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Chapter 1

Introduction

A Thue equation is a Diophantine equation of the form
F(z,y) = m (1.0.1)

where F(x,y) € Z[z,y] is an irreducible homogeneous polynomial in two variables of
degree r = 3 and m € Z is an integer number. It is named after Axel Thue, who in
1909 has shown that equations of this kind has only finitely many integer solutions. We
will discuss the proof later on. Other approaches to the problem were performed also by
Th.Skolem and A.Baker. Th.Skolem used p-adic power series, under weak restrictions on
F and A.Baker used lower bounds for linear forms in logarithms.

Later, there have been put another question: Does there exist an upper bound for the
number of solutions not depending on the polynomial F but only on the degree r and
integer m ¢ The first results were obtained by C.L.Siegel for a specific case when r = 3
and F(z,y)=ax®—by*€Z.

But, the question was answered by J.H.Evertse ([2]) in the general case. Evertse’s
method was based on the ideas of Siegel and Baker to reduce the problem to the specific
cases which are more comfortable to work with. Firstly, he considered the equation of

the form |az” — by"| = ¢ where he obtained 2r*(® + 4 as an upper bound for the
number of solutions with w(c) is an integer number depending on ¢ € N. Also, the
equation |F(z,y)| = 1 with F is a cubic polynomial with positive discriminant was

investigated. As a result in this case, it was obtained that the equation has at most twelve
solutions. Finally, some approaches in equations in number fields and techniques of Pade
approximation were used to obtain the following upper bound for the number of primitive
solutions of the equation (1.0.1)

715((g)+1)2 46 x 72(5)(t+1)

where t is the number of prime divisors of m .
In our work we consider a particular type of the Thue equations

|F(z,y)| = 1 (1.0.2)

under the same conditions for F'(z,y) € Z|z,y| as above and we deal with the problem
of finding an upper bound for the number of integer solutions, we describe the method of
E.Bombieri and W.M.Schmidt.



It is clear that each integer solution of (1.0.2), if exists, consist of coprime numbers
(x,y). Also, if (z,y) is a solution then (—z,—y) is so too. Therefore for simplicity we
consider only one of these solutions, more precisely throughout the thesis we only work
with solutions such that y = 0 without mentioning.

As a main result we derive the following relation for the number of solution of (1.0.2).

Theorem 1.0.1. Let F(z,y) € Z[x,y] be an irreducible homogeneous polynomial of
degree r = 3. Then for r > c, the number of integer solutions of the equation

|F(z,y)| =1

which solutions (x,y) and (—x,—y) are regarded the same, does not exceed 2151, where
c¢> 0 1is an absolute constant.

Firstly, we classify the polynomials satisfying the above conditions according to the
number of solutions of (1.0.2). Then it allows us to consider one representative from each
class instead of working with all polynomials. We also show that as such a representative
we can take the polynomials whose leading coefficient is 1, for this purpose we construct
the so-called auxiliary forms.

Also, we derive a decomposition of Z? into finitely many smaller sets Z? = U \Z; ,
using this decomposition we can only deal with polynomials whose discriminants are big
enough. Here, a key point is the fact that the number of solutions of (1.0.2) does not
exceed the sum of the numbers of solutions in each Z;, 1 =0,...,n.

The proof of the main theorem is based on two steps, firstly we deal with finding a
bound for the number of solutions (x,y) whose heights H(x,y) = max(|z|, |y|) is not less
than some fixed number M > 0 and then for the solutions (x,y) with y < M, which
we call large and small solutions respectively. Obviously, large and small solutions cover
all the solutions.

In the first case, we need some additional theorems. We state the Lewis and Mahler
estimation and the Thue-Siegel principle in specific cases ([5]) with proofs. Also, we
develop the so-called Strong gap principle. Using these approaches we conclude that 3r
is an upper bound provided r sufficiently large.

In the second case, we use an auxiliary polynomial and some tricks to show that the
bound is 212r.

Actually, this result can be applied to obtain a bound for the number of solutions of
(1.0.1) too, more precisely if the number of solutions of (1.0.2) does not exceed N, then
N,r' is an upper bound for the number of solutions of (1.0.1), where ¢ is the number of
prime factors of integer m .



Chapter 2

Additional theorems and facts

2.1 The Thue theorem about finiteness of solutions

As we mentioned before, we first show that (1.0.1) has only finitely many solutions under
fixed coefficients. For this we need the following theorem due to Thue.

