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Chapter 1

Introduction

The aim of this thesis is to study homotopy theory of schemes and to give a good basis to study the
Al-fundamental groups. We will define a good homotopy theory on the category Sm/S (smooth

S-schemes), where S is noetherian.

1.1 Nisnevich topology and stable homotopy category

To define this theory we need a good Grothendieck topology on Sm/S. Zariski topology turns
out to be too coarse. For example, X — Y, S-closed immersion, is not locally isomorphic to
a closed immersion of the form (A™ x {0}) U — A™t™ (U, where U is an open subscheme
of A"*™  This kind of property exists if we take U to be étale over A"*™. We also want the
cohomological dimension to be equal to the Krull dimension, so we can not use étale topology.
For example, the étale cohomological dimension of the small étale site over field is not zero in
general. So we use Nisnevich topology. In Chapter 2.3 we define Nisnevich topology and show
that the site (Sm/S)n;s has enough points. We will give a charecterisation of Nisnevich sheaves
on Sm/S using elementary distinguish square. We also show that the Nisnevich cohomological
dimension is equal to the Krull dimension.

We will follow the usual way of defining closed model category structure to obtain suitable
homotopy theories. For that in Chapter 2.1 we breifly recall the definition of closed model
categories and some homotopy theory of closed model categories. Then we briefly recall the
properties of simplicial sets.

For a closed model category structure we need to know the notion of weak equivalence, which
gives us the idea of all the morphism we invert in our homotopy category. First on the category
of simplicial sheaves over (Sm/S)nis, we will define a morphism to be a weak equivalence if it
induces weak equivalence for every point. This will give us the the unstable homotopy category
of Sin 2.4.

In Chapter 2.5, we will invert the morphism A} — S, i.e, A, — S will become a weak
equivalence. Following the construction of Morel and Voevodsky in [MV], we will define the A!
homotopy category. Also we will show that there exists an A'-localisation functor L 41 which we

will use in later sections.



1.2 Properties of A'-fundamental groups

Let k be a field (mostly infinite), A°?Shv(Smy) will denote the category of simplicial sheaves over
the site (Smy)nis- By Sy, , we will denote the category where the objects are smooth separated
finite type k-schemes and the morphisms are smooth morphisms between smooth schemes. Note

that a sheaf of sets over (Smy)nis is always a sheaf of sets over (S’I;”Lk)]vis.

Given a simplcial sheaf of sets on Smy, B , we will denote by 7r5‘1 (B) the associated sheaf in the
Nisnevich topology to the presheaf U +— Hompg (U, B) , where H (k) denotes the Al-homotopy
category of smooth k-schemes ([MV]). Moreover if B is pointed, given an integer n > 1, we
denote by Wfl(IBB) the associated sheaf of groups in the Nisnevich topology to the presheaf of
groups U — Hompy, (3" (Us),B) , where H,(k) denotes the pointed A'-homotopy category
over (Smy)nis and ) the simplicial suspension (for pointed homotopy category see [MV], section

3], and for simplicial suspensions see [MV] page 83]).

Let A! be the affine line over k.

Definition 1.2.1. 1. A sheaf of sets over Smy, is said to be A! invariant if for any X € Smy,
the map S(X) — S(A' x X) induced by the projection A! x X — X is a bijection.

2. A sheaf of groups G' on Smy, is said to be strongly A! invariant if for any X € Smy, , the
map Hi;,; (X;G) — Hi,; (X x AY; G) induced by the projection is a bijection for i € {0, 1}.

3. A sheaf M of abelian groups on Sy, is said to be strictly A! invariant if for any X € Smy,
the map H,;,(X; M) — HY;, (X x A'; M) induced by the projection is a bijection for any
i €N.

The definition is influenced from the fact that if A is an abelian group (or a group). Consider
the constant sheaf Ax over topological spaces, for a connected topological space X, A(X) = A.
It has the property that for all X, we have isomorphisms on cohomology groups H*(X, A) =
HY(X x[0,1], A) for all i € Nif A is abelian. If A is non-abelian then H*(X, A) = H*(X x[0,1], A)
for ¢ € {0, 1}.

On the other hand if O = C°(—;R), that is the sheaf of R-valued continuous function on a
topological space X. The cohomology groups H°(X,0) and H°(X x [0,1],0) are not same in
general.

In both cases, we have a topological group. In the first case, Ax is discrete, in the other, O
is not.

Our main objective in Chapters 3, 4, 5 is to prove that 7ri41 (B) is strongly Al-invariant. and
for n > 2 the sheaf 7T;?1 (B) is strongly A'-invariant. So the homotopy sheaves will be Al-discrete.
It is not known whether the sheaf of sets 71511 (B) is Al-invariant or not.

It can be shown that for n > 2 the sheaf 7r;?1 (B) is strictly Al-invariant.

It is belived that A' fundamental group sheaf will play a fundamental role in the understanding
of Al-connected projective smooth varieties as the usual fundamental group plays a fundamental

role in the classification of compact connected differentiable manifolds.



In Chapter 6, we will define A'-coverings and give the relation of it to the A'-fundamental

sheaves of groups. We will give a sketch of the following theorem ([MOIl page 119, theorem 4.8]

Theorem 1.2.2. Any pointed A'-connected space X admits a universal pointed A'-covering X —
X in the category of pointed covering of X. It is (up to unique isomorphism) the unique pointed

Al-covering whose source is A*-simply connected. It is a 7ri41 (%)-torsor over X and the cannonical

morphism 7' (X) — Autx(X) is an isomorphism.

1.3 Conclusion

The work can be roughly divided into three parts. One is developing the theory, so that we have
all the notions properly understood, which is done in Chapter 2. The second part is to understand
some of the algebraic geometry tools used to understand the A'-homotopy groups. This is done
in Chapters 3, 4, 5. The beautiful arguement of F.Morel to prove that A'-homotopy groups are
strongly A'-invariant is completely given. The third and the last part is to understand the tricks
coming from the Homotopy theory. It is done in the last chapter. Given these three different
ways of understanding, it will give us enough tools to understand the more recent works in this
area.

This work can help to understand different parts related to the A'-homotopy theory. Firstly
understanding the A' homotopy category will give us the option to study the results of [MOT].
It can be shown that ([MOIl page 104, theorem 3.38])

Theorem 1.3.1. Let X be a pointed simplicial sheaf and n > 0 an integer. If X is simplicially

n-connected then it is A'-n-connected, i.e 7r141 (%) is trivial for i <mn.

Also to find analogous tools from algebraic topology in A'-algebraic topology can be done. We
can study Hopf maps ([MO1]), obstruction theory ([MOREL]) also A'-homotopy classification of
vector bundles over smooth affine schemes.

There is a notion of A'-homology theory H;?l, described in [MOT] section 3]. One can show
that H;?l(%) of a simplcial set vanishes for n < 0 and are strictly A! invariant sheaves for
n > 0([MO1), page 102, corollary 3.31]. This is true for simplcial sheaves on Sm/k, where k is
field, and not true in general for arbitrary base . It is shown in [JY] that over a base of dimension
> 2, this is not true. For dimension one base, it is still an open problem. Also we can expect the

follwoing conjecture to be true :

Conjecture 1. Let X be a smooth quasi projective variety of dimension d. Then H;?l (X)=0
for n > 2d and if X is affine then H;?l(X) =0forn>d.

Understanding and calculating A'-fundamental group sheaf for smooth projective algebraic
groups can be inresting. Calculation of higher A!-homotopy groups are not yet done for non
trivial cases and it turns out to be very difficult without using Milnor or Bloch-Kato conjecture.

The other aspect of this study can be understanding Milnor-Witt K theory and unramified
Milnor-Witt K theory. The results of Chapters 3, 4, and 5 will be useful, specially the tricks of
unramified sheaf of sets. This is described in of [MOIl section 2.2].

We can also describe analogue of Brower degree in our setting of Homotopy theory using the

following result from [MOI]



Theorem 1.3.2. Forn > 2, the canonical morphism [A™ 1\ {0}, A"\ {0} g, 1y — KTV (k) =
GW (k) is an isomorphism.

Thus in A'-homotopy theory we have all the relevant tools compared to the algebraic topology:
degree, homology, fundamental group, cobordism groups, classification of vector bundles etc. This
tools are used to construct surgery theory in algebraic topology, so it will be natural to ask for
surgery theory in A'-homotopy setting. But till now there is no obvious analogues for surgery.
Since the A' fundamental group of a pointed projective smooth scheme is almost never trivial we
can not have h-cobordism theorem. A major step will be to find the analogue of the ” s-cobordism”

theorem, the generalization of the h-cobordism theorem in the presence of A'-fundamental group.
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Chapter 2

Basic Notions

In this chapter our main aim is to understand the A'-homotopy category. First we will discuss
the results from closed model category and simplicial sets which we want to extend for unstable
homotopy category, then we will construct the A'-homotopy category. The main references being
[G]] for the simplcial sets and closed model ategory part, for the Nisnevich topology part [JR]
and for the homotopy theory part [MV].

2.1 Closed Model Category

Let C be a category having three classes of morphisms F'ib, Cofib, W which are called fibration,

cofibration and weak equivalence respectively.

Definition 2.1.1. A trivial fibration is a map which is a fibration and weak equivalence both.

A trivial cofibration is a map which is cofibration and a weak equivalence both.

Definition 2.1.2. A morphism f: X — Y is a retract of a morphism ¢ : X’ — Y if there exist

a commutative diagram of the following form.

Xx—2sx—21sx

such that g op = id and t o s = id.

So in the case of the homotopy category of topological spaces we have retraction in the usual

sense and in this case the map g is inclusion and f is the retraction of g .

Definition 2.1.3. Suppose we have a commutative diagram

A X
oy
B Y

A lifting is a morphism ¢ : B — X such that the two triangles commute.

[

_



1. Let i : A — B a morphism and €& a class of morphism in C. We say that i has the left lifting
proerty with respect to € if for all commutative diagram of the above form, such that the

left vertical morphism is ¢ and the right vertical moprhism is in &, there exists a lifting.

2. Let p: X — Y a morphism and & a class of morphism in C. We say that p has the right
lifting property by € if for all commutative diagram of the above form such that the right

vertical map is p and left vertical map is in &, there exists a lifting.

Definition 2.1.4. A category C, with three classes of morphisms F'ib, Cofib and W is called a

closed model category if it satisfies the following axioms :

1. C has all limits and colimits.

2. If f and g are two composable morphisms and two of f, g or g o f are weak equivalences,
then so is the third.

3. If the morpshism f is a retract of g and g is a weak equivalence, cofibration or fibration

then so is f.

4. Any fibration has the right lifting property with respesct to trivial cofibrations and any
cofibration has left lifting property with respect to trivial fibration.

5. Any morphism f can be functorially factorised as a composition p o ¢ where p is a fibration
and ¢ is a trivial cofibration. It can also be factoried as q o j where ¢ is a trivial fibration

and j a cofibration.

In particular for a closed model category C we have ¢ and e as the initial and the final object

respectively.

Definition 2.1.5. Let X be an object of C. X is called cofibrant if the morphism ¢ — X is a

cofibration and X is called fibrant of the morphism X — e is a fibration.

Definition 2.1.6. Let D be a category and W a class of morphism in D. Suppose there exists
a category D[W~!] and a functor @ : D — D[W™!], such that for all w € W, Q(w) is an
isomorphism and for all category I' with a functor R : D — T" such that for all w € W, R(w) is
an isomorphism, then there exists a unique functor ® : D[W~!] — T' with ® 0 Q = R. Then the
category D[W ~!] is called the strict localised category of D by W.

Definition 2.1.7. 1. Let A be an object of C'. A cylinder object for A is given by a commu-

tative triangle of the follwoing form

AL A

- l X
1=19U71

A—"—=A

where 7 is cofibration, o is a weak equivalence and v/ is the codiagonal.



2. Let f and g be two morphism A — B in C. A left homotopy of f and g relative to a cylinder

object (/1, i,0) of A is a morphism h : A — B such that the following diagram commutes

AT A

A

B

3. Let f and g two morphisms A — B in C'. We say that f and g are left homotopic if there
exists a cylinder object (A,4,0) and a left homotopy of f and g relative to (A,1,0).

It can be shown by [GJ, lemma 1.5, page 69] that for A and B objects of C, the left homotopy
relation on Home (A, B) is an equivalence relation if A is cofibrant. We can dually define path

objects, right homotopy with respect to a path object and the right homotopy relation.

Lemma 2.1.8. Let A be cofibrant and B be fibrant. If f and g are two morphisms A — B in C.

Then the following are equivalent :
1. f and g are left homotopic;
2. f and g are right homotopic

We denote by w(A, B), the quotient of Homc (A, B) by the homotopy relation when A is cofibrant
and B is fibrant.

Proof. |Gl corollary 1.9, page 72]. O

So we can define an unique category 7C.s, whose objects are cofibrant and fibrant objects of
C and the set of morphisms between X and Y in 7C.; is 7(X,Y). Compositions are induced by

the composition of the morphisms in C.

Lemma 2.1.9. 1. The strict localised category of C by W (weak equivalence) exists. It is
denoted by Ho(C) and the functor is v : C — Ho(C).

2. If X is cofibrant and Y is fibrant, then the functor v induces a bijection
T(X,Y) = HomHO(C) (v X,7Y).

Proof. |GJl, theorem 1.11, page 75]. O

2.1.1 Derived Functors

Definition 2.1.10. Let C be a category, W be a class of morphisms. Let F': C' — A be a functor
to any category A. Let C[W 1] exists and v : C' — C[W~1] be the functor of localisation. A
total right derived functor of F is a functor RF : C[W~1] — A with a natural transformation
g : F ~ RF o7, which satisfies the following universal property : For all functor G : C[W 1] — A4,
with a natural transformation 5 : F ~» G o 7, there exists a unique natural transformation
0 : RF ~~ G such that eg = (0 xy) ce.

Let (C, Fib,Cofib, W) be a closed model category, A be any other category and F : C' — A
be a functor. Let F' transforms weak equivalences of fibrant objects into isomorphisms (or trivial

fibrations of fibrant objects into isomorphisms). Then we have the following proposition



Proposition 2.1.11. F has a total right derived functor RF : Ho(C) — A. Moreover if X is a
fibrant object in C, then the morphism F(X) — RF(X), induced by ¢ is an isomorphism.

Proof. |IR] page 28, Prop 2.43].

We can dually define total left derived functor LF' of a functor F'.

Definition 2.1.12. Let C' and D be two closed model categories, F' : C'— D and G: D — C be
adjoint functors. (G, F) is called adjunction of Quillen if G preserves cofibration and F' preserves
fibrations. (G, F) is called equivalence of Quillen if moreover for all cofibrant object X in D and
all fibrant object Y in C, if f: X — FY and g : GX — Y are the morphisms corresponding to
the adjunction (G, F), then f is a weak equivalence in D if and only if g is a weak equivalence in

C.

(G, F) is an adjunction of Quillen, then G preserves weak equivalences of cofibrant objects
and F' preserves weak equivalences of fibrant objects.

LG : Ho(D) — Ho(C) denotes the total left derived functor of the functor yoG : D — Ho(C)
and RF : Ho(C') — Ho(D) denotes the total right derived functor of yo F': C — Ho(D).

Theorem 2.1.13. If (G, F) is adjunction of Quillen, then the functors (LG, RF) are adjoint.
Moreover, LG and RF gives equivalence of categories if and only if (G, F) is an equivalence of
Quillen.

Proof. [JR, page 29, thm 2.47]. O

2.2  Simplicial Sets

The category of simplicial sets are the basic building blocks of homotopy theory. This will be the
first example of closed model category (on simplicial sets) and we will use this category to define

the homotopy theory of schemes.

Definition 2.2.1. Let A denote the category whose objects are denoted by [n] for every non-

negative integer n and morphisms [n] — [m] is non-decreasing functions {0, ...,n} — {0,...,m}.

Definition 2.2.2. For C any category, A°PC is the category of covariant functors F' : A°? — C.

For category of sets we will use A°PSets, call it the category of simplicial sets.

For every positive integer n and 0 < ¢ < n we have the unique injective non decreasing
morphism d’ : [n — 1] — [n] whose image does not contain i. For every non negative integer n
and 0 < i < n, we have the unique surjective non decreasing morphism s : [n + 1] — [n] which
collapses ¢ and ¢ + 1 to i. The d’s are called coface and s*’s are called codegeneracies. In case
of simplicial set F : A°? — Sets, d; := F(d') and s; := F(s'), are called face and degeneracy
morphisms respectively.

For all non-negative integer n, let | A™ |:= {(zg,21,...,x,) € R"™ |37 jz; =1}. So we
have cosimplicial objects in Top, where Top is the category of topological spaces, defined by
| A® |: A — Top, which sends [n] to | A™ |.

10



Definition 2.2.3. Let X be a topological space. SX is the simplicial set which associates to
every integer n, the set Hompop (] A™ |, X). We have canonical face and degeneracy maps coming
from the coface and degeneray map of the cosimplcial object | A® |. SX is called the singular

simplicial set of X.

Proposition 2.2.4. The functor S : Top — A°PSets admits a right adjoint | — |, called the

topological realisation.

Proof. |G, prop 2.2, page 7).
O

Definition 2.2.5. For every non-negative integer n, A™ is defined to be the simplcial set , such
that (A™),, := Homa([n],[m]), the faces and degeneracies are those coming from the coface and

codegeneracies of A\.

Definition 2.2.6. 9/A\™ is the subsimplicial set of A", generated by the non degenerated simplices
of dimension n — 1 of A™. For all positive integers n and 0 < k < n, A} (the k-th horn) is the
subsimplicial set of A™ generated by the n — 1-th simplices of A™ os the form d;(idj,;) for i # k.

Definition 2.2.7. Let f: X — Y € Top. Then f is called weak equivalence of topological spaces
if mo(f) : mo(X) — mo(Y) is bijective and for all x € X and n > 1, m,,(f) : 7o (X, 2) — 7, (Y, f(2))

is isomorphism.

Definition 2.2.8. In the category of A° Sets, cofibrations are defined to be the monomorphisms,
weak equivalences is a morphism f such that | f | is a weak equivalence of topological spaces,
fibration are the morphism which has unique right lifting property with respect to all the inclusions

A — A™, for n positive integers, and 0 < k < n.

Theorem 2.2.9. The category A°PSets with the fibration, cofibration and weak equivalences
defined in the previous definition, is a closed model category. Moreover, a morphism is trivial
fibration if and only if it has right lifting property with respect to all inclusions OA™ — A" for

all n.

Proof. |GJl, 11.2,11.3, page 61-62].
O

Let X, Y € A°PSets, hom(X,Y) is the simplicial set that associates to each [n], Homaorgets(X X
A"Y).

Lemma 2.2.10. 1. For X,Y,Z € A°Sets, we have a canonical isomorphism hom(X, hom(Y, Z)) &
hom(X xY,Z).

2. For X,Y € A°PSets, we have a canonical bijection of sets hom(X,Y)o = Homporsets(X,Y).

3. Ifi: A — B is a cofibration and p : X — Y a fibration in A°PSets, then the following
morphism hom (B, X) — hom(A, X) Xpom(a,y) hom(B,Y) is a fibration and it is a trivial

fibration if one of i or p is a weak equivalence.

Proof. |G, proposition 5.1, 5.2, page 21, 22].

11



H®™P will denote the homotopy category of A°PSets with the given closed model category

structure in this section.

2.2.1 Dold-Kan correspondance

Let D=°(Ab) be the full subcatgeory of the derived category D(Ab) formed by the complexes
concentrated in degrees < 0. Let compy (Ab) is the category of complexes of abelian groups

(differential of degree —1 or homological complexes) concentrated in degrees > 0.

