ¢; = ¢1(d) > 0.

3.2 Properties of Matrix Heights

In this section, we prove some properties of matrix heights. We prove them for

any dimension.

Proposition 3.2.1. Let F' be a finite subset of My(Q). Then

() B(F) = lim,, o Lh(F™) = inf,en Lh(F™),

(b) es(F) = /i;f(F) and e(F) +logc < h(F) < e(F) where ¢ is the constant in
Lemma 2.1 (b),

(¢) h(F™) = nh(F) and h(F U {Id}) = h(F),

(d) h(zFz=') = h(F) if x € GL4(Q).

Proof. We will use results of Section 2.3 and Proposition 3.1.14.
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(a) Since F' is finite, there are only finitely many places v such that ||F|[, > 1.

For each such place we have
1 + n +
—log™ |[F"|], — log" R,(F)
n

hence Th(F™) — /f;(F)
The equality lim, o h(F™) = infyen th(F™) follows immediately from
1
litm, o0 || F™]| 7 = infpen ||F7||7 (see (2.2)).
(b) We have E,(F) = R,(F) if v € V} hence e(F') = hy(F') while
cE,(F) < R,(F) < E,(F)ifveV,

hence
eoo(F) 4+ log e < /fzoo(F) < ex(F).

(c) We have R,(F"™) = R,(F)" for every n € N and every place v. Hence
h(F™) = nh(F).
(d) Finally using Ry(zFz~') = Ry(F) we obtain the last equality. O

Proposition 3.2.2. Let F' be a finite subset of My(Q) then

(a) e(xFa ') =e(F), v € GLyi(Q),

(b) e(F™) < ne(F),

(c) If X is an eigenvalue of an element of F' then h(\) < /E(F) <e(F),

(d) If F C GL4(Q) then e(F U F~1) < (2d — 1)e(F) and e(F U{1}) = e(F).
If F is a subset of SLy(Q) then e(F U F~1) < (d—1)e(F).

Proof. The first three items are clear (see Section 2.3). For the last, observe that

for any € GL4(K,) we have

1

_ det(x
4, < )
| det(z)],

d—1 4
N e (3.4)

||

where \; is the minimal eigenvalue of x. Hence

1
FUF™Y, <||F|)4! — Fu{l
IFUF )l < P max{ e e PO}
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3. Sets of matrices and Height gap theorem

and

E,(FUF™) < E,(F)* " max ,x € FU {1}} :

e
So

e(FUF™) < (d—1)e(F)+max{h(det(z) ™),z € FU{1}}
= (d—1)e(F) + max{h(det(z)),z € FU{1}}
< (d—1)e(F)+max{h(A)-...-h(Xa); \i €spec(z);i=1,...,djx € FU{l}}

ie. e(FUF™) < (2d—1)e(F) . O

Remark 3.2.3. Note that the equality in (3.4) (instead of inequality) is stated
in the proof of this result in [Breuillard, 2008b, p.17]. This equality holds just for
d = 2 and does not hold for d > 2 due to the following example:

300 3 0
X:=10 2 0| €GLs(Q), X '=1]0 1
001 0 0

then || XY, =1<3 | X2

_ 1 |
= Tdeu Xl

We can also compare e(F) and /i;(F) when E(F) is small:

Proposition 3.2.4. For every € > 0 there is § = 0(d,e) > 0 such that if F' is
a finite subset of SLq(Q) containing 1 with E(F) < 6, then e(F') < e. Moreover
/fZ(F) =0 if and only if e(F) = 0.

Proof. This follows immediately from Proposition 3.2.1 (b) and Proposition 3.2.5

below using them for e (F) < 1 we have

e*(F) = (ef(F) + exa(F))* < 2(e}(F) + e, (F))

< 2(W3(F) + %ﬁm(F)) < 2(62 + %5) <21+ %)5

and for e, > 1 we have

-~

e(F) = ef(F) + ex(F) < hy(F) + ~hoo(F) < (1+ %)5.
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Proposition 3.2.5. Let ¢; be the constant from Lemma 3.1.11, then

hoo(F) > %GW(F) min{1, e. (F)}

for any finite subset F' of SLq(Q) containing 1.

Proof. By Lemma 3.1.17 we have

hy(F) > %ev(F) min{1,e,(F)} for every v € V.

We may write
eoo(F) = ae™(F) + (1 — a)e  (F)

where e™ is the average of the e, greater than 1 and e~ the average of the e,

smaller than 1. This means

et E Ny = E Ny

VEVoo,e0>1 VEVoo,e0>1

and similarly for e”. Applying Cauchy-Schwarz, we have

—~

hoo(F) > c1(aet 4+ (1 — a)(e)?).

If ae™(F) > jex(F), then hoo(F) > Lew(F), and otherwise (1 — a)e™ > &=,
hence
heelF) 2 e1(1 = 0)(e7)” = e,

At any case

hoo(F) > Zeoo(F) min{1, es(F)}.

3.3 Height Gap Theorem

In this section, we prove Theorem 3.3.1. This result can be seen as a non abelian

version of Lehmer conjecture.
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Theorem 3.3.1 (Height Gap Theorem). There is a positive constant ¢ = (d) >
0 such that if F is a finite subset of GLq(Q) generating a non virtually solvable
subgroup T then /fZ(F) > ¢. Moreover, if the Zariski closure of I' is semisimple,
then

W(F)< inf h(gFg~") < Ch(F)
9€GL4(Q)

for some absolute constant C = C(d) > 0.