Theorem 2.1.1 (Thue). Let o € C be an algebraic integer number of degree r = 2, then
for any € >0 and ¢ > 0 the inequality

c

q§+1+5

can have only finitely many solutions with p € Z and g€ N.
This result will be directly used in the proof of the following theorem.
Theorem 2.1.2. Let

F(x,y) = apx” + ay2” 'y + ... + a,y" € Z[x,y], r =3

be an irreducible polynomial with ag > 0 and let m € Z be any integer, then the number
of integer solutions of the equation

Fz,y) = m (2.1.1)
is finite.

Proof. We consider the following two cases separately:

1) m = 0 then the equation has no integer solutions except trivial one, because F' is
an irreducible homogeneous polynomial of degree r = 3.

2) Suppose m # 0. We consider the polynomial f(z) = F(z,1) then we have that
f(2) = apz" + a12" ' + ... + a,_12 + a, € Z[z] is also an irreducible polynomial in one
variable, let aq, ..., , be its roots. Then we have the factorization

Flo) =f (1) = a0 - a)e o= a)

So, solutions of (2.1.1) satisfy the relation

m
|z — aqyl...|r — apy| = Im| (2.1.2)
Qo
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Product of r numbers equals to % therefore there exists k£, 1 < k <r with

m
|z —apy| < 4 Im| (2.1.3)
ap
Take v > 0 such that v < min|a; —«;|,7 # j, it is possible since aq,...,a, are the
different roots of the irreducible polynomial. The inequality (2.1.3) then implies

m
|x—mm=um~wmy+m—awn>mh—%mwﬁx—%m>vm—4ﬂf (2.1.4)

forall i=1,...,r, i1 #k.
It is clear that if y is bounded then the number of solutions is finite. Therefore,
throwing away finitely many solutions, if needed, one can assume that

r/ml

ao

lyl >
Then from (2.1.4) we obtain that
1 ‘ .
o~ aiy| > salyli = 1, i # .
Thus, for the product of » —1 components the following relation holds
1 r—1
[ [l = cuyl > (évlyl)
i#k

Now, applying this fact in (2.1.2) we obtain

| 1< ° m|
T — ory 7, C= ————— 71
ly[* agp (%'y) !
or equivalently, for almost all the solutions (z,y) we have that
x c
ap——| < (2.1.5)
yl oyl

But, by the Thue theorem the last inequality has only finitely many solutions x,y € Z,
y # 0 for any integer n = 2 and ¢ > 0. We have that all, but finitely many integer
solutions of (2.1.1) satisfy the relation (2.1.5), which implies that the number of solutions
cannot be infinite.

Corollary 2.1.1. Let F' be as in the definition of the last theorem. Then the equation
|F(z,y)| =1 (2.1.6)
has only finitely many solutions.
Proof. The proof follows from considering the two equations
F(x,y) = 1.

Each of these equations is a particular case of the Theorem 2.1.2 with m = 1 and
m = —1, therefore the number of solutions of 2.1.6 is also finite. O
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2.2 Discriminant of the polynomial

Let F(z,y) = apx” + a1z" 'y + ... + a,y" be an irreducible homogeneous polynomial with
integer coefficients, of degree r > 3. Suppose aj, ..., a;, be the roots of the polynomial

f(x) = F(z,1) = apz” + a2 " + ... + a,

then we have

F(z,y) = ao(x — qy)...(x — a,.y)
Now, we define the discriminant D(F') of the polynomial F using the determinant of
the Vandermonde matrix

I g o ... ot
v I ay a2 ... af!
1 a o ... o'!
as D(F) = a3" ?(det V)2, more precisely
D(F) = ag"* ] [(ei — o)? (2.2.1)

1<j
Let us see what happens if we change (z,y) by A(x,y), where A is a matrix with
non-zero determinant of the form A = CCL Z € GLy(Z) and A(x,y) = (ax+by, cx+dy).

Consider the polynomial Fy(z,y) = F(azx + by, cx + dy) . Then
F(ax + by, cx + dy) = box" + byz" 'y + ... + by"

for some integers by, .

by
Evaluating F4 at (1

,0) we can see that
bo = F(a,c) (2.2.2)
Consider the equation
Fa(z,1) = ag(ax +b)" + ay(ax + b)) Hex +d) + ... + a,(cx +d)" =0

We note that we can assume cx + d # 0, otherwise the equation has a solution only if
ax + b = 0, but this contradicts to the assumption that det(A) # 0. So, dividing both
sides of the equality by non-zero term (cx + d)” we obtain

ar +b\" ar +b\"* ar + b
ao(cx—i—d) ta (C%Ld) +...+ar—F((Cx+d>,1) =0 (2.2.3)