Definition 2.2.11. Let A € A°PAb, the Moore complex associated to A is the object in

comp, (Ab) whose degree n abelian group is A,, and for all n > 1, = Y. ,(—=1)'d;. The

normalized complex NA € comp (Ab), associated to A is the subcomplex of the Moore complex
of A, such that NA, = ﬂ?:_ol kerd; C A, and the differentials of Moore complex generates the
differential of the normalized complex. If X is a simplicial set, C,(X) € comp, (Ab) is the Moore
complex of the simplicial abelian group ZX, where Z : A°PSets — A°P Ab is the right adjoint to
the forgetful functor A°? Ab — A°PSets.

Theorem 2.2.12. 1. The functor N : A°P Ab — compy (Ab) is an equivalence of categories.
2. The inclusion NA — A in comp; (Ab) is a homotopy equivalence for all A € comp, (Ab).
Proof. |G, corollary 2.3, page 149]. O

Lemma 2.2.13. 1. The functors X — C.(X) transfers weak equivalences to quasi isomor-

phisms.
2. All simplicial groups are simplicially fibrant.

3. For all simplicial abelian groups A and all n > 1, we have a canonical isomorphism

(A, 0) = H,(NA).

Proof. [GJl, lemma 3.4, page 12, corollary 2.7 page 153]. O

2.3 Nisnevich topology

2.3.1 Charecterisation of Nisnevich Sheaves

Let S be a noetherian scheme of finite dimension. Sch/S (resp Sm/S ) the category of schemes
(resp. smooth schemes) of finite type over S. Let Ox , (resp Oél(,gc ) be the local ring ( resp. the

henselisation of the local ring ) of X at z, where z € X.

Proposition 2.3.1. Let X be a scheme of finite type over S and 4 = {U; — X} a finite family

of étale morphisms in Sch/S. Then the following are equivalent

1. For any point © of X there is an i and a point u of U; over x such that the corresponding

morphism of residue fields is an isomorphism which maps to x with same residue field.

2. For any point x of X, the morphism of S schemes U;(U; X x SpecO&_’z) — SpecOé‘(’z admits

a section.

12



Proof. [MV], page 95, proposition 1.1] O

Remark 1. The collection of families of étale morphisms {U; — X} in Sm/S satisfying the
equivalent conditions of the proposition forms a pretopology on the category Sm/S. The cor-
responding topology is called the Nisnevich topology on Sm/S.The corresponding site will be
denoted by (Sm/S)n;s and called the grand Nisnevich site of S . Similarly suppose Xp;s de-
notes the category of seprated, finite type, étale X schemes then the collection of families of
étale morphisms {U; — Y} in X5 satisfying the equivalent conditions of the proposition forms
a pretopology on the category X n;s. The corresponding topology is called the Nisnevich topology
on X n;s-The corresponding site will be denoted by X ;s and called the small Nisnevich site of X

Definition 2.3.2. Let X be a scheme , the family of {U; — X} satisfying the properties of the
proposition of this section is called covering of X and is denoted by Covn;s(X).

Example 1. When char k # 2, the two morphisms j : Uy = A\ {a} — A and 2+ 22 : U; =
A1\ {0} — A! forms a Nisnevich covering of Al if and only if @ € (k*)? . They form an étale

covering of A! for any nonzero a € k.

Lemma 2.3.3. Let {U; — X} is a Nisnevich covering then there is a nonempty open V. C X

and an index i such that U; xx V — V has a section.

Proof. Let X be reduced. Then we can take any generic point x € X, such that by hypothesis
Ju € U; for somei over z, such that x(z) = k(u). So U; — X induces a birational morphism
between a closed subscheme of U; and X. Hence we have a nonempty open subset V' C X and an
index 4 such that U; xx V' — V has a section. Since {U; — X} is an étale cover and by [MILNE]
page 30, theorem 3.23] , there is an equivalence of categories of X¢; and (X,eq)ét, we have the
result. O

Theorem 2.3.4. For noetherian scheme X , all family in Covyn;s(X) admits a finite subfamily
in Covngs(X).

Proof.

Definition 2.3.5. A splitting sequence of length n > 0 for a morphism of S-schemes p: U — X
is a decreasing sequence of closed subschemes of X (¢ = Z,,11 C Z, C ... C Zg = X) such that
for all 0 <4 < n, the morphism of S-schems U x x (Z; — Z;+1) — Z; — Z;+1 induced by p after

base change admits a S-section.

Lemma 2.3.6. Let X noetherian scheme and th = {f; : U; — X},.; € Covnis(X). Let W =
[ic; Us, and p the canonical morphism W — X induced by the morphisms f;. Then p has a split

sequence.

Proof. Let Zyg = X. Now suppose we have constructed Z; such that Z; # ¢ then we have the
étale morphism W x x Z; — Z; , hence there exists and open dence set of U; 1 of Z; such that
the morphism W x x U; 1 — U1 splits . Take Z; 11 = (Z; — Ujt1)req- Since X is noetherian any
decreasing sequence of closed sets stabilizes after finite steps hence we get a split sequence for p.

O
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Let ¢ = Z,41 C Z, C ... C Zy = X be the splitting sequence for the morphism p: W — X.
We have the section s; of the morphism U Xx (Z; — Zj41) — Z; — Zjpq for all 0 < i < n |
moreover Z; — Z;11 is noetherian and so the image of all these Z; — Z;;1 is noetherian , hence
it is inside an open set of W' of the form [,_; U;, where J is finite, and hence the subfamily
(U; =71 X)jeq € Covnis(X). O

Definition 2.3.7. A presheaf of sets on a site T' is a contravariant functor T — Sets. The

category of sets can be replaced by any category desired.

Definition 2.3.8. Suppose F': T — Sets is a presheaf of sets on a site T'. If for every object U,

every covering U = {U; — U} two sections s,t € F(U) agree on every restriction s|y, = t|y, if

and only if s = ¢ in F(U) then the presheaf is called separated.

Definition 2.3.9. A sheaf is a presheaf on a site T" that satisfies the following condition: Given
an object U, a covering U = {p; : U; — U} of U and a set of elements s; € U; such that for each
i,j we have pfs; = pjs; € F(U; xy Uj) there is a unique element s € U such that s|y, = s; for

each 1.

Definition 2.3.10. Let P be a presheaf. For each U define two elements of P(U) to be equivalent
if there is a covering {U; 2% U} such that pi(a) = pi(b) for each i.

For each U, Let P'(U) := (P(U)/ ) where « is the equivalence relation defined in the

previous definition.
Lemma 2.3.11. P’ is a well-defined presheaf.

Proof. It V L, U is an arrow in the site, a,b two different representatives from an equivalence
class of P'(U) and {U; %% U} is a covering on which a and b agree. The set {U; xpy V 5 V}is a

covering of V' and by commutivity of

UyxyV——V

|

U; U

f*(a) and f*(b) in P(V) agree on each restriction to P(U; Xy V). Hence, the map f': P'(U) —
P’'(V) induced by f* is well-defined. O

Definition 2.3.12. Given a presheaf P, for each U in the site and each covering of U/ denote by
HO(U, P) the equalizer of the maps

which are induced by projections.

Definition 2.3.13. For each refinement &’ of U there is a well-defined map H°(U, P) — H°(U', P).
For U an object in the site and P a presheaf, set

aP(U) =lim H'(U, P')
u
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Lemma 2.3.14. Let functor a : PSh(T) — Sh(T) associating a sheaf to a presheaf is left
adjoint to the inclusion Sh(T) — PSh(T). That is, for a presheaf F and a sheaf G there is a
natural bijection Homgp(ry(aF,G) — Hompgpry(F,G). In particular the inductive limit esists
in Sh(T) and the functor a commutes with it. Projective limits exist in the category Sh(T') and
the the inclusion functor ¢ commutes with it. The functor a commutes with every finite projective

limit.

Proof. [SGA4l 2, 3.4] .
O

Definition 2.3.15. T be a small site. A simplicial presheaf is a contravariant functor from
T — A°PSets. Equivalently a simplicial presheaf can be defined as the simplicial object in the

category of presheaves on T .

Definition 2.3.16. A simplicial sheaf over a site T is a simplicial object in the category of sheaves

over 1.
S be a noetherian scheme .

Definition 2.3.17. An elementary distinguished square in (Sm/S)n;s is a cartesian square of
the form
UxxV——=V

L,

U———>X

such that the p is étale and j is an open immersion and p~ (X — U) — (X — U) is an

isomorphism where X — U and p~!(X — U) is considered with reduced structures.

Example 2. When chark # 2, the two morphisms j : Uy = A'\ {a} — Al and 2+ 22 : U} =
A1\ {a’,0} — Al forms an elementary distinguished square of A', where a’ is one of the roots of
the equation 22 — a, if and only if a € (k*)2. More generally if dimX < 1, any Nisnevich covering
of X admits a refinement {U, V'} such that

UxxV——V

L,

U X

is an elementary distinguished square. Let ¢ : E — F' separable extension, and v is a discrete
valuation of F' which restricts to a discrete valuation w on E with ramification index 1,and

moreover if the induced map 7 : k(w) — k(v) is an isomorphism, then

SpecEE —— SpecO,,

L,

SpecF I, SpecO,

is an elementary distinguished square.
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The following theorem describes the Nisnevich sheaves with respect to elementary distin-

guished square.

Theorem 2.3.18. A presheaf of sets F on Sm/S is a sheaf in the Nisnevich topology if and only
if for any elementary distinguished square as in Definition ,the square of sets

18 cartesian

Proof. For the if case, to prove that F' is a sheaf of sets in the Nisnevich topology fix a Nisnevich
covering {U; — X} for any X € Sm/S. An open scheme V C X is said to be good with respect
to the given covering if F(V) — [[F(U; xx V) = [[ F(U; xx U; xx V) is an equilizer diagram.
We have to show that X is itself good. Suppose V' C X is the maximal open subset which is good.
Now if V' is not equal to X then take the closed scheme Z = X \ V, by lemma there exists
an index ¢ and a nonempty open set W C Z such that U; x z W — W splits. Let X’ C X be the
compliment of the closed set Z\W. Then V and U] = U, x x X' forms an elementary distinguished
square over X' . Pulling back along each U J’ = U; xx X' gives elementary distinguished squares.

So we have cartesian squares of the following forms

FX7) F(U;)

l |

F(V)HF(UZ/ XXv)

F(U}) F(U] xx U})

| |

F(UJI Xxv)HF(U{ XXU; xXV)

Now we know that V is good. To show X' is good too, we observe the follwoing diagram

F(X) [1F(U) [TF(U; xx Uj)

| | |

F(V)——=IIFUj xx V) == [[ F(U] xx U} xx V)

Suppose {b;} € [[ F'(U}) such that b; | F(Uy xx UJ) = by | F(U}, xx U;) and {b;} gets maped
to {;} € [IF(Uj xx V), then b} | F(U;, xx U; xx V) = b}, | F(Uy xx U; xx V). So there
exists a € (V) which maps to {b}}. But by the first cartesian diagram we get a b € F(X')
mappaing to a and whose restriction to F(U/) is b;. By the secodn cartesian diagram we get that
b restricted to each U} is b; . Hence X' is also good.

For the only if case let F' be Nisnevich sheaf on Sm/S and we have the following elementary

distinguished square
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—

e

Where j is an open immersion p is étale and p~1(X — A) — (X — A) is an isomorphism, B =
Y xx A. We need to prove that F'(X) = F(Y) xpy F(A). Since F is a Nisnevich sheaf, by
the separated property we have F(X) — F(Y) xp(py F'(A) injective. We also have the following
equalizer diagram
FV)=FA)x F(Y) = F(A) x F(B) x F(Y xx Y). Since (A(Y), B x4 B) is a Nisnevich
covering of Y xx Y, we have F(Y xx Y) — F(Y) x F(B x4 B) is injective. Now, if (y,a) €
F(Y) xp(p) F(A), then the two restriction maps from F(Y) x F(A) to F'(B) maps (y,a) to the
same element in F(B), also the two maps sends (y,a) to the same element in F(A). It is enough
to show that the two maps from F(Y) — F(Y xx Y) maps (y,a) to the same element, or more
precisely the two maps F(Y) — F(B x 4 B) maps (y, a) to the same element, but then these two
maps factors through F'(B), so by hypothesis our claim is proved.
O

Theorem 2.3.19. Let X be any smooth scheme over S , then the presheaf represented by Y —
Homgy, s(Y,X), for Y € Sm/S, is a sheaf. ( (Sm/S) endowed with Nisnevich topology).

So the category Sm/S(resp. Xnis) is a full subcategory of Sh(Sm/S)(resp Sh(Xnis)-

Lemma 2.3.20. For any elementary distinguished as in the definition , the cannonical

morphism of Nisnevich sheaves V/(U xx V) — X/U is an isomorphism .

Proof. By Yonedas lemma and previous two theorems we get that the diagram of representable
sheaves coming from any elementary distinguished square is a cocartesian square in the category
Sh(Sm/S)nis. Again by Yonedas lemma for the covering coming from elementary distinguished
square U | |V — X gives an epimorphism of sheaves. Also the maps of sheaves U — X for any

open immersion gives a monomorphism of sheaves. So we have the isomorphism of sheaves. [

2.3.2 Functoriality of the small Nisnevich site

Let X and Y be Noetherian schemes and f : X — Y be a morphism of schemes. There exists
a functor — xy X : Ynis — Xnis. We can define a direct image functor fy : PSh(Xnis) —
PSh(Ynis) by the formula f34F(Z) = F(Z xy X) for all F € PSh(Xy;s) and Z € Yy,;s. For all
F € Sh(Xyis), we have fyF' € Sh(Ynis). So f; induces a functor f, : Sh(Xnis) — Sh(Ynis)-
The functors f; and f. admits left adjoints ft: PSh(Ynis) — PSh(Xnis) and f* : Sh(Ynis) —
Sh(X i) respectively and we have a o f* 2 f* o a. Observe that f* commutes with all finite
projective limit by [SGA4] IV 4.9.2, since Yy;s has all finite projective limits and — xy X is a
continuous functor commuting with all finite projective limit. So we have the following proposi-

tion.

Proposition 2.3.21. The functor — Xy X : Ynis — Xnis induces a morphism of sites Xnis —
Ynis. Moreover the couple (f*, fi) is a morphism of topos Sh(Xnis) — Sh(Ynis)
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Proof. [JR] page 9, prop 1.17. O

Suppose f: X — Y is étale , by composing with f we get a functor Xy;s — Yn;s which gives
a functor f} : PSh(Ynis) — PSh(Xnis).

Let F € PSh(Ynis) and G € PSh(Xnis), Let a : Hom(F, fyG) — Hom(fr?R G) be the
morphism which sends ¢ : F' — f;G, to a(v) : ng — @G, such that for all W € X s, a(¢)w is
the compostion ¥y : frfiF(W) =F(W) — fi{G(W) = G(W xy X) and the structtural morphism
G(W xy X) — G(W). By Yonedas lemma Hom(f*F,G) = Hom(F, f;G) — Hom(fr_EF, G) gives

a morphism f7ﬁ — f%. It can be shown that it is an isomorphism and we have the following lemma.

Lemma 2.3.22. There exists a canonical morphism of functors fE — % which is an isomorphism.
Moreover if F € Sh(Ynis), then f*F € Sh(Xnis) and the restriction of f* to Sh(Yyis) induces
the inverse image functor f*: Sh(Ynis) — Sh(Xnis)-

Proof. [JR] page 10, lemma 1.18. O

Now let x € X and j, : SpecOx  — X be the canonical morphism of schemes. The open
subschemes of X containing x is ordered ( by the reverse of inclusion). So we have a projective
system (X )xer, where X’s are open subschemes of X containing . So we can identify SpecOx
with lim,_, Xx. Let f, : Y, — Z, be morphisms of X, schemes of finite type and Y := Y, x x,
Xaift A > p, Yy :=Y), xx, SpecOx », Then Y, — Z, si one of isomorphism, monomorphism,
immersion, étale, finite, separated, affine, proper, surjective, qasiprojective iff for all A sufficiently
big Y\ — Z, satisfies the property.

Let Z € (SpecOx ) nis, we can choose A € L, Zy € (X))nis, and an isomorphism Z =
Z\ Xx, SpecOx ;.

For all F € PSh(Xn;s) and Z € (Spec(Ox 4)) nis let jiy?F(Z) = li_n}M»\F(Z;\ X x, X,. This
gives a morphism j; 7 : PSh(Xnis) — PSh((SpecOx o) nis)-

F € Sh(Ynis), then jEF € Sh(Xnis) and the restriction of j% to Sh(Ynis) induces the inverse
image functor ji : Sh(Ynis) — Sh(Xnis)-

Lemma 2.3.23. There exists a canonical isomorphism of the functor j,» — jt. Moreover if

Proof. [JR], page 10, lemma 1.19 O

2.3.3 Points of Nisnevich Sites

Definition 2.3.24. A fiber functor (or points) on the site (Sm/S)nis (or Xuis) is a functor
@ : Sh((Sm/S)nis) — Sets (or Sh(Xnis) — Sets) which commutes with all inductive limits and

all finite projective limits.

Let k be a field. F' € PSh((Speck)nis). Then it can be shown that F' € Sh((Speck)nis) if and
only if F(@) is singleton and F(X [[Y) — F(X) x F(Y) is bijective for all X,Y € (Speck)nis-
This property will give us that the functor ' : Sh((Speck)n;s) — Sets, that associates to each
F € Sh((Speck)nis), the set F(Speck), is a fiber functor.

Let X be noetherian scheme. Let y be k point of X, where k is a field. We can define a functor
—y : Sh(Xnis) — Sets, that associates to each F' € Sh(Xys), the set I'(y*F'), where x(y*, yx) is
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the morphism of topos Sh((Speck)nis) — Sh(Xnis). It can be shown easily that for any & point
y of X, —, is a fiber functor over X ;.

Let Nbdi\fgf be the category whose objects are (V,v), where V € Xp,q, and v € V| over
z € X, such that the induced morphism (z) — «(v) is an isomorphism. Morphisms in Nbd]'%
between (V,v) — (V’,v") are morphisms V' — V’ in X ;s which sends v to v' over . We have

the follwoing result :

Proposition 2.3.25. Let x € X, and the canonical morphism z : k(z) — X. Then the functor

—z : Sh(Xnis) — Sets can be identified with the functor F — h_n}(v,v)erd%?F(V).

Proof. [JR], page 12, Prop 1.26. O

Definition 2.3.26. A family (®;);cs of fiber functors on a site T is called conservative if for all
morphism f in Sh(T), f is an isomorphism if and only if for Vi € I, ®;(f) is bijective. We say

that T" has enough points if T" has a conservative family of fiber functors.

It is easy to verify that if (®;);er is a conservative family of fiber functors on a site T' and
f+F — G € Sh(T) is a morphism, then f is monomorphism (resp. epimorphism) if and only if
Vi € I, ®; is injective (resp. surjective). By using the previous description of the fiber functor

—y, Where y is a k point of X, inducing finite separable extension of fields, we have the following:

Theorem 2.3.27. Let X be a noetherian scheme. The family of fiber functors —,, where y is a
k point of X inducing finite seprable field extension, is a conservative family of fiber functors on

the site Xpnis.- Hence Xn;s has enough points.