Height gap theorem is stated above for any d € N but it will be proved just for
d = 2 (for a general case see Breuillard [2008a]). So we hereafter assume d = 2.

We may assume that F' = {Id, A, B} with A semisimple (in fact both A
and B can be taken semisimple). Moreover A has an order that exceed d;, and

be ¢ {0,—1,e7, e%ﬁ} after we conjugate A and B in the form (3.5) below. The

general case follows from this as we will show in the next lemma.

Lemma 3.3.2. For every m € N, there exists N(m) € N with the following

property. Let F be a finite subset of SLy(Q) containing 1 and generating a non-

virtually solvable subgroup such that the sum of the degrees of the geometrically

wrreducible components of that group is at most m. Then there exists A, B €

FN) such that A and B are semisimple, generate a non-virtually solvable group,
21 4

A has an order that exceeds m, and be & {0,—1,e3 ,e3 } after we conjugate A
and B in the form (3.5).

Proof. The proof of this lemma follows directly from Eskin-Mozes-Oh’s 7 Escape
from subvarieties 7 (see Lemma 2.5.6) applied to >, = F'x F'in SLyx SLy < GL4
with X = X; U X5 U X5 U X, where

X7 ={(A, B), A or B has order at most d; },

Xy ={(A4, B),tr(A) or tr(B) is 2},

X3 ={(A, B), A and B generate a virtually solvable subgroup },

X, the Zariski closure of {(gAg~t, gBg™'),g € SLy, A diagonal ,bc €
{0, —1, e%, eMTW}}

X3 is a proper subvariety of SLs x SLy because there are pairs of matrices
that generate groups which are not virtually solvable. X, is a proper subvariety

of SLy x SLy too because the first matrices of pairs are semisimple. n
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From the properties of height that were observed in Proposition 3.2.4, E(F )
is small if and only if e(F) is small. So we may as well replace h(F) by e(F)
in Theorem 3.3.1. Since e(F') is invariant under conjugation by any element in

GLy(Q), we may assume that A is diagonal, i.e.

A0 a b
WIENE] o

Let deg(XA) be the degree of A as an algebraic number over Q. The following

proposition is extremely important for us:

Proposition 3.3.3 (small normalised height implies small height of matrix co-
ordinates). For every f > 0 there exists do,v > 0 such that, if F' = {Id, A, B}
are as in (3.5) and if e(F) < v and deg(\) > dy then

max{h(ad), h(bc)} < .

In order to prove this statement, we need
e to give local estimates at each place v;

e to show by the equidistribution theorem that when these estimates are put

together the error terms give only a negligible contribution to the height.

Let K be the number field generated by the coefficients of A and B. Let
v € Vi be a place of K. We set s, = log E,(F) and 6 = A™1 — \.

Lemma 3.3.4 (Local estimates). For each v € Vi we have

max{|al,, |d|,, /|bc|s} < Cpe** max{1,|§7"|,}

where C, is a constant equal to 1 if v is a finite place and equal to a number
Cs > 1 if v is infinite. Moreover there are absolute constants eq > 0 and Cy > 0

such that if v is infinite and s, < ¢, then

Sy

e

max{|ad|,, |bcl,} <1+ Co(y/sy + |5_\/T7 +
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Proof. In order not to overburden notation in this proof we set s, to be some
number arbitrarily close but strictly bigger than log £, (F') and we can let it tend
to log E,(F') at the end.

If v is infinite, then Q, = C and SLy(C) = KAN where

o K = SUQ(C),
e A is the group of diagonal matrices with real positive entries, det A = 1,
e N is the group of unipotent complex upper triangular matrices.

As K leaves the norm invariant, there must exist a matrix P € AN such that

t
max{||PAP~!||,||PBP7!||} < e™. Since P € AN we may write p = [O ti]

with t > 0 and y € C. Then we have, setting § = A\7! — )

A tyd t=t bt 4 dyt — ayt — cy?
PAP! = Y\ pppt= [T Tt =T )
0 At t—2c —yet™' +d
Claim : There is up > 0 such that if 0 < u < ug and ||B|| < e* then
max{|a — d|,|b+¢|} < 2V2u, (3.7)
max{|al® + [b*, [d[* + |e[*} < 1+ 4u, (3.8)
maxal, bl el [d]} <1+ 2u. (3.9)
To prove this recall that for the operator norm in SLy(C) we have
jaf* +[b]* = [| B es||* < [|B]]* < ™ (3.10)

analogous |c|? + |d|* < e** thus for u < 0,5 we have
max{|a|® + 0%, |d]* + |¢|*} < e <1+ 4u

and thus
max{al, bl |el, |d} < e < 1+ 2u.
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So (3.8) and (3.9) are proved. From (3.10) we also have
af? + [bf2 + | + [d? < 26>
therefore
la —d* +|b+7c* =|af* +... +|d* =2 < 2™ — 2 < 8u

for u < 0,5 and hence (3.7). It is reasonable to explain the meaning of (3.7).
The conditions ||B|| = 1 and B € SLy(C) tell us that B*B =~ Id and therefore

Let now £ > 0 and assume that s, < e. From (3.6) we get
AP+ AT o [ty < 2¢*

hence |tyd|? < 2e¢* — 2 < 8¢ if € is small enough. So [tyd| < 2v/2¢. Now since

IPBP| < ¢ we have [t-%] < 2 as soon as & < . Hence [yet!| < 4% and

max{|a|, |d|} <142+ 4‘|/‘27€ Finally for some absolute constant C' > 0 we have

lad| <14 Cle+ % + 52).