According to our assumption, the equation F'(z,1) = 0 has solutions aj, ..., a, , then
solving the equations

ar +b
cr+d
for i = 1,...,7 we obtain that the roots of (2.2.3) are
ap—b o, —b
b=y =

Y
a— aic a — q,c
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Then for the difference of these roots we have

a;—b oa; —b o — oy
Bi — B = - = det(A) ’

a—oc a— o e (a — a;c)(a — ajc)

and we obtain the following relation

2 r(r—1 Qj — ? r(r—1 Hi<j(aj — ;)
[165 -0 =aerar ] (it ) =ty 2 35

iy F L\ (@ —qic)(a — aj
1<j 1<<j

2

Taking into account the fact (2.2.2) we get

2r—2) Hi<j (aj o ai)z

_ r(r—1)
o = det (A D()

D(Fa) = 2] [(Bi=8;)? = b3~ -a3 2 -det(A)

1<j

Thus, the change of variables (z,y) — A(z,y) gives the following relation between
the discriminants of the polynomials F4 and F

D(Fy4) = det(A)""~YD(F) (2.2.4)

2.3 Simplification of the form F' and normalization

2.3.1 Decomposition for Z?

For simplicity we need to consider the forms satisfying certain properties. More precisely,
we want to work with polynomials which have quite big discriminants.

Lemma 2.3.1. For any prime p we have the following decomposition of 7.2,

p
7= A7
j=0

where Ay = (g ?),Aj: (2 _jl)’jzl,...,p

Proof. Indeed, take any pair (z,y) € Z?.If x =0( mod p), then x = p-2’, some 2’ € Z,

() () - win=con

Now let = # 0( mod p). We again consider two cases:
1) y =0( mod p), then y = py’ for some 3y € Z then taking (y + z,—x) € Z* we
obtain

A +o=a) = (3 ) (V0) = @tk o) = ) = (e

p p -z
2) y # 0( mod p). Then we want to find (2’,y') € Z* and j,1 < j < p—1 such that

A’ y') = (0 _-1) (x:) = (—y,pr’ +jy') = (z,y)

b J )
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Take 3’ = —x, then it is enough to show that the equation px’ — xj = y has a solution
,jeZ, 1 <j<p—1.Ttis clear that —zj = y( mod p) has such a solution
1 <j<p-—1since z,y # 0( mod p), i.e,, y+ zj = 0( mod p). Choose =’ = %,
then A;(2',y) = (z,y).
Thus, for any pair (x,y) € Z? there exist j, 0 < j < p and (2,y') € Z? such that
(z,y) = A;(¢',y') ie., the decomposition above holds.
]

This decomposition allows us to restrict ourselves with finding an upper bound for
the number of solutions in each A;Z?. Then, the number of all solutions of (1.0.2) in Z?
does not exceed the sum of number of solutions in all these sets.

We note that if (z,y) = A;(2',y’) is a solution of (1.0.2) then

|F(z,y) = [F(A;(«",y)] = [Fa; (2", 0)] = 1

and from (2.2.4) we have that |[D(Fy,)| = p""~D|D(F)|, since det(A;) = p for any
0 < j <p. Now denote by N,(p) the number of solutions of (1.0.2) for the polynomials
with

[D(F)| = pY

Then the number of solutions in each set A;Z* does not exceed N,(p), therefore for N, ,
the number of all the solutions in Z? we have

N, < (p+1)N:(p)

We note that p is any prime number that we have not put any additional conditions
yet, it will be fixed at the end of our discussions.

2.3.2 Classification of polynomials

Let F and G be two irreducible homogeneous polynomials in two variables of the same
degree. Then these polynomials are called to be equivalent, if the equations

[F(z,y)| =1 and |G(z,y)| = 1

have the same number of solutions, and for equivalent polynomials F' and G we use the
notation I’ ~ G . The first easy example of equivalent polynomials is F' and —F', where
F satisfies the conditions above. Also, we note that if A€ SLy(Z), then Fy ~ F.

By this definition of equivalence the set of irreducible homogeneous polynomials of
degree r > 3 is divided into several classes. Using, this classification we can replace
polynomials with equivalent forms which is easier to work with.