Proof. [JR], page 13, Thm 1.30. O

Now let S be a noetherian schemeand X € (Sm/S)n;s. We have a canonical functor 7x :
Xnis — (Sm/S)nis. So we can define a functor (wx ) : PSh((Sm/S)nis) — PSh(Xnis), which
associates to every F' € PSh((Sm/S)nis), a presheaf (mx)s(F) defined by , (7x)(F)(Z) =
F(rx(Z)), VZ € Xnis- By [SGA4] IV 4.9.2 and III 2.1, we have that (7wx ) induces a functor
(7x)s : Sh((Sm/S)Nis) — Sh(Xnis) and (7x ). has a left adjoint (wx)* such that ((7x)*, (7x)«)
defines a morphism of topos Sh((Sm/S)nis) — Sh(Xnis). Moreover by [SGA4] 11T 2.3.3 (7x )
commutes with all inductive limits. Now, let X € (Sm/S)nis, and y is a k-point, where k is a
field. We can define a fiber functor using our previous descriptions —, : Sh((Sm/S)nis) — Sets,
which associates to every F' € Sh((Sm/S)nis), the set I'(y*(7mx).F). The family —, of functors,
Vo € X and VX € (Sm/S)nisgives a conservative family of fiber functors on the site (Sm/S)nis.
So (Sm/S)nis has enough points.

2.3.4 Cohomology for Nisnevich Sheaves

Definition 2.3.28. Let S = (C,T) be a site. Let X € C. For all integer n > 0 we define
HZ(X;—) the n-th right derived functor of the functor F' — F(X) where F is a sheaf of abelian

groups over S.

Lemma 2.3.29. Let S is a Noetherian scheme and X € Sm/S. For all sheaf of abelian groups
F over Sm/Snis, there exist a canonical isomorphism HY  (X;(7x).F) = Hg,, /5y (X5 F) for
all integer n > 0.
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Proof. Since (mx ). is an exact functor and it has a left adjoint (7x)*, hence (7x ). sends injective
sheaves to injective sheaves, so we have the isomorphism since (7x ). is left exact.
O

Lemma 2.3.30. Let F' is a sheaf of abelian groups over Xpn;s. Suppose for all open imersions
V = U in Xnis, the map F(U) — F(V) is surjective. Then , for alln > 0 and for all Y € X ;s
we have HY = (Y;F) = 0.

Proof. F is flasque on X. To show that H)l(N (Y; F) =0, it is enough to show that if 0 - F —
G — H — 0 be an exact sequence of sheaves on X ;s of abelian groups, then for all Y € Xy,
we have G(Y) — H(Y) is surjective. We can assume that Y = X. Let h € H(X). There exist a
maximal open set U C X and s € G(U) such that image of s = h |y (By noetherian property).
Suppose U # X. Let x be a generic point of X —U and let F = (X —U),cq. Now by the exactness
condition of the Nisnevich sheaves there exists V' € Xp;s and ¢t € G(V) such that ¢ gets mapped to
h |y and V xx k(x) — k() is an isomorphism. Since F' X gpec0, x SpecOx ;. is closed subscheme
of SpecO, x and it is reduced with the generic point z, we have F' X x SpecOx , = k(z), so we
have an isomorphism V' x x F'x x SpecOx ; = F x x SpecOx 5. So there exists an open set W such
that © € W and we have an isomorphism V xx Fxx W — F xx W. Let U = U|JW. Then we
have (U,V x x U’) an elementary Nisnevich covering of U’. And since F(U’) — F(U) is surjective,
we can get s’ € G(U’) such that s’ gets mapped to h |p/. So we get a contradiction. Now it can
be shown that all injective sheaves are flasque and if 0 - F — G — H — 0 exact, moreover F'
and G are flasque then H is flasque. By the previous arguement we have HPl(ms (Y;F)=0 for F
flasque, hence by induction on n > 0 we get Hy (Y F) = 0.

O

Proposition 2.3.31. Let F' be a sheaf of abelian groups over Xpn;s and (U — X;V — X) be an
an elementary Nisnevich covering of X. Then there exist a long exact sequence of the following
form H;\L,ZJ(U xx Vs F) — Hy (X3 F) — HR (U F) @ HY, (Vi F) — HR, (U xx Vi F) —
HH (X F).

Proof. Let ZX be the sheaf of free abelian groups generated by the representable sheaf X. So
Hy, (X, F) = Ext™(ZX, F).And we also have the folwoing cocartesian diagram coming from the

elementary Nisnevich square property of Nisnevich sheaves.

Z{U xx V) —= Z(U)

L

Z(V) Z(X)

So we have the proof.
O

Theorem 2.3.32. Let X be a Noetherian scheme of finite Krull dimension. Then for all sheaves
of abelian groups F' over Xy;s and for all integer n > dimX, we have HY, (X; F) = 0.

Proof. Proof by induction : Let the theorem be true for all Noetherian scheme of dimension < n.

Let m : Xnis — Xzar be the canonical morphism and R%m, be the ¢-th derived functor of the
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functor 7,. So by Leray spectral sequence we have E5? = HY (X; R, F) = HYIY(X;F).
Now if X is noetherian scheme of finite Krull dimension, n be any non negative integer and F
is a sheaf of abelian groups on Xz,,. If for all x € X, dimO, x < dimX —n, we have F, = 0,
then for all ¢ > n we have H,  (X;F) = 0. So for our case we have to show that E5? =

for p + ¢ > n, which is by the previous statement same as showing (R%m,F), is zero for all
x € X such that dimO, x < g. But then by (Rim,F), = HY, (SpecOy x, j*F'), where
j : SpecOy x — X is the canonical morphism. So now let X be local noetherian scheme of
Krull dimension n and closed point z. The sheaf associated to the presheaf over X ;s which
associates to every U € X ;s the sheaf of abelian groups H"1(U; F |7) is zero sheaf. So for all
element a € HylH(X; F), 3V € X, such that V xx k(z) = k(z) and a |H;GZ1(V?F) is zero. Let
U = X — z. Using proposition for the elementary Nisnevich covering (U, V) of X gives
HytH(X; F) — Hptl(X; F) is injective (since U and U x x V has dimension < n and by the
induction hypothesis). So a = 0, Hence Hyt!(X; F) = 0. O

2.4 Homotopy Category of a site with interval

2.4.1 Simplicial structure on A”Sh(Sm/S)nis
[JR] and [MV]. Let S = (C,T) be a site with enough points.

Definition 2.4.1. Let X € A°?PSh(S) and n > 1. The n-th homotopy presheaf of sets [[,, X is
defined to be the presheaf that associates for every U € C,

(IL, X)(U) == {(y,u),u € X(U)o,y € m(X(U),u)}, with obvious restrictions as morphisms.
There exists an obvious morphism of presheaves of sets [ [,, X — X,. The 0-th homotopy presheaf
of sets of X (denoted by ], X) is defined to be the presheaf which associates for every U € C,
(Ilo%X)(U) = mo(X(U)). For X € A°?Sh(S) and n > 0, we define HZ% = ap(]], X). We have
a morphism (functorial) of sheaves HZ% — Xgforn>1. Forall U € C and n > 1, H: X(U)
is a group over X(U)o. In particular , over all section u € X(U)p, we have a group denoted by
v (X, u).

Definition 2.4.2. Let f: X — 2 morphism in A°?Sh(S), then f is a weak equivalence if,
1. The morphism I f . HoT X — Hg ) is isomorphism;

2. For all n > 1, the following commutative diagram is cartesian ;

7 x 2Ly
|

Xo Do

If & : Sh(S) — Sets is a fiber functor on S. For all X € A°P?Sh(S), there exist a bijection
@(Hg X) — mo(®(X)). For all n > 1, the map @(HZ X) — ®(Xo) can be identified with the map
Ufpcaxy) ™ (®(X, fo) — ®(Xo). Using this description we have the following result:

Proposition 2.4.3. Let (®;);cr a conservative family of fiber functors on the site S, and f :

X — 2 a morphism in A°PSh(S). Then the following conditions are equivalent :
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1. f is a simplicial weak equivalence.
2. Foralli eI, ®;(f): ®;(X) — ®;() is a weak equivalence of simplicial sets.

Now if we have (f*, f.) : Sh(S) — Sh(S’), morphism of topos, S and S’ has enough points,
then for a fiber functor ® of S, ® o f* is a fiber functor of S’. So if g : X — ) a morphism in
Sh(S"), such that g is an simplicial weak equivalence, then f*(g) is a simplicial weak equivalence

too.

Definition 2.4.4. Cof; is the class of monomorphism in A°?Sh(S), W is the class of simplicial
weak equivalences and F'ibs is the class of morphism having right lifting property with repect to
Cofs(\Ws. The classes Cofs and Fibs are called simplicial cofibration and simplicial fibration

respectively.
Theorem 2.4.5. (A°PSh(S),Cofs, Fibs, Ws) is a closed model category.

Proof. |JR] page 36, theorem 3.7.
O

Remark 2. Since fibration in A°PSh(S) induces fibration in each fiber and the closed model
category structure on A°Sets is proper, we have that the previous model category structure on
A°PSh(S) is proper.

If (f*, fi) : Sh(S) — Sh(S’) is a morphism of topos, then since f* is left exact, f* preserves
monomorphisms and also f* preserves weak equivalences. Hence (f*, f.) is an adjunction of
Quillen. Moreover we have a couple of adjoint functors (f*, Rf.) : Hos(S) — Hos(S').

2.4.2 Adjunction

Let S = (C,T) is a site with sufficient points. Let Hom(—, —) is the internal hom on A°PSh(S)
for the monoidal structure — x —, that is the right adjoint bifunctor of — x —. We will denote

hom(—, —) as the global section of Hom(—, —).
Lemma 2.4.6. Let A —% B a cofibration and X —P Q) a fibration in AN°PSh(S);

1. The morphism Hom (B, X) — Hom(2, X) X yoma,9)Hom(B,9)) is a fibration which is trivial

if 1 or p is a simplicial weak equivalence.

2. The morphism hom(B, X) — hom (2, X) X hom(a,9) hom(B, D) is a fibration which is trivial

if © or p is simplicial weak equivalence.

Proof. 1. Ifi : A — B and j : X — 2 are two cofibration, then the morphism 2A X | |o, ¢ B x
X — B x 9 is a cofibration which is trivial if ¢ or j is a weak equivalence. Now by the
definition of Hom(—, —) and the right lifting property of trivial fibration and fibration we

have the result.

2. Let, for any U € C, T' : A°?Sh(S) — A°PSets be the global section functor. We have
left adjoint A°PSets — A°PSh(S), called the constant sheaf functor. This constant sheaf
functor transforms cofibration (resp. trivial cofibration) in A°PSets to cofibration (resp.

trivial cofibration) in A°PSh(S). The global section functor sends fibration (resp. trivial
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fibration) in A°PSh(S) to fibration (resp. trivial fibration) in A°PSets. Hence by 1 we have
the result.
O

Lemma 2.4.7. Let X —f 9 a morphism in A°PSh(S) with X and Q) simplicially fibrant. The

following conditions are equivalent.
1. f is a homotopy equivalence.
2. f is a simplicial weak equivalence.
3. For U € C, the morphism X(U) — PD(U) is a weak equivalence of simplicial sets.

Proof. 1 implies 3 is evident from the previous result and the fact that X x Al is the cylinder
object in A°PSh(S) for X. 1 and 2 are equivalent by the hypothesis of closed model category.

And from the definition and 3 implies 2.
O

2.4.3 Homotopical classification of G-torsors

Let S = (C,T) be a site and G be a sheaf of simplicial groups on S. A right (resp. left) action
of G on a simplicial sheaf X is a morphism a : ¥ x G — X (resp a : G x X — X) such that the

diagram for associativity commutes and the action of identity of G on X fixes X.

Definition 2.4.8. A (left) action is called free if the morphism G x X — X x X of the form

(g,2) — (a(g, ), x) is a monomorphism.

Definition 2.4.9. For any right action of G on X the quotient X/G is defined as the coequilizer

of the morphism pry and a from X x G — X.

Definition 2.4.10. A principal G-bundle (a G-torsor) over X is a morphism ) — X together
with a free right action of G on 9 over X such that the canonical morphism /G — X is an

isomorphism.

We will denote the set of isomorphism classes of principal G-bundles over X by P(X, G). This
set is pointed by the trivial G-bundle G x X — X. If ¥’ — X is a morphism of simplicial sheaves
and 2) — X is a principal G-bundle over X then 2) x x X’ has canonical structure of a principal G-
bundle over X’. This can be used to give a contravariant functor from A°PSh(S) to the category

of pointed sets by mapping X to P(¥,G).

Definition 2.4.11. Let X be sheaf on S. F(X) is the simplicial sheaf of sets with n-th term X"*1
(product of X n+ 1 times) and with faces (resp. degeneracies) induced by the partial projections

(resp. diagonals).

If G is a sheaf of simplcial groups on S, then E(G) becomes a simplicial sheaf of groups such
that E(G)o = G and it has right and left action of G. The morphism E(G) — B(G), which sends
(90, 91, -1 9n) to (9097 9195 oy Gn_19: L, gn) induces an isomorphism E(G)/G = B(G).

Definition 2.4.12. Let G be a simplicial sheaf of groups. The diagonal of the bisimplicial group
(n,m) — E(Gp)m defines a sheaf of simplicial groups, which is denoted by E(G).
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Again we have a morphism from E(G) — B(G) such that E(G)/G = B(G). This G torsor
E(G) — B(G) is called the universal G-torsor over B(G).

Lemma 2.4.13. Let G be a simplicial sheaf of groups on S, and let € a G-torsor over a simplicial
sheaf X. Then there is a trivial local fibration ) — X and a morphism Q) — B(G) such that the
pullback of € to Q) is isomorphic to the pullback of E(G) to Q).

Proof. [MV] , page 128, lemma 1.12. O

A morphism of simplcial sheaves f : X — 9) is called a local fibration (resp. trivial local
fibration) if for any fiber functor ® of S the corresponding morphisms of simplcial sets ®(%) —
®(9) is Kan fibration (resp. a Kan fibration and a weak equivalence).

The lemma above is the first step of classifying G-torsor over any simplcial set X using the
universal G-torsor E(G) — B(G) as we can locally classify G-torsor as a pullback of E(G) — B(G)

by previous lemma.

Lemma 2.4.14. Suppose G has simplicial diension zero and f : X — Q) is a trivial local fibration.
Then the corresponding map P(Q,G) — P(X,G) is a bijection.

Proof. [MV], page 129, lemma 1.13. O

Lemma 2.4.15. If G has simplicial dimension zero, then for any simplical sheaf X, the map
P(X,G) — P(XxAY,G) is a bijection. In particular, the functor P(—,G) is homotopy invariant.

Proof. [MV], page 129, lemma 1.14. O

Now let € € P(X,G) , where G has simplcial dimensio zero, bythere exist a trivial local
fibration p : ) — X such that there exists a map f : Y — BG. But in the simplcial homotopy
category H,(S), p is invertible so we get a map in H,(S) given by fop~t : X — BG. So we get
a natural transformation (by [2.4.14)) from P(X,G) — Hompy, (s)(X, BG).

Proposition 2.4.16. For any G of simplicial dimension zero the natural map P(X,G) —
Hompy, (5)(X, BG) is a bijection. Suppose BG — BG is a trivial cofibration such that BG
is fibrant. Then there ezists a principal G-bundle EG — BG such that for any X the map
Hom(X,BG) — P(X,G) given by f — f*(EG — BG) defines a bijection Homp (s)(X, BG) =
P(%,G)

Proof. [MV], page 130, proposition 1.15. O

2.5 The A'-homotopy category of schemes over a base

Let S be Noetherien scheme. We denote by H,((Sm/S)n:s) , the homotopy category associated
to the simplicial closed model category structure on A°?Sh((Sm/S)nis). We denote the final
object of the category Sm/S by e and « : « — Al is the zero section.

Definition 2.5.1. Let X be an object of A°?Sh((Sm/S)nis). X is called Al-local if for all
2 € Sh((Sm/S)nis), the map Hompy, ((sm/s)x:.) (DAL, X) = Homp, (sm/s)n:.) (D, X) induced

by ¢ is bijective.
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Definition 2.5.2. Let f : X — 2 be a morphism in A?Sh((Sm/S)nis), [ is a Al-weak
equivalence if for all Al-local object 3 of Hy((Sm/S)nis), the map Hompyg, (sm/$)n:i)(D>3) —
Hompy,_ ((sm/s)n:.) (X, 3) is bijective.

It is clear that any simplicial weak equivalence is an A' weak equivalence. Also for any
X € A°PSh((Sm/S)nis), the morphism X x A! — X is an A'-weak equivalence.

Definition 2.5.3. We denote the class of A'-weak equivalences in A°PSh(Sm/Syis) by Wa1, the
class of all monomorphisms in A°?Sh(Sm/Syis) by Cofa: and class of morphisms in AP Sh(Sm/Sn;s)
having the right lifting property by Cofa1 [1Wa1 by Fiba:.

Lemma 2.5.4. Let X € A°PSh((Sm/S)nis). If X is simplicially fibrant, then the following are

equivalent
1. ¥ is A'-local;
2. The simplicial fibration Hom(A, X) — X induced by v is a simplicial weak equivalence;
3. For allU € Sm/S, the fibration X(A};) — X(U) is an weak equivalence.

Proof. 1. By lemma Hom(A', X) is simplicially fibrant. By lemma m 2 and 3 are

equivalent.

2. Suppose 2, then Hom(A!,X) — Hom(e,X) is simplicial trivial fibration. By for
all simplicially cofibrant object 9 € A°PSh((Sm/S)nis), the morphism of simplicial sets
hom(Q), Hom(AY, X)) — hom(2),Hom(e, X)) is a trivial fibration, which implies hom(Q) x
AL X) — hom(9), X) is a trivial fibration. But then by taking g andHomHS((Sm/S)Nis)(Qj X
AL X)) — Homp (($m/s)n:.)(D, X) is bijective, so X is Al-local.

3. Suppose 1, to show 3 by Yoneda’s lemma it is enough to show that for any U € Sm/S,
the morphism of simplicially fibrant sets hom(U x A', X) — hom(U, X) induced by ¢ is an
weak equivalence in A°PSets. By it is enough to show that for any K € A%Sets
the morphism hom(K,hom( x A',X)) — hom(K, hom(Q),X), induces bijection on m.
hom(K, hom(2) x A, X)) — hom(K, hom(2) can be identified with the morphism hom (K x
2 x AL, X) — hom(K x 9, X), by the hyothesis and this morphism gives bijection on
-

O

Lemma 2.5.5. Let f : X — ) a morphism in A°PSh(Sm/Sn;s). The following conditions are

equivalent
1. f is an A'-weak equivalence;

2. For all W € Sh(Sm/Snis) simplicially fibrant and A'-local, the morphism of simplicial

sheaves Hom(), W) — Hom(X, W) is a simplicial weak equivalence;

3. For all W € Sh(Sm/Syis) simplicially fibrant and A'-local, the morphism of simplicial sets
hom(P, W) — hom(X, W) ia a weak equivalence.
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Proof. By 2 is equivalent to say that for all U € Sm/S and simplicially fibrant Al-
local W € A°PSh(Sm/Syis), the morphism of simplicial set Hom(), W)(U) — Hom/(X, W)(U)
is a weak equivalence. By adjunction , it is equivalent to say that hom(),Hom(U,W)) —
hom(X,Hom(U, W)) is a weak equivalence.Moreover for W, simplicially fibrant and A'-local and
if W’ € AP?Sh(Sm/Snis), then Hom(W’, W) is simplicially fibrant and A'-local. So showing 2 is
equivalent to show for all W € A°P?Sh(Sm/Snis), simplicially fibrant and A!-local, the morphism
hom(Q, W) — hom(X,W) is a weak equivalence. So 2 and 3 are equivalent. By the same way
as in the proof of last lemma, we get 3 is equivalent to show that for all W € A°?Sh(Sm/Snis)
simplicially fibrant and A'-local, the morphism hom(2), W) — hom(X, W) induces a bijection on
7. So by [2.1.9| we get 3 and 1 are equivalent.