On the other hand, |cy?| = [t~%c(ty)?| < ﬁ and

12\/_ 32

Also by (3.7) we have |bt? + (d — a)yt — cy® + (£)~2¢| < 2v/2¢ and

24 96
lbe + |t72¢)?| < 20bt? + (1) %¢| < 4v/2e + |:5/|_+ﬁ,

and by (3.8) we have [t~?c|? < 1+ 4¢ hence up to enlarging the absolute constant
C we also have |be| <1+ C(vE + XL B+ 5p)-

Without the assumption that s, is small, we can make a coarser estimate:

31



3. Sets of matrices and Height gap theorem

and

[t72¢|? < 2?5 |tyd|* < 2e®* | hence |yt ™| < 4€|ZT“

45,

4
maxc{al,dl} < =

1
+ 1+ 25, < 4e* max{1, W}

and |ad| < 16¢'9 max{1, ;). Similarly, we compute [be < 20¢15* max{1, ).
If v is finite and K, is the corresponding completion, with ring of integers O,

and uniformizer 7, we have SLs(K,) = K, A,N, where
[ ] Kv = SLQ(OU>,
o A, ={diag(nr", 77 "),n € Z},

e N, is the subgroup of unipotent upper-triangular matrices with coefficients
in K,.

Hence, we also get a P € A, N, satisfying (3.6) with y € K, and t = 7" for some
n € 4.

We first assume that v is finite. Recall that the operator norm in SLy(K,) is
given by the maximum modulus of each matrix coefficient. Hence we must have
[t72c|, < e and |tyd|, < e*. Tt follows that |cyt™'|, < €**|67!|, and hence

lal, < max{e®, e*»|§7,}. Similarly, |d|, < max{e®,e***|67!|,}. Hence |ad|, <
max{e®v el |§712}. Moreover ad — be = 1, hence |bc|, < max{l,|ad|,} <
max{e?v, e [§712}. O

We now put together the local information obtained above to bound the
heights. Let n = [K : Q] and V; and V, the set of finite and infinite places
of K. Set g, Cy and C, the constants from the previous lemma. For A > 0 and
S @ we set

1
ha (z) = ny log™ |z, (3.11)
[K : Q] UGV&);:;UZA

where the sum is limited to those v € V, for which |z|, > A. We have:

Lemma 3.3.5 (Global estimates). For some constant Cy satisfying 2 < Cy <
2+ (2log Cs + 16)/log 2, we have for all ey € (0,3) and all ¢ < min{eg, €3}

max{h(ad), h(be)} < C.r,e(F) + 600\5/—g 420y (671 + Cohi (57 (3.12)
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3. Sets of matrices and Height gap theorem

where C.., = (16 + 21%8%= 2“0;581\) and 6 = A+ A1

Proof. Recall that s, = log E,(F). If v € V and s, > & then according to
Lemma 3.3.4 we have log" |ad|, < 2log Cy + 16s, + 21log™ [67|, hence

1
— Z n, log™ |ad|,
n

VEVoo,80 €
21og O\ 1 P B
< (16+T> - Z nvsv%—ﬁ Z n, logt 671,
VEVso,8v € VEVoo,8v €
Fix 1 < 3. On the other hand, if s, < ¢ < min{eg,e}} and [6], > &; then

log™ |ad|, < Co(y/50 + VAT |5—”) < 30,5 and, as n, < 2,

161 ol En

1
- Z n, log™ lad|, < GC’OLE.
VE V0,50 <8,|d]v >e1 °1

While if s, < ¢ and |d], < &; < 3 then log™ |ad|, < Clog™[07!|, for some

(2log C1+16)

absolute constant Cy satisfying 2 < Cy < 2+ gz hence

1 1 _

- E Ty 10g+ |a’d’v < - § 1, Co 10g+ |5 1|v
n n

U€V0075v<61|5‘v§51 vEVoo,SuS6,|5\v2€1

When v € V; , from Lemma 3.3.4, we get

Z n, log™ |ad|, < Z 161,58, + Z 2n, log™ [0,

’UGVf UEVf vGVf
But § |
2 _ 2|logeq| 1
— E nylogt |67, < =—=—~ E NySy-
n 9 n
VEVoo,80>6,|0]v >e1 VEVoo,80 €

Putting together the above estimates, we indeed obtain (3.12) for ad. The same

computation works for bc. O

Theorem 3.3.6 (The equidistribution of small points, Bilu [1997]). Suppose
(An)n>1 48 a sequence of algebraic numbers (i.e. in Q) such that h()\,) — 0 and
deg(\,) — +00 asn — +oo. Let O(\,) be the Galois orbit of A, in Q. Then we
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3. Sets of matrices and Height gap theorem

have the following weak™ convergence of probability measures on C

1
#OON) |

Y b df (3.13)
€0(Mn)

where df is the normalized Lebesque measure on the unit circle {z € C,|z| = 1}.
We now draw two consequences of this equidistribution statement :

Lemma 3.3.7 (bounding errors terms via the equidistribution theorem I). For
every a > 0 there is dy, vy > 0 and g, > 0 with the following property. If A € Q
is such that h(\) < vy, deg(\) > dy then

1 1
hy (—— ) <
< (i) =

where hi.?l was defined in (8).