Now suppose that (1.0.2) has a solution (z,yo) for some fixed F'. Then, there exists
A € Sly(Z), such that A~'(xg,y0) = (1,0). Therefore, (1,0) is a solution of of the
equation |F4(z,y)| = 1. We have that F4(1,0) = by, where by is the leading coefficient
of the polynomial Fj, hence by = +1. As F, F, and —F4 are equivalent, therefore
considering an equivalent form F4 we can restrict ourselves to forms which are normalized,
that is with the leading coefficient equal to 1. Therefore, without loss of generality we can
assume that the polynomial F' is normalized if needed.
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2.4 Mahler height and the Mahler inequality
Let F(x,y) € Z|x,y| be a polynomial as in (1.0.2), denote f(x) = F(x,1), then it is

irreducible polynomial in one variable and let aq, ..., o, be its roots.
We define the Mahler height of the polynomial F' as

M(F) = |ao| | [ max(L, [o])
i=1
with ag is the leading coefficient of F'.

2.4.1 Hadamar’s inequality

Is the Mahler height and discriminant of the polynomial F' related to each other, if so,
what is the relation? To answer this question we need the following theorem by Hadamar.

Theorem 2.4.1. Let

a1 a2 ... QAip
A _ 21 A22 ... QA9pn
Ap1 Ap2 ... Qpp

be a matriz with complex entries. Then we have the following inequality

(det A)* < [ [(lanl® + lal*... + |ai|?)
=1

1

Now, we apply this theorem to the Vandermonde matrix,

1 a o ... o
-1

1 o a2 ... o

V = 2 2
1 a, a? art

Then we obtain that

T r r 2r—2
(det V)? < n(l +ag]? + e 7?) < | [ r(max{1, |oy[})* 72 =" (H max{1, |al|}>
i=1

i=1 =1

That is,
r 2r—2
|ao|* 2 - (det V)2 < |ao)* 2 - 7" (H max{1, |a2|}>
i=1

So, from the definitions of D(F) and M (F) we obtain the following relation between
the Mahler height and the discriminant of the polynomial F

|ID(F)| < r"M(F)* 2 (2.4.1)
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2.5 The Lewis and Mahler estimation

We recall that in this and all the next sections we assume that F' is irreducible homoge-
neous polynomial in two variables with integer coefficients, of degree r > 3.
Let x and y be two coprime integer numbers, then we define the height of the point
(z,y) by
H(z,y) = max(|z, [y])

Then we have the following estimation by Lewis and Mahler.

Lemma 2.5.1. For any pair of coprime integers (x,y), with y # 0 we have that

2r'2M (F))"|F
mmmm<Lz QD<<r (F)'|F(z,y)]
* H(z,y)"
where « runs through all the roots of the polynomial f(z) = F(xz,1).
Proof. Let
1
g(z) = o Oéf(yc)

where a = «; for some i = 1,....,r and f(z) = ag(x — aq)...(r — ). Then ¢ is a
polynomial of degree r — 1.
We use the same notation for the discriminant of f as for F', ie., D(f) = D(F).

Then we have
D(f) = a7 [ [(ai = ;) = f'()* D(9)
i<j
Also, from (2.4.1) we have that |D(F)| < r"M(F)*—2.
Then using the last fact for G(z,y) = xjayF (z,y) taking into account the fact that
M(G) < M(F) we obtain

f @)
57

T M(F)r2

|D(F)
|D(G)

/()] =

As D(F) is a non-zero integer we have |D(F)| =1, then
£ = 25.)
Tt M(F)r2 -

Let (z,y) be a fixed solution, then without loss of generality one may assume that

Also, reordering the roots if necessary we suppose that
lo, — | <26, ifi=1,..,N

la, — ;| > 20, ifi=N+1,..,r—1

for some 1< N <r—1. Then

N
=1

N
>N =2 N2 =2V [y — o (2.5.2)
i=1

x
Y
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For, i = N +1,...,r — 1 we have that

|ar—ai|>25=2‘f—ar
Yy

Therefore
x x x 1
——l =t —o -] = o e o
y y y 2
Then taking the product we obtain
r—1 X r—1
H Sy > 27N H |, — (2.5.3)
i=N+1 i=N+1
We have that
x x diyp g x
P = laok ol |2 = oo |2 = ) =l (TT [ =] )-{ TT | -]} o=
Yy Y i=1 1Y i=N+11Y y
Then (2.5.2) and (2.5.3) imply that
r—1 "
[Fe,y)l =27yl (kml[]|ar—'ad)' P
i=1
using the fact
r—1
[f ()] = laol | [ ler — vl
i=1
we obtain
r , x
[F(a,y)] = 27yl [ f(en)] |- = o (2.5.4)
Now we consider two cases on H(x,y).
First case, H(x,y) = |y|. Then from the relation (2.5.4) we have that
- , x
|F(:C>y)| =2 +1H(l’,y) ) |fl(a7“)| S
Taking into account the relations (2.5.1) and the last inequality we obtain
r—1 1
v Fley)l 2 B MEY 2| Fey)] _ (e ME)|F(,y)]
Y 2—r+1H($’y)r ’ |f,(aT)| H(ZE,y)r H(Q:?y)r
Therefore )
2r2 M(F))"|F
min (]£ - o) < MO0
8 y H(z,y)"
Second case, H(x,y) = |z|. We have that
1 Y 1