O

Lemma 2.5.6. 1. The product of two A'-weak equivalence is an A'-weak equivalence;
2. Direct sum of A'-weak equivalence is a A'-weak equivalence.

3. Ifi: A— B and j: C — D be two cofibration in A°PSh(Sm/Snis), then the morphism
Ax D|]4,cBxC — BxD is a cofibration which is an A'-weak equivalence if i or j is

a A-weak equivalence.

Proof. 1. By if fis an A! weak equivalence then for any X € A°?Sh(Sm/Snis), f %
idyx is an A'-weak equivalnce. Since composition of A! weak equivalences is an A'-weak

equivalence, we have the result.

2. Since product of simplicial weak equivalences of simplicially fibrant objects is weak equiva-
lence, by we have the result.

3. By 1 and [JR] , page 43 lemma 3.28.
O

Definition 2.5.7. We denote the full subcategory of Al-local objects of Hy((Sm/S)nis) by
Hs,Al—loc((Sm/S)Nis)~

Theorem 2.5.8. The inclusion functor Hg a1_1o.((Sm/S)nis) — Hs((Sm/S)nis) has a left
adjoint L z1.

Proof. By [JR], page 36, lemma 3.9, there exists a set Bof monomorphisms in A°?Sh(Sm/Sn;s)
such that the simplicial fibrations are exactly the morphisms having the right lifting property with
respect to B. Let B’ be the set of morphisms of the form U x A™ | |7, gan Ay X OA™ — Al x A™,
induced by ¢ : @« — Al forn > 0 and U € Sm/S. By lemma [2.5.5] X € A°PSh(Sm/Snis) is
Al-local and simplicially fibrant if and only if X — e has the right lifting property with respect
to BUUB'. By2.5.6 BUB' C Cofar (\Wa.

By [JR], page 25, thm 2.28, there exists a functor ¢ : A°?Sh(Sm/Syis) — APSh(Sm/Snis),
with a natural transformation I'd — ¢, such that for X € A°?Sh(Sm/Snis), the morphism
X — ¢(X) is a transfinite composition of direct images of the direct sums of B|JB’ and such
that ¢(X) — e has right lifting property with respect to the morphisms of B|JB’. So for all
X € A?Sh(Sm/Snis), #(X) is simplicially fibrant and Al-local.
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By and direct image of direct sum of elements of B|J B’ are inside Cof 1 (| Wa1.
So by (JGJ], page 44, lemma 3.32) transfinite composition of trivial Al-cofibration is a trivial
Al-cofibration. So X — ¢(X) is a trivial cofibration and an Al-weak equivalence. Moreover ¢
transforms A'-weak equivalence to A'-weak equivalence. Since the image of ¢ is A'-local objects,
so ¢ transforms Al-weak equivalences to simplicial weak equivalence ( An Al-weak equivalence
between A'-local objects is a simplicial weak equivalence). Since simplicial weak equivalences are
A'-weak equivalence, ¢ induces a functor Hy((Sm/S)nis — Hs a1—10c((Sm/S)nis), denoted by
L.

We have the inclusion functor i : Hg a1_j0c((Sm/S)nis) — Hs((Sm/S)nis). Using this func-
tor we can define a morphism of functors I'dy, ((sm/s)y,.) — ©© Lar. So we have a canonical mor-
phism for X € H((Sm/S)nis) and Q) € Hy g1 1o ((Sm/S) nis): HomHS,A1,loc((Sm/S)ms)(LAlfv ) —
Hompy, ((sm/8)n:.)(%:72). This morphism is bijective since X — ¢(X) is an A'-weak equivalence
for all X € A°PSh(Sm/Snis). So L is adjoint to the functor i : Hy a1_10c((S/S)Nis) —
H,((Sm/S)nis)- O

Theorem 2.5.9. Let S be a Noetherian scheme. The category AN°PSh(Sm/Snis) with morphisms
(Cofar, Fibai,War) forms a closed model category. Moreover this closed model category structure
is proper. The homotopy category of this closed model category is denoted by H(S) and it is called
the homotopy category of S.

Proof. [JR], page 47, theorem 3.40. O

2.5.1 Pointed category and model category structure

A pointed category is a category is a category which has same initial and final object . Given
a category C which has final object o, we denote Cy the comma category (e | C). We have a
basepoint forgetful functor U : Cy — C. If C has finite direct sums then this functor has a left
adjoint —; : C' — C, which associates X | | e to every X € C.

Definition 2.5.10. Let C' be closed model category. A morphism in C, is a weak equivalence
(resp. cofibration, resp. a fibration) if and only if U(f) is a weak equivalence (resp. a cofibration

, resp. a fibration) in C.

Proposition 2.5.11. If C is a closed model category, then Cq s also a closed model category.

Moreover, if C' is proper then C, is proper too. Moreover
Proof. [JR], page 52, proposition 3.56. O

We can apply the proposition to the closed model categories A°PSets, Sh(Sm/Snis) and
A°PSh(Sm/Snis) (for both simplicial and A'-local structure). We denote H.” as the homo-
topy category of pointed simplicial sets , Hos ¢(Sm/Snis) as the homotopy category of pointed
simplicial sets and H,(S) as the pointed homopoty category of S-schemes.

Definition 2.5.12. Let C be a closed model category (left proper). If A —¢ X is a cofibration
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in C, we define a cofibrant object X/A of Cq by the following cocartesian diagram

*i>X

|

— X/A

Let Cbe a closed model category. For all objects X and Y of C,, let X VY denote the direct

sum in C,. We have morphism X VY — X X Y, so we have a cocartesian diagram

XVY ——=XxY

.

o —>XANY

Lemma 2.5.13. If, in C, for all object X, the functor — x X commutes with all finite inductive
limits , then the bifunctor — A — defines a symmetric monoidal category structure on C,, and the

neutral object is SY := o .

Proof. |JR] , page 53, lemma 3.58.

Definition 2.5.14. For all n € N, S” = (S})", where S} = A'/OA! € A°PSets,.

Lemma 2.5.15. For all U € Sm/S, the functor A°PSh(Sm/Snis)e — A°PSets, which asso-
ciates F(U) to F has a right adjoint K — K AUy.

Proof. [JR], page 53, lemma 3.62.
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Chapter 3

Unramified sheaves and strongly
Al-invariance of unramified

sheaves

3.1 Main Idea

Let Fj be the category of finite type separable field extension of k. By a discrete valuation v on
F € F}, we mean a discrete valuation coming from a codimension 1 point in a smooth model for
F, O, C F will be its discrete valuation ring, m, C O, its maximal ideal and k(v) its residue
field.

We will denote by Smy, the category of smooth k-schemes where the morphisms are only
smooth k morphisms. If X is a smooth finite type seprated k-scheme we denote X™ by the set of
all codimension n points of X . In this chapter we will define unramified presheaf (resp. sheaf of
sets) [3.2.1

Then it will turn out that giving an unramified sheaf of sets on Smy, is same as giving for all
X € Smy irreducible with function field F' and for any codimension one point x € X, two sets and
an inclusion S(Og x) C S(F) (which is related to the third condition of unramified sheaves, also
a specialisation map s, : S((Og,x) — S(k(v)) (related to closed immersion of codimension one).
This data will satisfy some axioms (see and [3.2.6), the axioms A1 is related to the Nisnevich
square property, A2 is related to the second condition of unramified sheaves. A4 is to inductively
factorise any codimension d > 0 morphism such that the composition of the structural sheaf map
is independent of of the factorisation and A3 captures the functorial propeperty of sheaf of sets
for closed immersion .

Atlast we will show the following lemma, which will be used in later sections to prove 7ri41 is

strongly Al-invariant.

Result 1. 1. Let S be an unramified sheaf of sets on Sﬁzk . Then S is Al-invariant if and
only if it satisfies the following : For any k -smooth local ring B (or localisation of a smooth

scheme at codimension 1 point) of dimension < 1 the canonical map S(B) — S(AL) is

29



bijective .

2. Let S be an unramified sheaf of sets on Smy . Then S is Al-invariant if and only if it

satisfies the following : For any F € F} the canonical map S(F) — S(A%L) is bijective.

3.2 Unramified sheaves and Al-invariance

Definition 3.2.1. An unramified presheaf of sets S on Smy is a presheaf of sets such that the
following holds

1. for any X € Smy, with irreducible components @ , a € X° the map S(X) — I cx0S(a) is

a bijection. Where @ is the closure of the point « inside X.

2. for any X € Smy, and for any open subshceme U of X the map S(X) — S(U) is injective if

U is dense in X.

3. for any X € Smy, irreducible with function filed F, The injective map S(X) — Nyex1.5(0x.2)

is a bijection. The intersection is computed inside S(F).

Lemma 3.2.2. An unramified presheaf S (on Smy, ) is automatically a sheaf of sets in Zariski

topology.

Proof. Let U = {U; — U} be a covering of an irreducible scheme X € Smy(by axiom 1 it is
enough to show for irreducible schemes). By 3 S(X) — Nuex15(0Ox ) is a bijection and we
have to show that Nyex15(Ox,z) — ILi(Nycp1S(Ov, ,2)) = Hij(meriljS(OU,ij7_»l;)) is exact(where
Ui; = Ui xx U;). The presheaf is separated comes from axiom 2. Note that = € X1 iff such
that x € Ui1 for some U; iff x € Uilj for some j. And moreover Ox , = Oy, » = Oy, ;... Now the

exactness follows easily. O

Lemma 3.2.3. Suppose S is an unramified presheaf, condition 3 holds for X (localisation of a
smooth k-scheme) with function field F .

Proof. For any irreducible k-smooth scheme X with generic point 7(corresponding to the function
field F') , if s is an element of S(F') , U be the maximal open subset of X to which s extends,
the closed set Z = X — U is purely of codimension 1, which means that if x is the generic point
of a irreducible component of Z, then x is a codimension one point in X. Indeed if codimension
of the generic point x of some irreducible component of Z is greater than 1, then there exist
a codimension 1 point y € U and « € X such that x € § . There exist an open subscheme
U’ containing both y and x and such that U N U’ contains all the codimension one point(by
noetherian property of Z and from the fact that Z is an irreducible component) of U’ hence s can
be extended to U U U’ using (3) which gives a contradiction as U is maximal. Now let X be a
smooth scheme with generic point 1 with field of function F' |, x a point in X , s an element of
S(F), we assume that for any codimension one point y of Spec Ox , (i.e. a codimension one point
y of X such that = belongs to the closure of y) s extends to an element in S(Ox,,) , we want to
prove that s extends to an element of S(Ox ;) . Let U be the maximal open subset of X to which

s extends. Let Z = X —U. We have shown that the generic points of the irreducible components
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of Z are of codimension one in X. If z is such a generic point of some irreducible component
of Z of codimension 1 in X, then z does not belong to SpecOx , by hypothesis(the maximality
condition of U), so the closure of z does not contain z. Z is the union of the closure of its maximal
points, so x does not belong to Z , which means that s extends to an open neighbourhood of x
and thus is an element of S(Ox ).

O

Lemma 3.2.4. Let S be the sheaf of sets in Zariski topology on Smy, satisfying properties 1 and
2 of the previous definition then it is unramified iff , for any X € Smy, and any open subscheme
U of X the restriction map S(X) — S(U) is bijective if X — U is everywhere of codimension > 1
mn X .

Proof. If S is unramified then take any open subscheme U of a irreducible scheme X such that
X — U is everywhere of codimension > 1 , this implies that all the codimension one points of
X are inside U and by the property three of unramified sheaves it follows that S(X) — S(U) is
bijection .

For the converse for any irreducible scheme X , let s € Nyex1.5(Ox ;) . There exists a maximal
open set U C X such that s is induced by some element in S(U) . Hence by the property of this
open set we have Vo € X', x € U . So the closed set X — U is of codimension > 2 . So by the
bijection between S(X) — S(U) we get s € S(X) . O

Lemma 3.2.5. Any strictly A'-invariant sheaf of abelian groups M on Smy, is unramified.

Proof. [MO2| page 67 lemma 6.4.11 we have M is pure ( see [MO2] page 66 definition 6.4.9). So
for X € Smy, we have isomorphism H%,, (X; M) = Hy, (X; M) and if U is a dense open set of X
(s0 codim(X —U) > 1) ,M(X) = HY,, (X; M) = H,,(X; M) — HY,,(U; M) = HY, (U; M) =
M(U) is injective.Which proves the property 2 of unramified sheaves .

Suppose M satisfies property 1 , suppose U be any open subscheme of X € Smy such
that codim(X — U) > 2, we have M(X) = H),.(X;M) = HS, (X; M) — HY,,(U; M) =
HY, .(U; M) = M(U) is bijective , so by previous lemma M will satisfy property 3 of unramified
sheaves.

To show the property 1 it is enough to show that X € Smy the irreducible components of
X are same as the connected components of X. (irreducible components are connected and
for smooth scheme X the local rings are regular,hence integral, so if X is connected then it is
irreducible).

O

Base Change Let K € Fy, and 7 : Spec(K) — Spec(k) be the structural morphism , this gives
a morphism between the sites m : Smg — Smy, let S be a sheaf of sets on Smy then we can
pullback S to the sheaf S |g:= 7*S on Smy . For finite type separable extension F' of K we
can show that S(F) = n*S(F) . ©*S is a sheaf in Nisnevich topology so it is a sheaf in Zariski
topology and it satisfies property one and two of uramified sheaves , and it satisfies the condition
of the lemma 3:2.4] so it satisfies 3 too.

Definition 3.2.6. An unramified Fy set consists of
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(D1) A functor S : Fy, — Set ;
(D2) For any F € Fy, and any discrete valuation v on F' | a subset S(O,) C S(F) ;
The previous data are moreover supposed to satisfy the following axioms

(A1) Ifi: E C F is a separable extension in Fy, and v is a discrete valuation on F which restricts
to a discrete valuation w on E with ramification index 1 and k(v) is separable over k(w),
then S(i) maps S(O,) into S(O,) and moreover if the induced extension i : x(w) — x(v) is

an isomorphism , then the following square of sets is cartesian :

S(Ow) — S(Ov)

L

S(E) —— S(F)

(A2) Let X € Smy be irreducible with function field F. If z € S(F') , then x lies in all but a finite

number of S(O,)’s , where x runs over the set X! of points of codimension one of X.

Theorem 3.2.7. The category of unramified sheaves on Sn:L/k is equivalent to the category of

unramified F,-sets .

Proof. There exists a functor from the category of unramified sheaf of sets on Smy, to the category
of unramified F}, sets. Indeed given an unramified sheaf of sets S on Smy, we can take a smooth
model for any F € Fj, and then evaluate S at F . For any discrete valuation v on F , there exists
X € Smy, irreducible with function field F' and the discrete valuation comes from a codimension
1 point of X . Now using property 2 of unramified set we get S(O,) C S(F) . If E C F ,where
FE,F € Fy, and moreover F' is finite type separable extension over E | there exists X,Y € Smy
irreducible with function field £ and F' respectively and f : ¥ — X smooth which maps the
generic point to the generic point . So we get a map from S(f) : S(X) — S(Y) which induces
the map S(f): S(E) — S(F).

Axiom (A1) can be checked using smooth models over k for Spec(F) and Spec(Ov). We can
have smooth models X and Y for Spec(F) and Spec(E) respectively , such that there exists
a smooth morphism f : X — Y which maps the generic point to the generic point and the
codimension one point corresponding to v to the codimension one point corresponding to w . So

we have the following diagram

S(f) HS(fil(U))
S(E) —— S(F)

Where U is any open subscheme of X containing w. After taking the colimit of this diagram
we get that S(i) maps S(O,,) to S(O,). Now the following diagram is an elementary distinguished

square over Spec(Oy,).
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Spec(F) —— Spec(O,)

| |

Spec(E) — Spec(Oy,)

which is the colimit of the diagram

UxxV——V

L,

U—>'—>x

where V' is smooth model for Spec(F) and X is smooth model for Spec(E). Now using the
Theorem we get Al .

For axiom (A2) , firstly for any irreducible scheme X, by the noetherian property the com-
pliment of any open subscheme U of X contains only finitely many 2 € X'. By definition any
f € S(F) comes from an element f € S(U) where U € Smy, and it is an open subscheme of
X. So any f € S(F) lies in all the S(O,) for x € X! and z € U, but there are finitely many
reXlLzgU.

Now let us define a functor form the category of unramified F}, sets to the category of unrami-
fied sheaves on Smy,. First given an unramified Fy set S ,and X € Smy, irreducible with function
field F, define S(X) C S(F) as Nyex15(0x ,z) C S(F) . It can be extended to any smooth scheme
such that the first property of unramified sheaves is satisfied . Now given a smooth morphism
f:Y — X we have to define a map S(f) : S(X) — S(Y) . We can assume (by the first property
of unramified sheaves and the fact that image of a irreducible set is irreducible) that X and Y are
irreducible with function field E' and F' respectively. Moreover we can assume that f is dominant
(since image of f is open) . If z € X! then f~!(x) has finitely many irreducible components and
the generic points of those irreducible components are codimension 1 points in Y . Now using
A1, field inclusion E C F' gives the desired map . The fact that this gives a sheaf of sets in
Nisnevich topology comes from axiom ( Al) and of Nisnevich sheaves . It is unramified by

construction and A2 . And it is the inverse to the restriction functor . O

So from now on if S is an unramified sheaf of sets over Fj, we will denote the associated sheaf

of sets over Smy, by S also.

Definition 3.2.8. An unramified Fj-set S is an unramified F}, set together with the following
additional data :

(D3) For any F € Fj and any discrete valuation v on F such that the residue field x(v) is
separable over k , a map s, : S(O,) — S(k(v)), called the specialization map associated to v.
And this data satisfies the additional conditions

(A3) (a) Ifi: E C F is an extension in Fy, and v is a discrete valuation on F' which restricts to
a discrete valuation w on E with ramification index 1, then S(¢) maps S(O,,) to S(O,)

and if the two residue fields are separable over k the following diagram is commutative
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w

S(Oy) S(Oy)

S(r(w)) —= S(k(v))

(b) If i : E C F is an extension in F, and v is a discrete valuation on F which restricts to
0 on E then the map S(i) : S(E) — S(F') has its image contained in S(O,) .

(¢) If moreover k(v) is separable over k, then if we let j : E C & then the composition
S(E) — 5(0,) Y S(k(v)) is equal to 5(j).

(A4) (a) For any X € Smy, and any point z € X2 of codimension 2, and for any point yo € X*!
such that z € gp and such that gy € Smy, the map s, : S(Oy,) — S(k(yo)) maps
Nye(x.)1S(0y) into S(Oy, .) C S(k(yo)). Where X is X localised at 2.

(b) If k(2) is seprable over k then the composition
Myex1S(0,) = S(0y.) — S(k(2))

does not depend on the choice of the point yq .

Theorem 3.2.9. The category of unramified sheaf of sets on Smy, is equivalent to the category

of unramified Fy, sets .