Proof. Consider the function

Jor (2) = Idj.—1j5e, log |1 — 2[.

It is locally bounded on C. By Theorem 3.3.6, for every ¢; > 0, there must exist
di,m > 0 such that, if A(A) < n; and deg(A\) > d; then

1
PMACRY ATl

On the other hand we verify that 6 — log |1 — €2™?| is in L;(0,1) and

<

w|e

1
/ log |1 — e*™|df = 0.
0

Hence we can choose €; > 0 small enough so that

w|e

/1 f61(627719)d9' S
0
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3. Sets of matrices and Height gap theorem

thus now we have that

2a

‘% D falo)| <5 (3.14)

Let P € Z[X] be the minimal polynomial of A, that is

P(X)= )Y aX =a, [[ (X-2).

0<i<n z€O(N)

As P(1) € Z\{0} we have log |P(1)| = log |a,| + > ,con) log |1 — 2| = 0. So

1
Z log|1—1:\§ Z log |1 — x| + log |a,|.

[1—z|<e1 [1—z|>e1

Recall that from (2.4) we have h(\) = %(erO(A) log® |z| + log|a,|). Hence

1 1 1
— 1 < h(\) + — log |1 — z|. 3.15
V2 o <A+ D dorfl—al (315)

[1—z|<ey [1—z|>e1

Combining inequality (3.14) and choosing 171 < §, we get
1 1
hel (—— ) <
> (1 - A) =

Using the product formula and again applying the equidistribution theorem,

]

we obtain a similar estimate for the finite places.

Lemma 3.3.8 (bounding errors terms via the equidistribution theorem II). For
every o > 0 there exists vy > 0 and Ay > 0 such that for any A € Q if h(\) < 1
and d = deg(\) > Ay, then

hy <%> < 2. (3.16)

Proof. We apply the product formula to g = 1 — A, which takes the form h(u) =
h(pn™) hence hp(u™) = hoo(it) — hoo(p™) + hp(p). But hy(u) = hp(l = N) =
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3. Sets of matrices and Height gap theorem

hy(A) < o and

1
hoo (1) = hoo (™) = T > nylog |l
’ vE€EV

1
= w0 Z nylog |1 — Al +
’ VEVoo,|1-A|<e

> mylogll— A, (3.17)

VEVoo,|1—A|>e

1
(K : Q)
The first summand is estimated in Lemma 3.3.7 and the second summand is small
because of Theorem 3.3.6. Hence (3.17) becomes small (for example < «).

1
hy(p) < % Q

Z nylog |ply + h(A) < a+ny < 2a.

vEV
O]

Recall also the following result (which can also be deduced from the equidis-

tribution theorem).

Theorem 3.3.9 (Zhang’s theorem Zhang [1995]). There ezists an absolute con-
stant o > 0 such that for any © € Q, we have

h(z) +h(l —z) > ag

21 4
unless © € {0,—1,e73 ,e73 }.

Remark 3.3.10. The constant oy is calculated explicitly by Zagier (see Zagier
[1993]) and it is equal to 1log(3(1++/5)) =0.2406. . ..

Now we are ready to proof Proposition 3.3.3.

Proof of Proposition 3.3.3. Since

and similarly
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3. Sets of matrices and Height gap theorem

it follows from the last two lemmas that we can find ¢; > 0, ¥ > 0 and dy € N so
—1

that 2k (671) + Cohdl (671) < £ as soon as h(\) < e(F) < v and deg()) > dy.

Then choose € so the QC'lg < § and finally take v even smaller so that C. ., v <

B
5. Now apply Lemma 3.3.5 and we are done. O
And now using all results we proof Theorem 3.3.1.

Proof of Theorem 3.3.1. From the irreducibility of cyclotomic polynomials and
Kronecker’s theorem we have that for every dy € N there is vy > 0 and d; > 0
such that if h(\) < vy and A is not a root of 1 of order at most d; then deg(\) > dj.
Let 8 = 2 where aq is given by Theorem 3.3.9. Proposition 3.3.3 yields dy > 0
and v = v(%2) > 0 such that max{h(ad), h(bc)} < B as soon as e({Id, A, B}) <v
and deg()\) > dy. By Lemma 3.3.2, if we have some nice A, B € FN(41) Suppose

that i |
min{v, v
eo(F) < 2N Tor
(F) < N(d)
then e({Id, A, B}) < min{r, 1} and A is not a root of 1 of order at most d;.
Hence deg(\) > dy and by Proposition 3.3.3, h(ad) + h(bc) < 28 = ap. Then

2

according to Theorem 3.3.9, bc € {0, —1,67,64%} which is impossible by our

(3.18)

choice of A, B (see Lemma 3.3.2). Thus we reached a contradiction. So the

assumption (3.18) was not true. Therefore

e(F) > min{v, vy }

= TNy >0

is the desired gap. This ends the proof of Theorem 3.3.1. O

Here we are going to use our previous height estimates once again to show the
following proposition. Observe that the minimal height e(F') coincides with the
infimum of h(gFg!) over all adelic points g = (gy ).