Proof. Let us define a functor from unramified sheaf of sets on Smy, to the category of unramified
Fy, sets . By the previous theorem we have an unramified F}, set constructed from an unramified
sheaf of sets S on Smy, . If v is a discrete valuation on F' € Fy, with residue filed x(v) separable
over k, then by choosing smooth model for the closed immersion Spec(k(v)) — Spec(O,) will give
the specialisation map s,. We have a smooth X and z a codimension one point with O, = Ox ,,
k(v) the residue field . Let Z be the closure of x in X . We may assume that Z is smooth (in
(D3), we assume that k(v) is separable, so there is a dense open subset of Z that is smooth over
k . Since O, is the inductive limit of the ring of functions of U where U vary in the ordered set of
(affine) neighbourhoods of z in X . For any such U, there is a map of smooth schemes ZNU — U,
and so, the original data gives a map S(U) — S(ZNU) . Now, we can take the inductive limit
of these maps where U goes through the neighbourhoods of z in X . By construction, we can
map S(0,) — S(k(v)) . [k(v) is the function field of Z]. To show that it satisfies A3 (a) We can
assume there exist X and Y smooth irreducible schemes with function field F' and E respectively,
which has codimension one points v and w respectively, and a smooth map f : X — Y such that
f maps the generic point to the generic point and v to w, moreover take the closed subscheme
generated by v and w. So the composite map from v — X — Y factors through w. Now the

commutativity of the squae in A3 (a) is same as the commutativity of the following square

lﬁ

To show A3 (b) and (c), actually we can assume that f maps v to the generic point of Y.

S<—c



Now rest is to show A4 (a). First of all notice that for X as in A4 we have a commutative
diagram
YoNU——U
Yo—>X

This gives the following commutative diagram
S(X) ——5(0y,)
S(go) —= S(k(yo))

We can thus replace X by any open subscheme U containig z, and o by U Nyy. We get

5(0:) —— 5(0y,)

.

5(Oyp,z) — S5(k(y0))

which proves A4 a. Again notice that we have the following commutative diagram
U——U
X

ZzNU —=1%

IS —)
S<~—>

and from this we get a commutaive diagram

S(X) —— S(go) ——> 5(2)

N

SU) —= S NU) — S(k(2))

since every open set containing z contains all the codimension one point y such that z € g
and for any such y and U open such that z € U we have S(U) — S(go NU) is the composition of
the maps S(U) — S(gNU) — S(go NU). So now the colimit over the open sets V' (replacing X
by V in the previous diagram) containing z gives A4(b).

Now to finish the proof of our theorem it is sufficient to prove the following.

Lemma 3.2.10. Given an unramified Fy set S , there is a unique way to extend the unramified
sheaf of sets S : (Smy)? — Set to sheaf S : (Smy,)°P — Set , such that for any discrete valuation
v on F € Fy, with separable residue field , the map S(O,) — S(k(v)) induced by the sheaf structure

map is the specialization map s, : S(Oy) — S(k(v)) . This sheaf is automatically unramified .

Proof. Let i : Y — X be a closed immersion of codimension one in Smy. To define a map
S(i) : S(X) — S(Y) we can assume that X and Y is irreducible. Indeed , if Y = I1,,Y,, be the
irreducible decomposition of Y then by property 1 of unramified sheaves S(Y') = I1,,5(Y,,). Hence
the map s(¢) should be product of s(i,), so Y can be chosen as irreducible, similarly using the

fact that image of irreducible set is irreducible we can assume that X is irreducible too.
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We can show that there exists a (unique) map s(i) : S(X) — S(Y) which makes the following

diagram commutative

5(0x,y) —— S((y))

where y is the generic point of Y . If such map exists then by the commutativity of the
previous diagram and the property 3 of unramified sheaves , s, will map S(X) inside S(Oy,) for
all z €Y' . So to get the above map it is sufficient to prove that for any z € Y'!, the image of
S(X) through s, is contained in S(Oy,.). Observe that z has codimension 2 in X . Hence by
axiom (A4 a) s, maps Nyex15(0xz) C Nye(x.)1S(0y) into S(Oy,.).

Lemma 3.2.11. Let i : Z — X be a closed immersion in Smy, of codimension d > 0 . Assume

that there exists a factorisation
Zoavi By, iy, =X

of i into a composition of codimension 1 closed immersions, with Y; closed subschemes of X each

of which is smooth over k. Then the composition
s(ja) s(J2) s(j1)
does not depend on the choice of the above factorisation of i. We denote this composition by S(i).

Proof. Proof is by induction (induction on d) . For d = 1 there is nothing to prove . Assume
d > 2 . By the arguement of previous lemma we can reduce it to the case where Z is irreducible

with generic point z . We have to show that the composition does not depend on the flag
ZAvi By, My, =X

. First of all we can assume X is irreducible and using the commutativity of the next diagram

we can substitute X by any open subset ) containing z.

S(X) —— S(V1) - S(2) (3.1)

]

S(Q) —=SYiNQ) —=-' — = S(ZNQ)

That is to show that the composition is irrespective of the flag
ZneivinwBvne— . By, =Xn0

Now when d = 2 This foillows from axiom A4. As k(z) is separable and over k, so the
composition Nyex15(0y) — S(Oy,,.) — S(k(2)) doesn’t depend on the choice of yq.
Now for the general case Ox . is regular local ring of dimension d. So by Nakayamas lemma

there exists an open neighborhood € of z in X and a sequence of elements (1, 22, ....,24) € O(Q)
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which generates the maximal ideal m, of A := Ox . and such that the flag Spec(A/(z1, ..., zq)) —
Spec(A/(x2,....;xq) = ...... Spec(A/(zq)) — Spec(A) is the induced flag :

ZNALvineZ2v,n0— .. 2y, =xnQ

Thus we have to show that given z € X%, with separable residue field, in a smooth k-scheme X,
and with A = Ox , and given a sequence (21, ....., £4) whose associated flag of closed subschemes
of Spec(A) consists of smooth k-schemes, the composition S(SpecA) — S(Spec(A/(xq))) —
S (Spec(Af(xa, ... ,xq)) — S(k) doesn’t depend on the choice of (21,3, ......, 2q).

As k(v) is separable over k , the condition of smoothness on the members of the associated
flag to the sequence (21, ....,z4) is equivalent to the fact that the family (x4, ....,z4) forms a basis
of the k(v) vector space m,/(m,)%. Now if, M € GL4(A), then the sequence M.z; satisfies this
condition. If we permute x; and x;; then from the case of d = 2 the composition S(A) — S(k(v))
remains same after the permutation. So it shows that any permutation of (z1,....,z4) keeps the
composition invariant.

If (#1,....,244) is another sequence in A satisfying the same assumption. Then #; can be
written as linear combination in x;. We get a matrix M € Mg(A) with £; = Mx; . This matrix
reduces in My(x) to an invertible matrix , thus M is itself invertible. If we multiply an elemnt
x; in a sequence (z1,....,24) by a unit of A then it won’t change the flag so the composition
S(A) — S(k(v)) remains unchanged . So we can assume det(M) = 1 . For a local ring A the
group SL4(A) is the group E4(A) of elementary matrices in A ( [KNUS] chapter VI ,corollary

1.5.3) . So M can be written as a product of elementary matrices in M(A) .

The composite map doesn’t depend on the permutation of (x1,....,z4) , So we have to show
that given a seqeunce (z1,....,x4) and a € A, the regular sequence (z; + axa, ....,z4) induces the
same compostion S(A4) — S(k(v)) as (z1,....,xq4) . But this induces same flag . O

Let i : Z — X be a closed immersion in Smy . So X can be covered by U,;’s such that
Z NU; — U; admits a factorization as in the previous lemma. Thus for each such U; we get a
canonical map sy, : S(U;) — S(ZNU;). But then we can apply the lemma to the intersection
U; NUj, with U; another open set for which the factorization exists, so sy, are compatible, hence
defines a canonnical map s(i) : S(X) — S(Z).

If f:Y — X be any morphism between smooth k-schemes. Then f is the composition
Y — Y x; X — X of the closed immersion graph of f,ieI'f : Y — Y X, X and the smooth

projection px : Y X, X — X . So we can now define s(f) : =

SX) P 5y %, ) s(y)

If we have a smooth morphism 7 : X’ — X and closed immersion ¢ : Z — X in Smy, Let

px 14 xx X' — X' and pz : Z xx X' — Z. Then the following diagram is commutative

S(X) —— S(X)

s(m)
S(i)i S(pX/)\L

$(2) —= S(Z xx X')

s(pz
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(We can reduce to the case using the proof of previous lemma that the closed immersion is of
codimension 1 and both X and Z are irreducible . But then the commutativity of the diagram

follows from A3 (a) ).

Let Z — Y — X be two composable morphism we get the following commutative diagram

ZH‘ZX;CYHZX]CYX]CX (32)
Z Y Y xi X
Z Y X
Then applying S and s gives a commutative diagram . Restriction of this presheaf to Smy, gives
an unramified sheaf hence it is itself unramified sheaf on Smy, . O
O

Corollary 3.2.12. Let S and G be sheaves of sets on Smy, , with S unramified and G satisfying
conditions 1 and 2 of unramified presheaves . Then to give a morphism of sheaves ¢ : G — S is

equivalent to give a natural transformation ¢ : G |p,— S | g, such that :

1. for any discrete valuation v on F' € Fy, , the image of G(O,) C G(F) through ¢ is contained
inside S(O,) C S(F) .

2. If moreover the residue field of v is separable over k , then the induced square commutes :

G(Ov) —5> G(k(v))

v

|

S(0p) — S(x(v))

Proof. If such a ¢ exist then we can easily construct ¢ and show that it satisfies 1 and 2 (by
elemntary properties of sheaves) .

Suppose ¢ exist and satisfies 1 and 2 then for any X € Smy, irreducible with function field F
we can define a morphism G(X) — S(X) using property 1 , And if Z — X is a codimension one

closed immersion then porperty 2 implies that the following square is commutaive

GX)——=G(2)

L]

S(X) —=5(2)
Now following the proof of the previous two lemmas there exists a morphism of sheaves since
S is unramified .
O

Lemma 3.2.13. 1. Let S be an unramified sheaf of sets on Smy . Then S is A'-invariant if
and only if it satisfies the following : For any k -smooth local ring B (or localisation of a
smooth scheme at codimension 1 point) of dimension < 1 the canonical map S(B) — S(AL)

1s bijective .
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2. Let S be an unramified sheaf of sets on Smy . Then S is Al-invariant if and only if it
satisfies the following : For any F € Fy the canonical map S(F) — S(AL) is bijective .

Proof. 1. If S is Al-invariant then for any smooth k-scheme X , we have bijection S(X) —
S(AY) hence the claim follows . To show the opposite let X € Smy, irreducible with function

field F . We have the following commutative square :

S(X) —— S(Ak)

L

S(F) —— S(F(T))

Each map is injective in this square . Now S(A%) — S(F(T)) factors as S(A%) — S(AL) —
S(F(T)). By assumption S(F) = S(AL) , so S(A%) C S(F) . It is sufficient to show that
for any x € X! there is an inclusion S(AY) € S(Ox,.) C S(F) . But S(AY) c S(Alox,w)
and by our assumption S(Ox,.) = S(A4p, ) . So S is Al-invariant .

2. Again by the property of Al-invariant sheaves it is clear that S(F) — S(AL) (since for any
irredicible scheme X with function field F' we have S(X) — S(AL) is bijective) is bijective.
To show the converse, let X € Smy, irreducible with function field F'. We have the following
commutative square

S(Ax) —= S(4F)

L

S(X) —— S(F)

Now the upper horizontal, right vertical and the lower horizontal maps are injective hence
the left vertical map is also injective and since X is a retract of A, we have the left vertical

map is surjective . Which gives the proof .
O
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Chapter 4

Unramified Sheaves of groups and

strong Al-invariance

4.1 Main idea

Let G be an unramified sheaf of groups on Smy (or Smy). For any discrete valuation v on
F € Fy let HY(O,;G) := G(F)/G(0,) . For y a point of codimension 1 in X € Smy, , we
set Hy(X;G) = H,(Ox,;G) . By the axiom A2 of unramified sets on Fj if X is irreducible
with function field F the induced action of G(F) on Il x1 H,(X; G) preserves the weak product
H’yeXlH; (X;G) C Myex1 H,(X; G) and by definition the isotropy subgroup of the action of G(F)
on the basepoint of IT,cx1 H, (X; G) is exactly G(X) = Nyex1 G(Ox,y) . This shows that the

following sequence

1—-G(X) = G(F) = Iy Hy(X;G)

is exact (in the sense of definition [4.2.3]). The main idea in this section is to understand this exact
sequence when G is A'-invariant. We will give necessary and sufficient conditions for a sheaf of

Al-invariant groups G to be strongly Al-invariant.

4.2 The conditions of strongly A'-invariance

Definition 4.2.1. For any point z of codimension 2 in smooth k-scheme X, we denote H2(X; G)

the orbit set of H’yeXlH; (X; G) under the left action of G(F') , where F' € F}, denotes the field

of functions of X, (where X, is the localisation of X at the point z).
If X is irreducible smooth k-scheme with function field F' we have a G(F)-equivariant map
HIyEXlH?} (X;G) — H;ex;Hyl(X; G) — H2(X;@G). So we can define a G(F)-equivariant map
vex  Hy(X;G) = I x2 H2 (X G) (4.1)

But it is not clear that the image is inside II_ y» H2(X;G) . So we will use another axiom

depending on G and an integer d
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(A2’) For any smooth k-scheme , irreducible of dimension d , the image of the boundary map [4.1
is contained in the weak product Il . H2(X;G) .

If we assume that G satisfies (A2') , for X € Smy, irreducible with function field F |, we get a
complex C*(X; Q) of groups , action and pointed sets :

1—-G(X) = G(F) = ey Hy(X;G) — Mex> H2(X;G)

If X € Smy , define :
GU(X) =1l o G(k(x)) ;
GH(X):= H;eXlH;(X;G) ;
G*(X) = H’ZeXQHf(X;G)

Lemma 4.2.2. The correspondence X — G*(X) , i < 2 can be extended to presheaf of sets on

Smy,. Moreover G is an unramified sheaf in Nisnevich topology.

Proof. If f : X — Y is a smooth dominant morphism between irreducible smooth k-schemes .
By the same reasoning as in theorem we can show that it is sufficient to define the map
G(f): G'(Y) — GY(X) . If z € Y? | then the generic points of f~!(z) are in X¢ . This gives the
desired maps which makes X +— G*(X) presheaves (using the A1l axiom of unramified Fy sets).
GV is a Nisnevich sheaf follows from elementary distinguish squares. And it is unramified from
the definition of G©.
O

Definition 4.2.3. Let 1 = H C G = E — F be a sequence with G a group acting on the set E
which is pointed as a set , with H € G a subgroup and E — F a G-equivariant map of sets , with
F endowed with the trivial action . This sequence is exact if the isotropy subgroup of the base
point of E is H and if the kernel of the pointed map E — F is equal o the orbit under G of the
base point of E' . This sequence is called exact in the strong sense if moreover the map £ — F

induces an injection into F' of the left quotient set G\ E C F .

Let C*(X;G) is the complex

1—-G(X)—G'X) = GYX)— G*(X)

If X is localisation of a smooth scheme at point of codimension < 2 , then X has atmost one
codimension 2 point z, now G?(X) = H2(X;G), so G*(X) — G?(X) is surjective, the exactness
at G°(X), G}(X) and G(X) follows directly from our previous discussions. So C*(X;G) is exact
in the strong sense.

Let Z1(—; G) C G! be the sheaf theoretic orbit of the base point under the action of G in the
Zariski topology on Smy . So we will have an exact sequence of sheaves on Smy, in the Zariski
topology

1 —GCGY= Z'(—;G) — * (the exact sequenceof sheaves comes from the local exactness ).

GY is flasque, so H},,(X;GY) is trivial. So for any X € Smy we have an exact sequence of
groups and pointed sets in the strong sense

1-GX)CGX)=ZY(X;G) - HL,.(X;G) — « .
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Remark 3. If X is a localisation of smooth k-scheme at a point of codimension < 1, Then
ZYX;G) = GY(X) and hence H}, (X;G) = G°(X) \ G*(X).We can generalise the result for
X smooth of dimension 1 or any open subset of dimension < 1 of the localisation of a smooth
scheme X (since G'(X) is a sheaf in Zariski topology and for localisaion at the codimension < 1
point Z1(X;G) = G*(X)). So if X is a smooth local k-scheme of diemnsion 2 , and V C X is the
compliment of the closed point , a k-scheme of dimension 1 . We have G*(X) = G*(V) for i < 1
and H2(X;G) = Hb,, (Vi G) |

Let K1(X;G) C H;GXIH;(X;G) be the kernel of the boundary map H;eXlH;(X;G) —
H.cx:HZ(X;G) for any X € Smy, . Being the kernel of Zariski sheaves the sheaf X — K(X;G)
is a sheaf in the Zariski topology on Smy . If X is a localisation of a smooth scheme then
ZY(X;G) — K'Y(X;G) is injective hence on Smy we have an injective morphism Z'(—;G) —
K'(—;G) . Since for any X local of dimension < 2 the complex C*(X; Q) is exact hence for
X smooth of dimension < 2 we have bijection between Z!(X;G) — K'(X;G), since we have

bijection at all the localisations.

Remark 4. Tt follows from the previous descriptions that for any smooth(or localisation of a
smooth scheme) scheme of dimension < 2 the H! of the complex C*(X;G) is H},,(X; G).

We will add two more axioms on G

(A5) (a) For any separable field extension E C F in Fy , any discrete valuation v on F which
restricts to a discrete valuation w on E wih ramification index 1 , and such that the
induced extension i : k(w) — k(v) is an isomorphism , the commutative square of

groups

G(Ow) —= G(Oy)
|
G(B) G(F)

induces a bijection between H!(O,;G) — HL(O.;G) .

(b) For any étale morphism X’ — X between smooth local k-schemes of dimension 2 ,
with closed points z’ and z respectively , such that the induced morphism (z) — x(z’)
is an isomorphism , the pointed map

H2(X;G) — HZ2(X';G) has trivial kernel .

Lemma 4.2.4. Let G be an unramified sheaf of groups which satisfies (A2)’. Then the following

are equivalent :
1. The Zariski sheaf X — K1(X;G) is a sheaf in Nisnevich topology on Sy

2. For any smooth k-scheme X of dimension < 2 the comparison map H},.(X;G) — Hu,(X; G)

is a bijection;

3. G satisfies axiom A5 .
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Proof1 =2 As Z}(X;G) — K'(X;GQ) is a bijection for X € Smy, and dim(X) < 2, we have

2=3

3J=1

X +— ZY(X;Q) is a sheaf in the nisnevich topology on smooth k-schemes of dimension < 2.

So the exact sequence in the Zariski topology
1-GCG = ZY(—G) -«
is then a exact sequence in the Nisnevich topology on the site smooth schemes over k

of dimension < 2. Now Hy, (X;G°) is trivial (A.0.8). Hence the comparison map
H}, (X;G) — HY,,(X;G) is a bijection (by remark [4)).

A5 a

By 2. of the lemma and by Appnedix A implies that this H' set can also be defined using

Nisnevich-torsors. So we get the canonical isomorphism H} ((O,) nis, G) — HL((Ow)nis; G)-

A5bLet V=X—zand V' = X' — 2" . The follwoing square is distinguished

We have shown that H2(X;G) = HL_  (V;G) , so the kernel of the map H2(X;G) —
H?,(X'; G) is the set of G-torsors over V (which are indifferent as H},.(X; G) = Hy,,(X; G))
which becomes trivial over V' | but such a torsor can be extended to the trvial torsor of
X', so this torsor can be extended from V to X (by gluing the torsor over X and torsor
over V). Since X is local , Hy,; (X;G) = HL,,.(X;G) is zero, hence the extension to X is

trivial.

A 5 a implies that X +— G!(X) is a sheaf in Nisnevich topology (using elementary dintin-
guished Nisnevich squares) , and A5B implies that G2 is very closed to being a separated
presheaf in Nisnevich topology (a section that vanishes locally vanishes). Since K'(—;G) is
the kernel of the map G' — G? is then a sheaf in Nisnevich topology.

O

Lemma 4.2.5. Assume G satisfies A5. Fix an integer d > 0.The following conditions are

equivalent :

1.

2.

3.

For any smooth k-scheme X of dimension < d the map Z*(X;G) — K*(X;G) is bijective;

For any local smooth k-scheme of dimension < d the map Z'(X;G) — K'(X; Q) is bijec-

tive;

For any local smooth k-scheme U of dimension < d with function field F, the complex
C*(X; Q)

1—GU) - G'(U) = GYU) — G*(U)

1s exact.
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Moreover if G satisfies any one of the above we have H}, (X;G) — HY..(X;G) is a bijection

for any smooth k-scheme of dimension d.

Proof. 1 <= 2 is clear as both are Zariski sheaves so the map is bijective iff sections over lo-
calisation at any point is bijective . 2 = 3 comes from the fact that the kernel of the map
GL(U) — G%(U) is equal to Z'(U;G) . 3 = 1 First of all by the exactness of the sequence we
have for any X (localisation of a smooth k-scheme at a point of codimension < d) the kernel
KYX;G) =G°X)\GYX) = Z(X; @), So the injective map between Zariski sheaves Z1 — K1
over the site of smooth k£ scheme of dimension < d in Zariski topology induces isomorphism at

every stalk hence it is an isomorphism.

We have an exact sequence 1 — G C G = K1(—; G) — x of Nisnevich sheaves , and moreover
HY, (X;GY) is trivial , so we get an exact sequence

1—-GX)CGX)= K'(X;G) — Hy,; . (X;G) — % . Hence Hy, . (X;G) = G°\ K'(X;G),
and we have K!(X;G) = Z'(X;@G). So we have the following

G'(X)\ ZY(X;G) = H,,.(X;G) — Hy,;,(X;G) = G°\ K}(X;G) is a bijection. O

Let us give another axiom related to Al-invariance property :

(A6) For any localisation U of a smooth k-scheme at some point u of codimension < 1, the

complex

1— G(Ap) — G°(Ay) = G'(Ay) — G*(Ap)
is exact. Moreover the morphism G(U) — G(A};) is an isomorphism .

Theorem 4.2.6. Assume k is infinite . Let G be an unramified sheaf of groups on Smy, that
satisfies the azioms (A2 °) , (A5) , (A6) . Then it is strongly Al-invariant . Moreover , for any

smooth k-scheme the comparison map Hy, (X;G) — Hy,(X;G) is a bijection .
Proof. The proof will follow from next three lemmas.
Lemma 4.2.7. Assume G is Al-invariant . Fiz an integer d > 0 . The following conditions are
equivalent :
1. For any smooth k-scheme X of dimension < d the map G°(X)\Z1(X;G) = H},.(X;G) —
HL (AL G) = G(AN) \ ZH (AL G) is bijective .
2. For any local smooth k-scheme U of dimension < d

GOUAp)\ 21 (A3 G) = *

Proof. To show 1 = 2, we notice that U is a local k-scheme, so H, . (X;G) = GO(U)\Z'(U;G) =
*.

To show 2 =1,

If U = {U;} is an open covering of X, then H'({U;};G) — H*({A! x U;}; G) is a bijection,
because for any open V of X (for instance, V = U;, V = U; NU;) we have G(V) = G(A! x V)
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so the description of these two sets with cocycles are the same. (H*({U;};G) is the subset of
H'(X;G) made of isomorphism classes of G-torsors that are trivial over each U;. For any G-
torsor, there exists such a covering (U;).) We have to show that for any G-torsor T over A! x X,
there exists {U;} an open covering of X such that T is trivial over A' x U;. But (2) shows that

this is true locally, so there exists such a covering. O
Lemma 4.2.8. Let G be an unramified sheaf of groups satisfying (A2 °), (A5), (A6).

1. Let v be a discrete valuation on F € F}, . Let v[T] denote the discrete valuation in F(T)
corresponding to the kernel of O,[T] — k(v)[T] . Then the map

H(04; G) — Hypy(Ap,; G)
is injective and its image is exactly the kernel of

Hlypy (AL G) — I

ZG(Ai’(v))ng(Alov; G) .

2. For any k-smooth local scheme U of dimension 2 , with closed point u , the kernel of the

map
HY(U;G) — HS[T](U; G)
is trivial .

Proof. [MO1] lemma 1.30 page 33. O

For any integer d > 0 and for G as in theorem [£.2.6] we introduce two new properties

(H1)(d) For any local smooth scheme of dimension < d the complex

1—-GU)—GU) = GYHU) — G*U)
is exact.

(H2)(d) For any localisation U of a smooth k-scheme at some point u of codimension < d, the

complex

1 - G(Ay) = G°(Ay) = GH(Ay) — G*(Ap)
is exact.

H1(d) is proved for d < 2, and by A6, H2 1 holds.

Lemma 4.2.9. 1. (H1)(d) = (H2)(d) .
2. If k is infinite : (H2)(d) = (H1)(d+1) .

Proof. To prove 1 let us assume that U be an irreducible smooth k-scheme with function field F'.
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G(U) G(F) I Hy(U; G) —— 11 . HA(U; G) (4.2)

| | |

G(A%]) ——G(F(T)) —— ng(Ab)lH; (Allﬁ G) —— H;E(Ab)ZHS(A%J? G)

| |

G(F) —— G(F(T)) —— ¢ (41 Hy (AR G)

By the axiom A6 the bottom row is exact. G is Al-invariant by axiom A6 and lemma
so G(U) — G(A};) is a bijection. If U is local of dimension < d, then by (H1)(d) the topmost
horizontal row is exact. The points y of codimension 1 in Allj are of two types, either the image
of y in U is a generic point of U or it is a codimension 1 point of U. Set of those points of
codimension 1 in A}, such that the image is the generic point is in bijection with (A%)* and the
set of points whose image is codimension 1 point in U is in bijection with U' given by the map
y € U — y[T] := AL C A};(that is the generic point of A}). So for y of the first type the set
H,(U;G) = Hj(Af;G) and the set Hlye(Alu)lH;(A%/;G) is the product of H;e( H)(Ap; G)
with H;G(U)lH;[T] (AL; Q).

To prove (H2)(d) we have to prove exactness of the middle row, or to show that the action of
G(F(T)) on K'(A}; G) is transitive.

Let a € K'(A};; G). The bottom horizontal row is exact, so H;/e(A}D)lH; (AL; G) one orbit un-
der the action of G(F(T')), now the map H;e(A}J)lH;(A%ﬁ G) — H;e(A;)le} (AL; G) is G(F(T))
invariant and the kernel is H;e(U)lH;[T] (A}; G), hence there exists a ¢ € G(F(T')) such that
g.a € H;e(U)lH;[T](A%J; G).

So g.a is inside K'(A}; G) NI ¢ oy ;[T] (Al G) C H;e(A}J)lH;(Allﬁ G). By the first part of
the previous lemma H;eUlH;(U; G)— H;e(U)lH;[T] (A}; G) is injective and the image is exactly
the kernel of the composition of the boundary map IT) ;. Hyir (Ay; G) — Moe a2 HZ (Ags G)
and the projection I, ¢ (a1 )2 HZ(Af;; G) — ey e(atyr HZ(Ays G). This shows that K''(Ay; G)N
H;eUlHyl[T] (Al;; G) is contained in H;eUlH;(U; G). The right vertical map in Il 2 H2(U; G)

lee(Al )2H§ (A} G) is induced by the correspondance z € U? — AL. By 2 of the previous lemma
U

ARt

this map has trivial kernel. So by the commutativity of the top rightmost square of we have
KAy G) NI o H iy (A G) s contained in K'(U; G). So g.a lies in K'(U;G), but as the
topmost row is exact by (H1)(d) we have an h € G(F') such that hg.a = *. Hence the action is
transitive.

To prove 2 assume (H2)(d) holds. Let X be an irreducible smooth k-scheme of dimension <
d 4+ 1 with function field F, let v € X be a point of codimension d + 1, let U be the localised
scheme at u , F' its function field.

Let a € K}(U;G) € H;eUlH;(U; G). We have to show that there exists g € G(F) such that
a = g.x. Let y; € U the points of codimension one in U such that @ has trivial component in
H, (U;G). Now by definition Hy(U;G) = H'(X;G) for y € U'. Let ax € I, . Hy(X;G)
be the unique element with same support y;’s and the same component as a. Though ax may
not be in K'(X;G), but by axiom (A2)’, its boundary is trivial except on finitely many z; of

codimension 2 point of X. Now this points are not in U? either. So we can remove the closure of
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this z;’s to get an open subscheme ' in X which contains u and the y;’s and the corresponding
element induced by a denoted by agq € H;EQ,IH?} (X;G)is in KYQ, Q).

Since k is inifinite , by Gabber’s geometric presentation lemma (see there exists an
open subscheme  of ', containing u and the y;’s and an étale morphism Q — Al,, With V
smooth of dimension d, such that if Y C Q denotes the reduced closed subscheme whose generic
point are the y;, the composition Y — Q — A{, is still a closed immersion and the composition
Y — Q — Al, — V is a finite morphism.

As U is the localization of  at u, the étale morphism U — Al induces a morphism of

complexes of the form

G(E(T)) —= Iy Hy(AV; G) —= I 2 H2 (AL G) (4.3)

| |

GF) ——— 1, Hy(U; G) —— 10, . H2(U; G)

Here E is the function field of V. Let y. are the images of y; in A}, , these are points of
codimension 1 and since Y — A}, is a closed immersion they have same residue field. By the
axiom (Ab5)(a), for each ¢ the map H;{ (Ay;G) — H, (U;G) is a bijection, so there exists an

I !
element a’ € Hye(A%/)1
definition of the boundary map and a’ the boundary of ' has trivial component in H2(A}; G).

H,(Ay; G) whose image is a. If z € (Af,) is not in image of Y then by

If z € (A},)? is in the image of Y in A},, there is an unique point 2’ of codimension 2 in €, lying
in Y mapping to z. It has the same residue field as z. So 2’ gives a codimension 2 point in U. By
the commutativity of the rightmost square and (A5)(b) a’ has a trivial component in H2(Ai; G).
Which proves that the boundary of a’ is trivial.

As (H2)(d) is satisfied we have a’ = h.x for some h € G(E(T)). If g is the image of h in G(F)
we have a = g.x.

O

Now lets prove theorem . As k is infinite , using the lemma and by induction
arguement ((H1)(1), (H1)(2) and (H2)(1) is true) it is clear that G satisfies (H1)(d) and (H2)(d) for
all d. By (H1)(d) G satisfies the property three of the 1emma hence the map H, . (X;G) —
H}..(X; G) is a bijection for all smooth scheme X of dimension d for all d. So we have to show that
condition 1 of lemma is satisfied. For any smooth scheme X we have K!(X;G) = Z}(X;G)
. Also as G satisfies A6, G is Al-invariant and it satisfies H2(d), so it satisfies the condition 2 of
lemma L2771 Hence the condition 1 is satisfied.

O
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Chapter 5

Strongly Al invariance of the

1
sheaves 71,?1 ,n > 1

5.1 Main Idea

Using the properties of last two chapters we will show that

Result 2. For any pointed space B, its A' fundamental sheaf of groups 7rf‘1 is strongly A!

invariant .

To show that 7Ti41 (B) satisfies the properties of strongly Al-invariantness, described in last
two chapters, we will study the local properties of ﬂfl(IB%). The only non trivial theorem used

here without proof is the following :

Lemma 5.1.1 (Gabbers presentation lemma). Let X be a smooth , affine , irreducible variety
of dimension d over an infinite field k , let tq,......t, € X be a finite set of points and Z a closed
subvariety of codimension > 0 . Then there exists a map ¢ = (Y, v) : X — A1 x Al | an open
set V.C A1 | and an open set U C ~Y(V) containing ty, .....,t, such that

1. 20U =Znyp (V).

2. |z is finite .

Co

. ¢ |u is étale and defines a closed immersion Z NU — A3, .

B

cp(t) E0(Z) ifti ¢ Z

5. 07 e(ZNU))NU =2ZNU.

5.2 The proof of srongly A'-invariance of 7'('{11

Definition 5.2.1. A B.G class of objects in Sm/k is a class A of objects in Sm/k such that :

1. For any object X € A and any open immersion U — X we have U € A .
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2. Any smooth k-scheme X has a nisnevich covering which consists of objects in A.
In this section by a B.G class we will mean all the objects of Smy.

Definition 5.2.2. A simplicial presheaf S on (Sm/k)n;s is said to have the B.G property with
respect to A ( B.G class of objects ) if for any elementary distinguish square (2.3.17)) such that
X and V belong to A the square of simplicial sets

S(X) S(V)

L

S(U) — S(U xx V)
is homotopy cartesian .

Theorem 5.2.3. For any pointed space B, its Al fundamental sheaf of groups ﬂ'lAl is strongly Al

mvariant .

Proof. We will directly show that 7rf‘1 is unramified and satisfies the axioms (A2’),(A5) and (A6)

of section 2. O

Theorem 5.2.4. Let B be a pointed simplicial presheaf of sets on Smy which satisfies the B.G
properties in the nisnevich topology and the Al invariance property (see [MOREL) definition
A.1.5) . Then the associated sheaf of groups to the presheaf U — w1 (B(U)) is strongly A' invariant

Lemma 5.2.5. The last two theorems are equivalent .

Proof. (using results from [MOREL] appendix A.1 and [MV]) Suppose theorem [5.2.4]is true. The
simplicial fibrant resolution L 41(B) is A! local , so it satisfies the propersties of theorrem

Now the sheaf associated to the presheaf U ~— Homp, ) (3 (Uy),B) is same as the sheaf
associated to the presheaf U — Hompg ) (3 _(Uy), La1(B)) . But we have equality of sheaves
between the sheaf associated to the presheaf U — (L 41(B) and the sheaf associated to the
presheaf U — Hompg, )(D_(Uy), La1(B)) . Hence theorem is proved .

Now suppose theorem [5.2.3] is true, then for any presheaf B satisfying properties of theorem
take the sheafification a(B), take the fibrant resolution L 4:a(B), because of [MV], Prop
1.16, page 100, this is simplicially equivalent to a(B) which is simplicially equivalent to B. So using
the previous description of different homotopy sheaves of simplicial sets we can prove theorem
b.2.4

O

Corollary 5.2.6. For any pointed space B , and any integer n > 1, the A'- homotopy sheaf of
Al

groups wi* (B) is strongly A'-invariant.

Proof. Take L 41 (B) and take the (n — 1)th iterated simplicial sheaf Q7~(L 41 (B)) (see [MV]). It
can be shown that this satisfies the conditions of theorem Hence applying theorem
we get that the sheaf associated to presheaf U +— 71 (Q271(L 41 (B)))(U)) is strongly A! invariant,
but the previous sheaf is isomorphic to the sheaf associated to the presheaf U — m, (L1 B(U)).
So 71';?‘1 (B) is strongly A! invariant.

O
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Lemma 5.2.7. Given a pointed A'-local space B , the connected component of the base point B°
is also A'-local and the morphism

wfl(]B%O) — Wfl(B) is an isomorphism .

Proof. LB is zero connected if VX € Smy and Vo € X the simplicial set LA1IB§0(O§(,1) is
connected, as L 41 B is simplicially equivalent to B®, this shows that L 41B° is O-connected. We

have the following commutative square

B —B

|

LAlBO _— LAJB%

and L 1B = B. By assumption B° is the connected component of the base point. So the
induced map L 41B° — B induces a map L 4:1B° — B giving an inverse to B® — L 4:1B". So B is

a retract in H (k) of the Al-local space L 41BY, so it is A! local .
O

So we can assume that B is A'-local and O-connected . For an open immersion U C X and
any n = 0 we set

L, (X, U) := [S" ACX/U), Bla g = ma (B(X/U))

where S™ denotes the simplicial n-sphere . We may extend this to an open immersion U — X

between essentially smooth k-schemes by passing to the colimit.

Lemma 5.2.8 (Gabbers presentation lemma). Let X be a smooth , affine , irreducible variety
of dimension d over an infinite field k , let tq,......t, € X be a finite set of points and Z a closed
subvariety of codimension > 0 . Then there exists a map ¢ = (1,v) : X — A1 x Al | an open

set V.C A1 | and an open set U C ~Y(V) containing t1, .....,t, such that
1. 20U = ZnyY (V).
2. 9 |z is finite .
3. ¢ |u is étale and defines a closed immersion Z NU — A3, .
4. p(ti) ¢ o(Z) ifti ¢ Z .

5. 07 e(ZNU))NU=2ZNU.

Lemma 5.2.9. Assume k is infinite . Let X be a smooth k-scheme , S C X be a finite set of points
and Z C X be a closed subscheme of codimension > 0. Then there exists an open subscheme
Q C X containing S and a closed subscheme Z C 2, of codimension d—1 , containing Zg := ZNQ
such that the map of the pointed sheaves Q/(Q — Z) — Q/(Q — Zq) is the trivial map in Hy(k) .

Proof. By Gabber’s geometric presentation lemma there exists an open neighborhood Q of S | a
morphism ¢ : @ — A, with V some open subset in some affine space over k and the morphism is
étale by 3 of the previous lemma . By 3 again we have Zqg := Z N — A}, closed immersion . By
5 we have ¢~ (¢o(Zq)) NQ = Zq and by 2 we have Zg — V is a finite morphism . Let F denotes
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the image of Zg in V. Let Z := ¢~ '(AL) . Now dim(F) = dim(Z), thus codimension(Z) = d—1
Since the following square is an elementary distinguish square in Nisnevich topology

(Q—ZQ)%Q

L

(Ay — Zo) — Ay
We have , the isomorphism of sheaves
Q/(Q—Za) = Ay /(AY — Za)

The commutativity of the following square

Q/(Q—2) > Q/(Q = Zq)
Ay /Ay — Ap) — Ay (A} — Zo)
shows that it is sufficient to show that the map of pointed sheaves
AL /(AL — AY) — AL /(AL — Zg) is the trivial map in He(k) . Now Zg — F is finite , hence

the composition Zg — A} C PE is still a closed immersion , so it has empty intersection with

the section at infinity so : V — PL . Since the following square ,

(Ay — Za) — Ay

L

(PL — Zg) — P}

is an elementary disnguish square we have Al /(A}, — Zq) = Pl /(PL — Zq) . So it is sufficient
to prove that

AL /(AL — AL) = PL /(P — Zg) is the trivial map in He(k) . Now the morphism sg : V/(V —
F) — Al /(Al, — AL) induced by the zero section is an A'-weak equivalence.The composition
so: V/(V—F)— A}, /(A — AL) — PL/(P} — Zg) is A! homotopic to the section at infinity
Soo : V/(V—=F) — PL/(P}—Zq) . But the image of s« is disjoint from Zg , $0 s00 : V/(V —F) —
PL/(P} — Zg) is equal to the point. O

Corollary 5.2.10. Assume k is inifinite . Let X be a smooth (or localisation of a smooth
k-scheme) k-scheme, S € X be a finite set of points and Z C X be a closed subscheme of
codimension d > 0 . Then there exists an open subscheme 2 C X containing S and a closed
subscheme Z C Q) , of codimension d — 1 , containing Zq = Z N Q and such that for any n € N
the map 11,,(Q,Q — Zq) — IL,(Q, Q — Z) is the trivial map . In particular , observe that if Z has
codimension 1 and X is irreducible , then Z must be Q . Thus for any n € N the map

(2,92 — Zg) — 11,(Q)

1s the trivial map .