Proposition 3.3.11 (Simultaneous quasi-symmetrization). There is an abso-

lute constant C' > 0 such that if F is a finite subset of SLy(Q) generating a

non-virtually solvable subgroup, then there is an element g € SLy(Q) such that
h(gFg™) < Ce(F) +C.
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Proof. As we may replace F' by a bounded power of it, Lemma 3.3.2 above allows

us to assume that F' contains a semisimple element. Let F' = {Id, A, By, ..., By}

with A semisimple. Conjugating by some g € SLs(Q) we may assume that A is
in diagonal form and we write each B; in the form (3.5) with entries a;, b;, ¢;, d;.
Changing F into F? if necessary, we may assume that both b; and ¢; are not
zero (otherwise ' would be contained in the group of upper or lower triangular
matrices). We may further conjugate F by the diagonal matrix diag(t,¢~1), where

t € Q is a root of t* = ¢1/by so as to ensure by = ¢;. Then
h(B1) < h(ay) + h(dy) + 2h(by) + log 2.
On the one hand, since a;d; — byc; = 1 we have bf =a1d; — 1 and
2h(by) = h(b?) < h(aidy) +log2 < 2e({A, B}) + log 2C-..

On the other hand, by Lemma 3.3.4 applied to { A, B;} we have max{|a;|,, |d;|,} <
Cye**» max{1, |67, } for every place v where 6 = A —A"! and s, = s,({4, B;}) =
log E,({A, B;}). Applying Lemma 3.3.4 to {A, B1B;} we get

max{|(B1B;)11lv, |(B1Bi)22|s} < Cpe?® max{1, |67 "|,}

with s, = s,({A, B1B;}) = log E,({A, B1B;}). We compute the matrix entry
(BlBi>11 =aia; + blci. We get

lcilo = [((B1By)11 — alai)bl_1|v < Ce?v max{1, |5_1|U}max{1, |b1_1|v}.

Similarly for |b;|,. Hence,

.....

77777

In particular, this means that

h(F) < 2log Cy + 2e(F?) 4 h(8) 4 h(by) < Te(F) + 41og 2C..
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3. Sets of matrices and Height gap theorem

]

Corollary 3.3.12. There exists a constant Cys > 0 such that if ' is as in the

proposition, then there is an element g € SLy(Q) such that

h(gFg™!) < Cyse(F).
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Chapter 4

A Strong Tits Alternative for S1L-

Main result is proved in this chapter. First we find geometric conditions for ” ping-
pong” (see Lemma 4.1), on which geometric part of the proof of A strong Tits
alternative for SLs 4.2.1 is based. After using it and all technic for arithmetic
part of the proof (developed earlier) A strong Tits alternative for SLy 4.2.1 is

proved.

4.1 Ping-pong

Here we state and prove a ping-pong criterion, which gives a sufficient condition
on the finite set F' for it, or a bounded power of it, to contain two free generators
of a free subgroup.

Let k be a local field of characteristic zero with its standard absolute value.
We set Cy, = 2 if k is Archimedean (R or C), and Cj, = 1 if k is non Archimedean
(finite extensions of the p-adic numbers Q,). Let F' C SLy(k) be a finite set
containing 1 such that Ay(F*) > Cy||F||x (see Section 2.3 for notation, it is
important to require a strict inequality here when k is non Archimedean). Let
ki € N be a positive integer and let A € F*' be such that Ay(A) = A,(F*). Then
A is semisimple and admits two distinct eigenvectors v and v~ in kg where k,
is either k or some quadratic extension of k. Since we may always replace k by

k,, there is no loss of generality in assuming that v+ and v~ lie in k*. Let dj, be
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4. A strong Tits alternative for SL,

the canonical (Fubini-Study) projective distance on P!(k) namely

_ Aol

di(u,v) =
(00 = Tl

(4.1)

where by A we define usual wedge product. That is an antisymmetric variant of
the tensor product. It is an associative, bilinear operation. Thus, for all u,v € V'

and a,b,c,d € k, we have
(au + bv) A (cu + dv) = (ad — be)u A v. (4.2)

Lemma 4.1.1 (geometric conditions for ping-pong). Let ko, ks € N be two posi-
tive integers. Assume that there is B € F*? such that

dy(Bv®;0%) > || P, (4.3)

di(v%30%) > ||| (4.4)

for each e,&’ € {£}. Then A' and BA'B~! generate a free subgroup of SLo(k)
as soon as 1 > (ko + 1)(ks + 1).

Proof. We will show that A' and BA'B~! that satisfy (4.3) and (4.4) satisfy then
the conditions of Lemma 2.1.9 and thus generate a free group.
Note that for all u,v € P1(k) we have

di(Bu, Bv) < ||B|*dj,(u, v)

for B € SLy(k). Note also that when v is an eigenvector then ~v for v € k
is an eigenvector too. Thus without loss of generality, we may assume that
lloT||x = [[v7|]x = 1. Let A, \™! be the eigenvalues of A, where we have chosen

|Alx > 1. By the assumption on A we have
Al = AR(A) = A (F*) > Cyl|F ||k > 1. (4.5)

We may assume that v corresponds to A and v~ to A™!. Let P € GLo(k) be
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4. A strong Tits alternative for SL,

defined by Pe; = v™ and Pey, = v~. Note that

v ATl

|det P| = [[vt AvT]| = — =
o[ []o]|

dp(vt,v7). (4.6)

Also ||P|| = 1 if k is non Archimedean, and ||P||* < 2 if k is Archimedean, so in
general ||P||? < Cy. Moreover using (4.6) and (4.4) we have

- Pl _
Pl = I < C2||F||*s. 4.7
1P = rgerpr. < CElIF (4.7)

Set A’ = P7'AP,B’ = P7'BP, and F' = P~'FP. Then A’ = diag(\,\™!). For
u,v € Py (k) we have

Pun P Crd
_ NPuAPUIL | et pij P Ry, ) < S22 0)

dy(Pu, Pv) = Crdi(u, v)
e, Po) = BBl < < TJdet P

Hence for 7,5 € {1,2} and taking into account (4.4) and (4.3) we get

1 _ 1 1
dk(B,6i7€j) Z dek<v+,’u )dk(BPei,Pej) 2 @W (48)
By (4.7) we also have
: 1P]1” Ko+l
I < 1l pr < CellFI*

Let m < 2[ be positive integers to be determined shortly below. Let
Ut ={x € P'(k),dr(z,e1) <A,
Uy ={z € P'(k), d(z,e2) <A,
U = {z € PY(k), dp(z, B'er) < [N},
Ug = {z € PY(k), dp(z, B'es) < [N}
In order to apply Lemma 2.1.9 we need to show that

e these four sets are disjoint,
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4. A strong Tits alternative for SL,

A" maps (Uy)¢ into U},

A" maps (U})¢ into Uy,

e O’ = B'A'B'~ maps (Ug)® into Ug,
e O~ maps (Uf)¢ into Ug.

If for instance U5 NUg # 0, then d(B'e;,ej) < \ST]’C" for some i, 7, which in turn
would contradict (4.8) since (4.5) gives |A|™ > C?||F||*** as soon as m > 2k3.
The same holds in other situations as soon as m > 2(ks + 1).

Now since A’ is diagonal, A" maps (Uj)¢ into U}, and A"~ maps (U})¢ into

U, . Finally let us check the last two conditions. If z € (U )¢ then
di(z, B'es) > [N ™™ and di(B "'z, e5)||B'||> > |A| 7™

So Bz € (U;)° as long as [A|*™™ > ||B'||2. Then A'B'~'z € U} and

du(C'. Bley) < BIE oy om
S TRpr =
And similarly if z € (UZ)°.
So the above works as soon as
m > 2(ks + 1) (4.9)

because we need that |\ > C]%||F||2(/€3+1)’
2l —m > 2kqy(ks + 1) (4.10)

because we need that |\2~™ > CZF2||F|[?kekst2k2 > || F'||%k2 > || B'||2.
Adding the inequalities (4.9) and (4.10) we have that { > (ko +1)(ks+1). O

Remark 4.1.2. A similar ping-pong lemma holds with the ping-pong players Al
and BA'B (instead of BA'B™') if we assume similar lower bounds on di(B%v®,v")
for 6 € {0,£1,4+2} and e, € {£}. This allows us to find the ping-pong players

i some F", that is without having to take inverses of elements of F.
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4. A strong Tits alternative for SL,

4.2 A Strong Tits Alternative

First let us state Theorem 1.0.1 for SLy that will be proved here.

Theorem 4.2.1 (strong uniform Tits Alternative). There exists an absolute con-
stant N € N such that if K is any field and F' a finite symmetric subset of SLy(K)
containing 1 then either FN contains two elements which generate a nonabelian
free group, or the group generated by F' is virtually solvable (i.e. contains a finite

index solvable subgroup).

We first assume that F has coefficients in Q.

We will show that if F' generates a non virtually solvable subgroup of SLsy(K)
for some number field K then for at least one place v € Vi the conditions of the
ping-pong Lemma 4.1.1 are satisfied, with kq, ko, and k3 bounded and independent
of K. This will be done by finding an appropriate prime and a place above it
where F' will satisfy the requirements of Lemma 4.1.1.

Let F be a finite subset of SL,(Q) which generates a non virtually solvable
subgroup and contains 1. According to Lemma 3.3.2, as one may change F
into a bounded power of itself if necessary, we may assume that F' contains two
semisimple elements which generate a non virtually solvable subgroup. Now, from
Corollary 3.3.12, after possibly conjugating F inside SL,(Q) we may assume that
h(F) < Cyse(F) where Cys > 0 is the universal constant given by Corollary 3.3.12.

The last important ingredient in the proof of Theorem 4.2.1 is the product
formula on the projective line P}(Q) (see [Bombieri and Gubler, 2006, 2.8.21]),

that is for all (u;v) € PY(Q)?

IT do(u.v)ma = H ) (4.11)

veVK

Recall that .
log H(u) = h(u) = K Q > nylog |[(ur, uz)|l,

veVK

represent u € PY(K) if (uj,us) € K?. This formula is straightforward from the

usual product formula and the definition of the standard distance (see (4.1))

44



4. A strong Tits alternative for SL,

because

log H dy(u, v) <0

vEVK

1
= g X mlloslluAvll —loglull —logljvl) = —log H(u) ~ log H(v)
) veVK

= log

o
H(u)H (v)

Lemma 4.2.2. Let f(x) € Q[x] and a be its root. Then
h(a) < h(f) +logdeg f.