Proof. The map between II,, (2, Q2 — Zg) — I1,(Q) is obatained from the map between /(2 —
Z) — Q/(Q—Zq) . By the previous theorem Q/(Q—Z) — Q/(Q— Zg) is the trivial map in H, (k)
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. Hence I1,,(2, Q2 — Zg) — I1,,(?) is the trivial map . If X is irreducible and Z has codimension

1 then codimension Z is 0 , and since U is irreducible so it implies U = Z . O

Now let X be localisation of a smooth scheme . For any flag of open subschemes V C U C X

of X and from the cartesian daigram

B(U/V) ——B(X/V)

L

pt ——B(X/U)

We get the long exact sequence of homotopy groups
= IL(X,U) - I (X, V) - L (U, V) = (X, U) — (X, V) — (U, V) (5.1)

where the exactness at ITo(X, V) is the exactness in the sense of pointed sets , and at IIy(X,U)
there is an action of the group IIy(X,U) on the set Ip(X,U) , so the exactness there is usual
exactness of group action . The exactness elsewhere is exactness for group diagrams .

Let X be the localisation of a smooth k-scheme at a point x, and x be its closed point . For
any flag F : Z2 C Z' C X of closed reduced subschemes , with Z% of codimension at least i . Let
Ui =X — 7", so we get a corresponding flag of open subschemes U; C U, C X . The set F of
flags is ordered by increasing inclusion of closed subschemes. So if U = Uy and V = ) we get an

exact sequence :
= Hl(X, U1> — Hl(X) — Hl(Ul) — Ho(X, Ul) — Ho(X) — Ho(Ul) (52)

Let S is the set containing only the closed point = and, using the previous lemma, we see that
Q = X (since X local and € contains the closed point ), and we get that the maps for any n
IT,(X,U;) — II,(X) are trivial .

So we get a short exact sequence
1 = 1IL(X) — i (Ur) — Ho(X, Ur) — = (5.3)
and a map of pointed sets IIg(X) — IIy(U;) which has trivial kernel . Taking the right filtering
colimit on flags we get a short exact sequence

1 —=1IL(X) = I (F) — colim(Ilg(X,Uy)) — (5.4)

and a pointed map with trivial kernel IIo(X) — IIg(F) , where F is the field of functions of
X . Now B is 0-conected so we have IIp(F') = % and hence IIp(X) = *.
Consider for any flag of open subschemes U; C Uy C X

- = Ilo(X, Uz) — (X, Ur) — (U2, Uh) (5.5)

Again we can apply the previous corollary to X, with S as the set with the closed point and to
the closed subset Z2 C X , again Q = X and there exists Z C X of codimension 1 , containig Z2
such that IT(X, Uy) — IIo(X, X — Z) is the trivial map . Define a new flag F: Z2 ¢ Z! C X by
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setting Z2 = Z2 and Z! = Z'J Z, then the map colimIly(X,Us) — colimIly(X,U,) is trivial.

So using the exact sequence [5.5| we find that the map

colimIly(X,Uy) — colimIly(Us, Uy) (5.6)

has trivial kernel. Now using the exact sequence related to the flags of opensets of the form
) C Uy C Uz we can get a action of I3 (F) on colimIly(Us,U;) such that the map is II; (F')
equivariant . But by equation colimIlp(X,Uy) is one orbit under IT;(F') hence the map
colimIly(X,Uy) — colimIlg(Usz, Uy) is injective.

So we have shown that if k£ is an infinite field and X is localisation of a smooth k-scheme with

function field F' . The natural sequence
1— Hl(X) — Hl(F) = COZ’L.TTLHQ(UQ7 Ul) (57)

is exact, where the double arrow means group action .

If X is localization at a point = of codimension 1. There exists only one non empty closed
subset of positive codimension, which is the closed point x. Hence the set colimIly(Us, Uy ) reduces
to the II; (F')-set IIp(X, X — z). Using the exact sequence we find that the action of II; (F')
on IIp(X, X — ) is transitive and IIo(X, X — ) = II;(F)/II;(X) . Let us denote IIo(X, X — z)
by H; (X;10) .

Let X’ — X be étale morphism between smooth local k-schemes . This will induce morphism

of corresponding associated exact sequences

1—— Hl(X) _— Hl(F> = COZZ"/TLH()(UQ, Ul) (58)
i —— I (X') —= 1L (F') = colimIly(Us, UY)

Now if we allow X’ to be the localisation of X at codimension one points then we get a Iy (F')

invariant map

colimIly(Us, Uy) — Iye x1 Hy (X;11h) (5.9)

Lemma 5.2.11. The above map is injective and its image is the weak product , giving a bijection

s colimlly(Us, Uy) — H;eXIH;(Hl)

Proof. Let z € colimlly(Us,Uy) . Hence x is represented by say (z/,F) where F is a flag but now
for the flag F we have Uy C Uy C X and if Uy contains a point of codimnsion one y then the
inverse image of U is the whole X’ (where X’ is the localisation of X at y) , Hence (2/,F) gets
map to IIg(X’, X') = x whenever y € U; , but by the noetherian property there are only finitely
many codimensional one point outside U; hence the image of the map is inside H;e X1H; (I1y).
O

Corollary 5.2.12. Let k is an inifinte field

1. Let X be smooth local k-scheme with function field F' . Then the natural sequence :
1-IL(X) - IL(F) = H;eXlHyl(X;Hl) is exact .
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2. The Zariski sheaf associated with X — TI1(X) is a sheaf in the nisnevcih topology and

coincides with 7' (B) , which is thus unramified .
Proof. 1. this follows directly from the previous lemma and the the exact sequence .

2. Let G be the sheaf (II1)zq, . If X is local then by the property of Zariski sheaves G(X) =
II;(X) . By 1, take the sheaf associated to the presheaf X — Il cxoG(k(y)) and the
sheaf X — H’yeXng}(X;Hl) . After localisation by part 1 we get the exact sequence
1 - IL(X) — IL(F) = H;Ele;(X;Hl) , so the exact sequence of sheaves , global
sections are left exact, hence for any k-smooth X irreducible with function field F' we get

an exact sequence :
1 - G(X)— GF) =1 Hy(X;G). (5.10)

If X is local of dimension 1 with closed point y, by exact sequence|5.3|we get that H, (X;G) =
H;(X;Hl) = H}WS(X,X —y;m(B)) .

If V — X is an étale morphism between local k-schemes(localisation of smooth k-schemes)
of dimension 1, with closed point 4’ and y respectively , and with the same residue fields

#(y) = x(y') , the map
Hyio(X, X —y;mi(B)) — Hy, (V. V — o/ m1(B)) (5.11)

is bijective .

Using elementary distinguish square and the last isomorphism it can be shown that X +—

H/
Yy

eXlH,; (X;1Iy) is a sheaf in the Nisnevich topology on Smy, .

Using the exact sequence we see that X — G(X) is a sheaf in nisnevich topology
since it is the kernel of the morphism between two Nisnevich sheaves . But now the map
IT; — G induces isomorphism between a(Il;)z4 — G , so it induces isomorphism between
a(Il1)nis — Gnis but G is already a Nisnevich sheaf and a(Il;) ;s = ﬂfl(E). Hence the

. 1 . : :
morphism 7i* (B) — G is an isomorphism .

To show that G is unramified , we can show that G defines an unramified Fj set . D1 can
be constructed as in the proof of theorem section 1. It satisfies D2 follows from exact
sequence . Moreover it satisfies Al follows from . To show A2 consider the exact
sequence , Iy € Npex1G(Ox ) then y fixes the point of H;Ele;(X; IT;) , hence y
is in G(X) . So like the proof of axiom A2 in theorem we can prove that G satisfies
the axiom A2. So G is unramified.

O

Theorem 5.2.13. G is strongly A' invariant .

Proof. To prove the theorem we will directly show that G satisfies (A2)’, (A5) and (A6) . Axiom
(A5)(a) follows directly from the bijection and the description of H}(X;G) for X local of
dimension 1 with closed point v. Now we have the following exact sequence

1= GX) = GF) =1y
an exact sequence of sheaves of dimension < 1 in Nisnevich and Zariski topology. By

1H; (X; Q) for X dimension 1 smooth k schemes, so this gives
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X H; c XlH;(X ; @) is flasque in Nisnevich topology. So we get for any smooth k-scheme V' of
dimension < 1 a bijection

HY (Vi) = Hy,o (Vi G) = GIR)\ Ty HI(X3 G)

For X a smooth local k-scheme of dimension 2 with closed point z and V = X — z, We get
HY,,(V;G) = H3(X;G) . Using the same method as in lemma section 3 we get Axiom
(A5) (b)

To prove (A2’) observe that

colimIly(Us, Ur) =11, i H (X G)

for any smooth k-scheme X .

Let z € X2 and X, be the localisation of X at z , moreover let V, = X, — z . We have
shown earlier that H}, .(V;G) = Hk,,(V;G) = H2(X;G) . And by part 2 of the next lemma we
have HY, (V;G) = o (V) = [(V2)4, Bl . ) , since B is A' local and fibrant and V. is a smooth
scheme of dimension 1.

For a fixed flag F in X , by definition , the composition g(Uz, U1) — II(Usz) — HZ(X;G)
is trivial if z € Uy . So given an element of H;eXIH@} (X; G) which comes from IIy(Us,Uy) , its
boundary to H5(X;G) at points of codimension 2 are trivial except for those z not in Us , but
there are only finitely many such z’s . This proves (A2) .

To show A6 we first observe that using the first part of the next lemma for any field F' € Fy,
the map [Y((AL)4), Bl — [S((A0)4), BG)lm,gy = G(AL) is onto. As B is Al local,
D((AR)+): Bla, ) = [ ((F)4), Bla, () = G(F) and this show that the map G(F) — G(Af) is
onto, it is injective, so it is an isomorphism. So G is A! invariant.

Now using the second part of the next lemma for any k-scheme X which comes from the
localisation of a smooth scheme at a point of codimension < 1, the map [((A%)+),Blu, k) —
[(AX)+4), B(G)] o k) = Hy 5 (Ak; G) is onto. As B is 0-connected and A'-local, this shows that
HY,(AL; G) = x. Now G satisfies A5 hence Hy, (A% G) =« = H}, (Ak; G). So the complex
C*(X; Q) (described in chapter 3) is exact which proves A6.

O

Lemma 5.2.14. 1. For any smooth k-scheme X of dimension < 1, the map [> (X)), Bl g, ) —
R2((X)4), B(G)]m, vy = G(X)

2. For any smooth k-scheme X of dimension < 2 the map
[(X)-i-)a E]HS..(;Q) - [(X)-i-)a B(G)}HS,.U@) = HII\/"L'S (X7 G)

is onto and it is surjective if dim(X) <1 .
Where G = 71(B) .

Proof. Appendix B [MOREL]
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Chapter 6

Al-coverings, 77141(P'”’) and Wfl(SLn)

In this chapter we will first define simplicial covering and A' covering for sheaves of simplicial sets
on Sm/k . Then we will show that like normal algebraic topology there exists universal
simplicial and A covering by and we will also include a weak version of Van Kampen’s
theorem in A! setting . Our main aim is to compute some A' fundamental groups, and

for that we show the following two theorems:

Result 3. For n > 2 the canonical Gy,-torsor A"\ {0}) — P" is the universal A'-covering of

. Lo . 1
P". This defines a canonical isomorhism 7{' (P") = G,,.

Where G, is the simplcial sheaf concentrated at degree 0 represented by A!\ {0}. And we

also have
Result 4. We have 71 (SLy) = KMW.

Using the last result and lemma and lemma we can describe the A'-fundamental
groups of SL,, for all n > 2.

Also we will show that:
Result 5. The fundamental group sheaf 7T1A1 (P') is not abelian.

For the computation part we use K éw W and K. éw , which are Milnor Witt K theory sheaves of

weight 2 and Milnor K-theory sheaves of weight 2 respectively. For details see [MOT], section 2].

. . o 1
6.1 Al-coverings, universal Al-coverings and 7r14

Definition 6.1.1. A simplicial covering (resp. an A'-covering) 2 — X is a morphism of spaces
which has the unique right lifting property with respect to simplicially (resp. A') trivial cofibra-

tions.

Lemma 6.1.2. A morphism Q) — X is a simplicial (resp A') covering if and only if it has the

unique right lifting property with respect to any simplicial(resp. A') weak equivalences.

Proof. First of all it is enough to show that a simplicial covering has unique right lifting property
with respect to any simplicial weak equivalences. Let ) — X be the map and let A — B is a

simplicial weak equivalence , also let us assume that we have the following commutative diagram
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A—=9

|

B —X

Now using the properties of closed model category we can write the map 2 — B as composition
of A — € a trivial cofibration and 2 — ‘B a trivial fibration. Since ) — X is a simplicial covering
so it has the unique right lifting property with respect to trivila cofibartion, so we can assume
that 2l — B is a trivial fibration. Uniqueness of the lifting map comes from the fact that trivial
fibrations are epimorphisms of spaces (7). Next we have that 2 and 9B are cofibrant(by definition
of the model category structure i both cases). Again using the property of trivial fibration ( right
lifting property with respect to cofibration) we can get a map i : B — 2 which is a section of

2A — B and 7 is a trivial cofibration. We have the following diagram

B foi QJ

li |
ngofoiOTr%

Where 7 : A — B. As i is a trivial cofibration we get f oiom = f hence fro the diagram

AT

-

has a solution which is foi:8 — 2. O

Remark 5. A morphism Y — X in Smy, with X irreducible, is a simplicial covering if and only

if Y is a disjoint union of copies of X maping identically to X.

6.1.1 The simplicial theory

Lemma 6.1.3. If9) — X is a simplicial covering then for each x € X € Smy, the morphism of

simplicial sets Y, — X5 is a covering of simplicial sets.

Proof. Let A™* C A™ be the union of all faces of A™ except the i-th face for i € {0,..,n}. By the
theory of simplicial sets we know that A™% C A™ is an weak equivalence and moreover we have
to show that ), — X, has right lifting property with respect to A™* C A". Let x € X and U
be a Nisnevich neighborhood of = then since g — X is a simplicial covering we have the desired
right lifting property of ) — X with respect to A™% x U C A" x U. Hence the map 9, — X,
has the right lifting property with respect to A™* C A™.

O

Definition 6.1.4. Let X be a simplicial sheaf over (Sm/k)yis. A simplicial sheaf X — X over
(Sm/k)nis is called a simplicial universal covering of X if X — X is a simplicial covering and %
simplicially 1-connected, moreover if X’ — X is a covering such that X’ is 1-connected then X’ is
isomorphic (canonically) to X . Also it is the universal object (initail ) in the category of pointed

simplcial covering of X.
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Proposition 6.1.5. Let X be a simplicial sheaf over (Sm/k)n;s such that X is connected. there

exists an universal covering of X.

Proof. Sketch of the proof: Main point of the proof is to use [f} By Postnikov tower, for any
pointed simplicially connected space X, there exist a canonical morphism on H; o(k) of the form
X — BG, where G is the group sheaf 71(X), so by ?? there is a canonical isomorphism class
X — X of G-torsors. By we can point X by lifting the base point of X. X is simplicially 1-
connected, which can be shown calculating the stalks and using the classical theory of silmplicial
sets. We need to show that this ¥ — X gives the universal simplicial covering. Let X' — X is any
other simplicially 1-connected covering. We need to show that this is canonically isomorphic to
the G-torsor X — X. First of all by the properties of we can show that X — X is a simplcial
covering (infact any G-torsor is a simplcial covering). Now observe that X' — X — BG — BG is
homotopically trivial, since X’ is 1-connected. We have a canonical covering EG — BG, which is a
simplicial fibration , so EG is simplicially fibrat. So there is a lifting X’ — EG, and the following
sqaure commutes

X —EG

]

X—BG
By the theory of simplcial sets (covering of simplicial set) and using the previous lemma , this
square is cartesian on each stalk, hence cartesian. So X’ — X is as covering isomorphic to the
covering X — X and also as a pointed covering. Given any pointed simplcial covering X' — X
, we have the connected component of the base point X0 of X', XY = X is still a pointed
simplicial covering. Now we construct universal covering of IO/, by the above porcedure which is
also universal covering of X. So there exists an unique isomorphism form the pointed universal
covering of X to the pointed universal covering of X%, So the composition X — X' is the unique
morphism of pointed covering spaces. So we have X — X as the universal object in the category

of pointed simplicial covering of X. O

6.1.2 The A'- theory

A simplical trivial cofibration is a A'-trivial cofibration by definition. Hence a A'-covering is also

a simplicial covering.

Lemma 6.1.6. 1. A G-torsor 9 — X with G a strongly A'-invariant sheaf of groups is an

Al-covering.

2. Any G-torsor ) — X in the étale topology, with G a finite étale k-group of order prime to

the characteristic, is an A'-covering.

Proof. 1. The set P(%,G) of isomorphism classes of G-torsors over a space X is in one to one
correspondence with [X, BG|g, ). Now G is a strongly Al-invariant sheaf of groups implies

s

BG is A'-local (7). So we have P(X,G) = [X, BG]y, () = [X, BGlux). Now we have the
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following commutative diagram

q—t9

. lg
B—X
where 2 — B is a A'-trivial cofibration. So we have a bijection [B, G|y — (2, Glum)-
Commutativity of the above square shows that if we pullback the G-torsor ) — X over B
and then restrict it to 2 , it becomes a trivial G-torsor over 2(?) , but since [B, BG] g ) —
[, BG] gk is a bijection the pullback to B itself is the trivial G-torsor B x G, so we have
a section s : B — B x G — P of the map P — X. The composition som : A — ) might not
be equal to the morphism f : 2 — ). But by properties of G-torsors there exists g : 2 — G
such that som = g.f(?). Now G is A! invariant so the map Hom(B,G) — Hom(2,G)
is a bijection. Let § : B — G be the extension of g. Now we have §~'.s : B — ) whose
composition with 7 gives the map f. Now suppose there exists another map s’ : B — 2
such that s’ o m = f then there exists §’ : B — G such that §~'.s = §’.s’ but then we
have ' o = §'.s’ om = ¢'.f = f which implies ¢’ = id € Hom(2, G), but Hom(B,G) —
Hom(2, G) is an isomorphism, hence §’ = id € Hom(B, G). So the uniqueness follows.

2. The space Bet(G) = Rm.(BG) is Al-local where 7 : (Smy)er — (Smu)nis is the canonical
morphism of sites.But then [X, Bet(G)| g k) = [X, Bet(G)] (k) = Homp, (smy)., (7" (X, BG) =
HL(X;G). Moreover if 2 — B is a Al-trivial cofibration then H}(8;G) — HL(A; G) is
a bijection. Again since G is A! invariant Hom(B,G) — Hom(2, G) is an isomorphism.
Hence the same reasoning as in part 1 will give the proof.

O

Remark 6. In particular any G,, torsor is an A! covering . Let A = k[xo,...,,]. So P =
Proj(A). We have P" = |J!"_, Dy (z;) and Dy (x;) = Spec((As,; )o). This gives a map (A, ) —
Ay, which gives map A"\ {0} = U, Spec(As,) — Di(z;) = P". This map gives a G,
torsor A"\ {0} — P™. In particular for any smooth projective variety of non zero dimension

has nontrivial A! covering by pulling back the G,, torsor A"\ {0} — P™ over the variety.
Lemma 6.1.7. 1. Any pull back of an A'-covering is an Al-covering.