Proof. Consider the polynomial f(x) = 2" + a,_ 12" ' + -+ + ao then for a we

n—1 _

have o = —a,,_1« < — ayg.

n|f|, max{1, |a|?~'}, if v is archimedean;
max{1, ol < { ML T s arcimedenn
| fl, max{1,|a|?"'}, if v is non-archimedean.

Then we have

n|f|, max{1, |a|,}, if v is archimedean;
max{l,|al,} <
| flo max{1, |al,}, if v is non-archimedean.

So h(a) < h(f) + logn. O

Lemma 4.2.3 (Height of I’ controls heights of eigenobjects). Let A € SLy(Q)
and v € PY(Q) an eigendirection of A, then h(v) < h(A) + 2log?2.

Proof.

a;p — A 12

(A—/\Id)v:[ v=20

21 aze — A

We take vT = (a2, a1; — \) and denote p = % Tacking into account that A

is an eigenvalue of A have

f() = alop® + arp(age — ar1)p — arpaz = 0.
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By Lemma 4.2.2 we have h(p) < h(f) + log2.

Consider f(x) = aj92? + (age — ai1)x — az;. We have

max{1, ||Al|,}, if v is non-archimedean;

[flo <
max{1, v2||A||,}, if v is archimedean.

Therefore we have h(f) < h(A) + 3log2 We can take v* = (1, 1) and thus

max{1, |||, }, if v is non-archimedean;

[f]lw < o .
1+ |pl2, if v is archimedean.

Therefore we have h(v) < h(u) 4 log2. Collecting together all inequalities we
have h(v) < h(A) + 2log2 O

Let us introduce some notation. Suppose A € SLy(Q) is semisimple with
eigendirections v} and vy in P! (Q) and suppose B € SLy(Q). Then, assuming

A and B have coefficients in a number field K, we set for each place v € Vi :

1

5+~ (B,A) =log———
A )

where d, is the standard distance on P'(K,) and K, is the completion of K
at v. Note that as d, < 1 we have §>7 (B, A) > 0. If d,(Bv},v;) = 0 we set
67 (B, A) = 0. We define similarly 6,7 (B, A), 6 7(B, A), and §,~ (B, A) in the

obvious manner and we set
§y(B,A) =8"(B,A) +67(B,A) + 6,7 (B, A) + 0,7 (B, A).
For a finite subset F' of SLy(Q), we also define
0,(F) =Y _06,(Id, A) + 6,(B, A)

where the sum runs over all pairs (A, B) of elements of F' with A semisimple and
B in "nice position”. with respect to A; namely such that Bv} ¢ {v}, v} and

Bvy, & {v},vy}. If this set of pairs is empty we set ¢ to be 0. However, in our
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case, it will be non empty if not for F itself then for a bounded power of it (see

Lemma 4.2.5 below). We also define the corresponding global quantity:

ot (B, A) 5+ (B, A),
UGVK
)(B, A dp(B, A),
UEVK
and |
I(F) = — Ny 0y (F).
)

Proposition 4.2.4 (Height of F' controls adelic distance between eigenobjects).
With the above notation, for every B € SLy(Q) in nice position with respect to a
semisimple A € SLy(Q) (or for B =1d), we have

d(B,A) <8h(A) + 4h(B) + 16log2
In particular for any finite subset F in SLy(Q)
§(F) < 12|F|*(2h(F) + 3log2).

Proof. From the product formula (4.11) above we have

1
§T (B, A) 6 og
vEV veV du(Bv%,vy)
= — log d,(Bv},vy) = h(Bv}) + h(vy).
[ Q] veEVK

On the other hand, we easily compute

h(Bv} log || Bv]|

’UEVK
1
— > ny(log||Bll. +log [[vi[l.) < A(B) + h(v}).

[ : ] vEVK
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From Lemma 4.2.3, we get
0" 7(B, A) < h(B) 4 2h(v}) < h(B) + 2h(A) + 4log 2.

Note that analogous estimation holds for every §%*(B, A). Now taking into

account that
§(B,A) = 5*’_(3, A) + 5+’+(B, A)+ 5_’+(B, A)+ 677 (B, A).
we obtain desired bounds. Also we have

0u(F) = 6u(1d, A) + 6,(B, A)
<) " 4h(Id) + 81(A) + 16log 2 + 4h(B) + 8h(A) + 161og 2
< 12|F|*(2h(F) + 3log2).

]

Lemma 4.2.5. There is an integer ng > 2 such that if F' is a finite subset of
SLy(C) containing 1 and generating a non virtually solvable group, then for any
semisimple A € F' there exists B € F™ which is in nice position with respect to

A.

Proof. This is another occurrence of the escape trick described in Lemma 2.5.6.

The subvarieties
X4 ={B € GLy, Bv} € {vi} or Bv; € {vi}}

are conjugate to each other in GLy. The group generated by F' clearly can not be
contained in any X 4(C) otherwise it would be virtually solvable. Thus by Lemma
2.5.6 there is N such that for each semisimple A in F', F¥ is not contained in
Xa(C). O

Note that since we assume that F' generates a non virtually solvable group,
then according to Theorem 1.2, h(F) > e(F') > ¢ for some fixed e. Therefore,
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there exists a constant D,s > 0 such that
5(F) < Dy| FIh(F).
We have for all n € N
O(F") < Dys|F"PR(F™) < Dys| F["nh(F)
We may write with obvious notation

b= Y =0x+0;

pe{oco}UP

We fix n = ng as in Lemma 4.2.5 and let D, = Dgno so that §(F™) <
D, |F]?"h(F) and h(F) < Cyse(F). For each p € {oo}UP we set e, = ¢,(F), h, =
h,(F') and 6, = 0,(F™).

Claim : There exists a constant C” > 0 such that for any set F in SLy(Q)
containing 1 and generating a non virtually solvable subgroup, there exist p €
{oo} U P and a place v|p such that, max{d,,h,} < C"|F|*e, and e, > 2.
Moreover if p = co, we may assume that e, > %e.

We now prove this claim. Suppose first that e, > %e, then
0o + hoo < Cos(DL | FIP™ + 1)en.

We also have

1 1 -
€oo:[K:Q] vaeUJr vaev < %0 vaev+%

VeV veEVS veVh

where V3§ = {v € Vo, e, > % }. Therefore

2
oo < K- Q Z My €y

vEVO'.‘S
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Hence
D (B + o) S ACu(DLIFP +1) Y nyey.

veV veVi

So for at least one v € VI we have
max{dy, hy} < 0y + hy < AC (DL | FI*™ + 1)e,.

Now suppose e, = 5, then

(&

=3 > (0 and Z(Sp—i—hpSQCqS(D;S’F‘2no+1>Zep

pe?P peP

hence there must be one p € P for which
ep > 0 and 0, + h, < 2C (DL |F[*™ + 1)e,,.

As this is an average over the places v|p as before there must be some place v|p
for which

ey > % and max{0,, h,} < 0, + h, < KLC’qS(D;S|F|2"0 + 1e,.

So we have justified the claim.

End of the proof of Theorems 4.2.1. Let us recall what we have so far. We
started with a set F in SLy(Q) containing 1 and generating a non virtually
solvable subgroup. We found the constant ng > 2 as in Lemma 4.2.5. We
also found a constant C” such that for some prime p and a place v|p one has
max{8,(F"), hy(F)} < C"|F|*™e,(F) and e,(F) > te,(F) > 0 (with e > £ in
case p = 00). Set Dy := C"|F|*™.

Suppose first that v € Vy. Recall that we had A,(F?) > E,(F)* by Lemma
3.1.9. Let Ay € F? be such that A,(Ag) = A,(F?). Then

Ao(Ag) = Eo(F)2 > [|FI|0F > 1

and hence if k; € N is the first even integer strictly larger that Dy, we have

k
Ay(A) > ||F||l, if A = AO71 € F™. Moreover we have 6,(F™) < Dje,(F)
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therefore for every B € F™ which is in nice position with respect to Ay (and

there are such B’s according to Lemma 4.2.5) we have
0u(1d, Ag) + 6,(B, Ag) < Dipey(F).

Fix one such B. We have

"

dy(Bvs, v5) > Ey(F) ™ > |[F||."F

and also

"

dy(v5505) > E(F)~2F > |||, 7"

for all €,&" € {£}. Therefore we are in a position to apply the ping-pong lemma
4.1.1 to the pair A and B with k; as above (< Dp + 2),ky = ng and ks = Dj.
This ends the proof in the case when v € V4.

Suppose now that v € V. We have E,(F) > exp(§) > exp(5) where ¢ is the
constant from Theorem 3.3.1 Now Lemma 3.1.16 shows that there is a constant
niy = ni(e) € N such that E,(F™) > 5 where ¢ is the constant in Lemma 3.1.9

Then by Lemma 3.1.9
1
Ay (F*™) > PE,(F™)? > 2E,(F™) > 2E,(F) > 2||F||°F.

Observe that after possibly changing ny we may assume that it is larger than
2ny. Pick Ay € F?™ such that A,(Ag) = A,(F?™). Finally if k] is the smallest
integer strictly larger than D7, we set A = Algll € F¥ where ki = 2nm k). We
have A,(A) > 2||F||,. Moreover §,(F™) < Dye,(F) therefore for every B € F™
which is in nice position with respect to Ay (and there are such B’s according to

Lemma 4.2.5) we have
6o(Id, Ag) + 6,(B, Ag) < Dpey(F).
Fix one such B. We have

"

dy(Bvs;v) > Ey(F) ™% > |[F||, "
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and also

17

dy(v5,v7) > E,(F)™Pr > [|F||,"F

for all €,&" € {£}. Therefore we are in a position to apply the ping-pong lemma

1"

4.1.1 to the pair A and B with k; as above (< 2n;(D%+1)), ks = ng and ks = D}

There are several ways to see that Theorem 4.2.1 for SLy(Q) imply the same
theorem for SLy(C). One can use the remark made in the introduction that
both results are equivalent to a countable union of assertions expressible in first
order logic. By elimination of quantifiers for algebraically closed fields, we know
that two algebraically closed fields of the same characteristic satisfy the same
statements of first order logic (see [Fried and Jarden, 2005, chp. 9]). Hence the

validity of Theorems 4.2.1 over Q is equivalent to its validity over C.
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