2. The composition of two A'-coverings is an Al-covering.

3. Any A'-covering is an A'-fibration.

4. A morphism 91 — 2 of Al-coverings 9; — X which is an A'-weak equivalence is an

isomorphism.

Proof. 1. Suppose P — X is an Al-covering and 3 — X is any morphism suppose there exists

a commutative diagram

*f>33 Xx 3

™ \Lg
3

RB<—1R




such that the map 2 — B is an A'-weak equivalence then we have the following commutative

diagram

A—Yxx3—=9

R

B 3 X

Now ) — X is an Al-covering implieas there exists a unique map B — ) comuuting the
above diagram , but then using the universal property of pullbacks we get a unique map
from B — P xx 3.

.Let f:9 — Xand g:2" — 9 be two Al-covering. And let we have the following diagram

p /
—

2 2
-
B—> X
Where 2 — B is an A'-weak equivalence. Then we have the following commutative diagram

pog

A% )
Pl
B — > %

Which by definition gives a unique morphism ¢’ : 8 — %) such that the two triangles

commutes. Now using this ¢’ we have the following diagram

A *p> 23/

lﬂ- \Lg

ql

B——=9
Which again by definition gives a unique morphism ¢” : B8 — ).
. Follows from the definition of A!-fibration.
. Y1 — P2 We have the following diagram

id

D1 —— D

lh l

Do LA X

So we have a unique map g : 9o — 21, which is also an A'-weak equivalence by the

properties of model category, and g o h = id. Using this g we have the follwoing diagram

V; —2> 9,

.

@1L>
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So by definition we have a unique map ¢’ : 21 — 22, such that ¢’og = id. So g'ogoh = ¢,
which implies ¢’ = h.
O

Theorem 6.1.8. Any pointed A'-connected space X admits a universal pointed A -covering X —
X in the category of pointed covering of X. It is (up to unique isomorphism) the unique pointed

Al-covering whose source is A'-simply connected. It is a 71'141 (X)-torsor over X.

Proof. Sketch of the proof (for details see [MOI] page 119, Theorem 4.8.: Let X be a pointed
Al-connected space. Let X — L41(X be its Al-localisation. Let X4 be the simplicial univer-
sal covering of L 41(X) constructed in simplicial case. It is a m41(X) torosor from the way we
constructed it. By lemma X 1 — Lai(X) is an A! covering, since 741 (%) is strongly A!
invariant. Let X — X be its pullback to X. This is a pointed 741 (¥)-torsor and also a pointed
Al-covering by previous lemma. Our aim is to prove that X — X is the pointed A!-covering.
Then it can be shown that to prove the universal property , it is enough to show that X —Xis
the universal object in the category of pointed A! connected A' coverings of X. Let ) — X be
pointed Al-covering of pointed A'-connected simplcial sheaves of sets. An let X — L41(X) be
the Al-localisation (hence it is A'-weak equivalence). By 1emma we have a cartesian square

of pointed simplicial sheaves

) ——

|

XHLAI(%)

with )’ — L4:(X) a pointed A'-covering. By simplicial theory we have a unique map X1 —

L 41(X). By pulling back over X gives a commutative diagram of Al-coverings:
X
X
We have to show there exists a unique map X — ), making the above diagram commutative.

Suppose there exist two such maps f; for ¢ € {0,1} then using the lemma we have the

follwoing diagram

*)29
id

|

Hx

fi

F—%
-
Since X; is 1 — A! connected and 9) is Al-local, X; — 2)’ is the simplcial universal pointed

covering of )’ (and also of L1(X)). So we have a unique isomorphism ¢ : Xy — X of pointed

simplcial covering. To show that fy = f;, then becomes equivalent to ¢ o fo = fl. But then we

have a morphism 9 : X — 71'{‘1 (%), such that fi = P.(po fo), where . means the action induced
by . Since X is Al-connected, so ¢ factors as X — % — wf‘l(x). But all the morphisms are

pointed, so * — 7ri41 (X) is the neutral element hence ¢ o fo=fi.
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Now if 9) — X is a pointed A'-covering with ) 1 — A" connected, then the morphism X —
) is an Al-weak equivalence (using the arguement above), and thus by lemma it is an

isomorphism. O

Lemma 6.1.9. Let Q) — X be a pointed A'-covering between pointed A'-connected spaces. Then

or any A'-weak equivalence X — X', there exists a cartesian square of spaces
)

) —9

|

X—x
in which the right vertical morphism is an A'-covering ( and thus the top horizontal morphism

is an A'-weak equivalence).
Proof. IMOI], page 121, lemma 4.9. O

By Postnikov tower we have the follwoing bijection for any pointed connected simplcial set
X: [X,BGly, k) = Homgr(m(X,G). Where Gr is the vategory of sheaves of groups. If G
is a strongly A'-invariant sheaf, we get in the same way (X, BG]u, () = Homgr,, (wf‘l(x, G),
where Gr 41 is the category of strongly Al-invariant sheaves of groups. It can be shown that the
inclusion Gry1 C Gr admits a left adjoint G +— G 41, with G 41 := Wfl (BG) = m1(L A1 (BG)). So,
Gr 41 has all colimits, so we have a sum too, denoted by +A" and defined by , *AIGZ- for a family
of strongly A'-invariant sheaves of groups, *flGi := (%;G}) a1, where x is the usual sum in the

category Gr.

Theorem 6.1.10. Let X be an A'-connected smooth scheme. Let {U;}

of X by Al'-connected one subscheme which contains the base point. Assume further that each

iel be an one covering

intersection U; (Uj is still A'-connected. Then for any strongly A'-invariant sheaf of groups G,
the follwoing diagram *f;ﬂfl(Ui NU;) = «ANU;) — 7 (X) — x is right ezact in the category

GTAl .
Proof. [MO1], page 123, theorem 4.12. O

Theorem 6.1.11. For n > 2 the canonical G,,-torsor A"\ {0}) — P" is the universal A'-

~

. ) o ; 1
covering of P". This defines a canonical isomorhism 77 (P") 2 G,,.

Proof. by remark |§| we know that A"T1\ {0}) — P" gives a G,, torsor, so it is an Al covering.
As A"\ {0}) is simplcially 1-connected, we know by [MOT|, theorem 3.38, page 104, that
A"\ {0}) is 1-A'-connected. Hence we have our result.

O

6.2 The fundamental group sheaf 7 (SL,)

In this section we will compute 7Ti41 (SLy)

Theorem 6.2.1. We have 7 (SLy) = KMW.
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Proof. Sketch of the proof : For n =1, A%\ {0} is not A'-connected, since by ([MOTl page 104,
Thm 3.40], 7' (A2 \ {0}) = KMW. Now we have map SLy — A2\ {0}, given by SLy(F) —

b
A%\ {0} (F), for any field F' over k, the matrix < “ g ) mapping to (a,c). But then we have
c

t
a map A%\ {0} x A' — SL, , defined by matrix (a,c),t maps to matrix “
¢c (1+ct)/a
-1
( t)/c The composition A? \
c
{0} x A' - SL, — A%\ {0}, being the canonical projection A%\ {0} x A! — A%\ {0} , it

is A' weak equivalence. Moreover the map A? \ {0} x A! — SL, is a simplicial equivalence,

if a is nonzero, else ((0,c),¢) mapping to the matrix (

hence A! weak equivalence. So the morphism SLy — A2\ {0} is an A! weak equivalence. Hence
' (SLo) = i (A% {0}) = K™ 0

Lemma 6.2.2. Let G be a group space which is A'-connected. Then there exists a unique group
structure on the pointed space G for which the A'-covering G — Gisan (epi)-morphism of group

spaces. The kernel is central and canonically isomorphic to ﬂfl(G).

Theorem 6.2.3. The universal A'-covering of SLy admits a group structure and we get a central

extension of sheaves of groups 0 — Kéww — SLy — SLy — 1.

~ KMW

Theorem 6.2.4. The canonical isomorphism 7TA1(SL2) induces through the inclusions

SLy — SLyn, n >3, an isomorphism KY = K¥W /n =~ 78" (SL,) = 78" (SLs).

IMO1], page 127, theorem 4.20.

O

Proof.

Lemma 6.2.5. 1. Forn > 3, the inclusion SL,, C Sl,,+1 induces an isomorphism 7ri41 (SL,) =
77141 (SLpt1)-

2. The inclusion SLy C SLs induces an epimorphism 7 (SLy) — 7' (SLs).

Proof. Sketch of the proof: Let SL!, C SL, 41 the subgroup formed by the matrices of the form
10 ... 0

*

M

*
with M € SL,. The inclusion SL,, C SL!, gives us SL! as the semidirect product of SL,,

and A™, hence as simplcial set SL!, is the product A™ x SL,. The group SL!, is the isotropy
subgroup of (1,0, ...,0) under the right action of SL, 1 on A"*1\{0}. So we have an SL!, Zariski
torsor SLy,4+1 — AT\ {0}. Where the map SL,, 11 — A"\ {0}, assigns to each matrix its first
row. This is an simplcial fibration sequence and by [MOIl page 111, theorem 3.53] this is also an
Al-fibration sequence. From this fibration sequence we get long exact sequence of A'-homotopy
groups. Now using the facts that A"\ {0} is n — 1-A'-connected and SL,, C SL/, is an A'-weak

equivalence we get our result.
O
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6.3 Computation of 7 (P')

Let Gy, := A'\ {0}. Then by [MV] page 112, corollary 2.8, page 111, lemma 2.5], we have a
canonical isomorphism P! 2 }° (G,,) in He(k), which is induced by the covering of P! by its
two standard A%’s intersecting to Gp,. So we have 7' (P1) & 7’ (>-.(Gr)). We will denote the
category of sheaves of pointed sets on Smy, by Shve. The canonical map from S — 71 (3_,(95))
composed with the map 71(>,(5)) — ﬂ'{‘l(ZS(S)), for S € Shv, will be denoted by 8s.

Lemma 6.3.1. The morphism 0s induces for any strongly A'-invariant sheaf of groups G a
bijection Homgr(ﬂfll(zs(S)), G) 2 Homgp, (S, G).

Proof. [MO1l, page 129, lemma 4.23]. O

From now on we will denote 7!’ (- ((Gm)™)) by Fa1(n). Our aim is to calculate F41(1) and

show that it is not abelian.

Remark 7. 1. Let X and 9 be two pointed simplicial set. We denote X % ) (the reduced
join of X and 9)) by the quotient of A! x X x ) by the relations (0,z,y) = (0,2,%),
(1L,z,y) = (1,2',y) and (¢,20,%0) = (t,20,y0) Where xo (resp 7o) is the base point of X
(resp. ).

2. We can cover A%\ {0} by G,, x A' and A! x G,,, such that the intersection is G,, X G,
which gives that A%\ {0} is Al-equivalent to G, * G,,.

3. The join C(X) := X « (o) is called the cone of X. It is the smash product of A A X, where
A is pointed by 1. Let X C C(X) be the canonical inclusion. The quotient is (3, (X)).
We dfine C’(X) as the smash product A! A X, where A! is pointed by 0. The join X *
contains the wedge C'(X)V C’(X) and the quotient (Xx9))/(XVY) is (3°,(X) x D). Also the
quotient (Xx9))/(C(X)VvC'(X)) is (3_,(X)VD). So the morphism of pointed spaces X% —
> (X)VY) is a simplcial weak equivalence. So using the map ) (X)xQ) — > . (¥)VvY) and
the map X+ — > (X) x9Q), we get amap in Hy o (k) : wx g : 2 (X)xD) — > (X)x9D).

Lemma 6.3.2. The morphism wx g is equal to the morphism (pl)*l.ldzs(x)xgn).(pg)’l in
Hy o(k), where py is the map Y (X)) xQ) — > (X) — > (X) xD) induced by the first projection,

and py is induced by the second projection.
Proof. [MOI1l, page 130, lemma 4.25]. O

Remark 8. 1. Let G be a sheaf of groups . There is a map of pointed simplicial sheaf of
groups (ug)' : G x G — G, given by (g,h) — g~*.h. This morphism induces a morphism
A x G x G — A x G, which gives a morphism 7¢ : G x G — Y (G). This map is called
the geometric Hopf map of G. Now in H, 4(k) the map G« G — Y (G A G) is invertible,
so we get a map (ng) : Y (G AG)Y (G).

2. By[7]the map A%\ {0} — P! is same as the map (ng,,)" : 3, (Gm AGn) Y (Gr) in Ha(k).
Now G acts diagonally on G * G and ng : G* G — > (G) is a G-torsor. By [MOIl page
111, theorem 3.53] the simplcial fibration G * G — > _(G) — BG is also an A'-fibration

sequence if 7" (G) is a strongly Al-invariant sheaf.
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So by the previous theorem we have the follwoing corollary:

Corollary 6.3.3. For any sheaf of groups G, the composition ) (GxG) — > (GAG) — > (G)

where the last map is (1)’ is equal in Hom, o (3,(GXG), 5,(G)) fo (£, 001~ 5, (6).(Z,(or2)) 7,
where x1 is the composition pri : G x G — G; (g — g~ ') : G — G and pry is just the second
projection from G x G — G.

Remark 9. Now for our case G = G,,. We have an A'-fibration sequence G,,,xG,, — > (Gp) —
BG,,, which is equivalent to A%\ {0} — P* — P> in H,(k). Now the simplcial sets P! and
P> are Al-connected, so from the long exact sequence of homotopy sheaves we get a short exact
sequence: 1 — KMV — Fui(1) — G, — 1. We have g, : G,, — Fa1(1) the section coming

from As the sheaf of pointed sets F41(1) is the product K™ x G,,, by the section g

m”*

The following result entirely describes the structure of Fa1(1)

Theorem 6.3.4. 1. The morphism of sheaves of sets G, X Gy — KS/IW induced by the
morphism (U, V) — (Q(U=))"L9(UV)(O(V))~! is equal to the symbol (U, V) — [U][V].
2. The follwoing short exact sequence

1— KMY S Fui(1) = G — 1 is a central extension.
Proof. [MO1l page 132, theorem 4.29]. O
Theorem 6.3.5. The sheaf of groups Fai(1) is not abelian.

Proof. By [MOIl page 132, theorem 4.29], we get §(U)8(V) =< —1 > [U][V]O[UV]. Which
implies O(U)0(V)O(U)~t = h([U][V])O(V). Let for any field k, the field F = k(U,V) be the
filed of rational functions in U and V over k. The composition of residue morphism Jdy and Oy
commutes with multiplication by h. The image of the symbol [U][V] is one, and h € K}MW (k) is

nonzero hence we have h([U][V]) € KW (F) nonzero. O
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Appendix A

(7-torsors and non-abelian

cohomology

Definition A.0.6. Let C' be a Grothendieck site, G is a sheaf of groups on C. A G-torsor is
defined to be a sheaf of set S with a free G-action G x S — S such that S/G = * in the sheaf
category. The requirement G x S — S is free means that the isotropy subgroups of G for the

action are trivial in all sections.

Let X € Smy and Xps(or Xz4,) denotes the small site whose elements are the étale sep-
arated finite type X schemes (covering of X in Zariski topology) and morphisms are morphism

between schemes (for X € Smy we can also consider the morphism to be smooth).

Let G’ is a sheaf of groups on (Smy)nis, X € Smy, , G' | Xnis(or G | Xz4r) is a sheaf of

groups on X pns(or Xzq.)-

Definition A.0.7. The first cohomology H ., (X; G)(or HL,, (X;G)) is equal to the isomorphism

classes of G-torsors on Xpy;s(or Xzar)-

Lemma A.0.8. If G is a Nisnevich sheaf of groups such that for any open immersion U — V|
the map G(V) — G(U) is surjective, then H. . (X;G) = 0.

Proof. The main step is step 1 , after that the proof follows from induction arguement.

step 1 if

pH(U)—=V
|,
v—L1—>x
is a Nisnevich distinguished square, and T a G-torsor on X that is trivial on U and on
V, then T is trivial. Let s in T(V) and t in T(U). There exists g in G(p~1(U)) such

that g.(t | p1(U)) = s | p1(U). As G(V) — G(p~1(U)) is onto, there exists ¢’ in G(V)
inducing g. Define ¢’ = ¢’.t in T'(V). The restriction of ¢ and s on p~1(U) are the same,

they glue to give an element in T'(X), so the torsor T is trivial.
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step 2 Then starting from a G-torsor T on a Noetherian scheme X, it is enough to show that the
restriction of T' to the local schemes of X, then for any z € X there will exist an open
neighbourhood U,, of x such that the restriction of T' to U, is trivial. Then we can choose
a finite set of these U, that cover X and by induction using step 1 above we can show that

T is trivial over any finite union of these U,.

step 3 Let X local of dimension d with closed point z. Then by induction on the dimension, for
smooth (or local or open subschemes of a local scheme) of dimension < d the restriction of
T on those schemes is trivial. This implies that for any U — X — x étale, the inverse image
of T over U is trivial. By hypothesis T is locally trivial for the Nisnevich topology, so there
exists p : V — X étale with a rational point ' in V' over x such that T restricted to V'
is trivial. We can choose V so that p~1(x) = 2’. Then, we have a Nisnevich distinguished

square:

(v —a)—>V

|

(X —a) > X
The torsor T is trivial on V and on X — x, so step 1 implies that T is trivial over X.

O

Definition A.0.9. If G is a sheaf of groups on Xz, (or Xn;s) and Z a closed subset of X, then
HL(X z4r; G)(or HL (X nis; G)) [first cohomology group with supports in Z] can be defined as the

set of isomorphism class of G-torsors equipped with a trivialisation on X — Z.

Remark 10. If G is a Nisnevich sheaf such that for any scheme X, H}, .(X;G) = Hy,,(X; G),
then for any X, Z, we also have H}(X z4r; G) = HL(Xnis; G).

Remark 11. Now, if we have a Nisnevich distinguished square, then the canonical map H }(_U (Xnis, G) —

H‘l,_p,l(U) (Vnis; G) is bijective.

Remark 12. Now, in the situation considered in chapter 3 lemma 44, we have H!(O,;G) =
G(F)/G(O,). This set is isomorphic to the set H!((O,)zar; G)(using torsors). Consider G
torsors on Spec(O,) equipped with a trivialisation on the generic point SpecF. For any s in
G(F), consider the trivial torsor 7' on O, equipped with the trivialisation on SpecF' given by
the element s of T(F). This defines a map G(F) — H!((Oy)zar; G) which induces a bijection
G(F)/G(0v) = Hy((0v) zar; G).
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Appendix B

B.G properties and Al local

properties

Definition B.0.10. A simplicial sheaf B on Smy, is called A'-local if for any simplicial sheaf Y
the map Homy, (Smy)(Y,B) — Homp, (Smy)(Y x A, B), induced by the projection Y x A — Y

is a bijection. ( A! is the simplicial sheaf represented by the affine line ).

Definition B.0.11. Let B be a presheaf of simplicial sets on Smy, we say that it satisfies the A'-
B.G property in the Nisnevich topology if it satisfies the B.G property (5.2.2)) described in chapter
4 (where the B.G class of objects are all the objects of Smy) and if moreover, for any X € Smy
the map B(X) — B(A! x X) induced by the projection A! x X — X is a weak equivalence.

Lemma B.0.12. Let B be a simplicial presheaf which satisfies the A'-B.G property in the Nis-
nevich topology and let an;s(B) be its sheafification in the Nisnevich topology. Then an;s(B) is
Al-local.
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