|E @z, 9)| = laollz — avyl...Je — avy| = |2 - ao - |aa ... |z -
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Again without loss of generality one may assume

where minimum is taken through all the roots of f.
Denote, ¢(z) = F(1,7). Then -, ..., ai are its roots, repeating the same procedure

[

as we followed for f in this case we obtain that

—r r 1
|F(z,y)] = 277 ol ' ()] -

Q.

Y 1

T

Again using (2.5.1) for ¢ we have

y_ 1| @HTME) @) @) TIME) F@yl o
Tooar| ER H(z,g)" 5.
Now, denote
o =max(1,|ai], ..., |a,])
If we have
1 Yl o 1
a, x| 20

then applying this directly to (2.5.5) we get

2r2) A M(F) 2| F 11
(2r2) ()" 2 F (=, y)| > —>—min| 1, T a (2.5.6)
H(z,y) 200 20 « Yy
Otherwise if
1 Y 1
- = < N
o X 20
then according to the definition of o
1 1
N ; —
Q- o
therefore we have that
E/ I A T E I TR A
T Q r Q. T 20
Then
Y 1 y 1 [z 1 1z 1 |z
Z - | = . — __ar 2____ - - = — r
o T o, \y 200 0|y 202 |y
Therefore from (2.5.5) we obtain
2r2) ' M(F)=2|F 1 1
(2r2) (F)] (x,y)|>_ f—oz,, > — min 1,£—04 (2.5.7)
H(z,y) 207 |y 20% y

From the relations (2.5.6) and (2.5.7), taking into account the fact that o > 1 we can
conclude that
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min (1,
Also, we note that
Therefore we obtain
min (12 —of) < MV 1)

y H(z,y)
Thus, in both cases the desired result is proven.

x
- —«
Y

) < 202 (2r2) ' M (F)"2|F(z,y)|
H(z,y)"

o =max(1,|a1|, ..., |a.|) < M(F)

2.6 The Thue-Siegel principle

2.6.1 Some definitions and facts on number fields

Let K be a number field with [K : Q] =r > 3.
Denote by My the set of places on K, then for any o € K* we have the following
product formula

1 lal =1

I/EMK

where d, = [K, : Q,] with Q, and K, completions of Q and K respectively, with
respect to an absolute value v e Mg .

Definition 2.6.1. The height of a number a € K s

H(a) = [ H max{1, |Oz|y}d”] |

Z/EMK
and logarithmic height is
1

(K- Q]

where log™ r = max{0,logz} assuming that log* 0:=0 and d, = [K, : Q,] as above.

h(a) = Z d,log" |al,

veEM

We note that in the general case we can define the height of any algebraic number
a € Q in the same way, with K is any number field containing « , then this definition is
well defined and does not depend on the choice of K .

Definition 2.6.2. For a vector o = (o, ..., ) € A"(K) the affine height hy is

1
ha(a) = .0 > dylog" |al,
’ ZIEMK

where |af, = max{L,]agly, - |} .

We also define the logarithmic height h(P) of a polynomial P(x,y) € K[z,y] as the
affine height of the vector consisting of the coefficients of P.

Let v € K and suppose that |«|, < 1 for some place v € My . We say that a rational
number € Q approximates « if |a— |, <1.
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2.6.2 Admissible triple

To describe the Thue-Siegel principle corresponding to our case, first we give a definition
of admissible triple. Also, from now on we always assume that the polynomial F' is
normalized according to the discussions in the Section 2.3.2.

Definition 2.6.3. Let t > 0 be any positive number and let [1,Ps be two rational
numbers that approximate o € K. We say that (Ay, As,7) is an admissible triple for
(e, B1, B2, t,0) , where 6 > 0 is an arbitrary number, if for all positive numbers dy,ds
with dy < ddy there exists a polynomial P(xq,x2) € Q[z1,x2] that satisfies the following
three conditions
(i
deg,, P < dy,deg,, P < dy

where deg,, P is the highest degree of x; in the polynomial P, i =1,2 and

5i1+i2
——Pla,a) =0
oxy o0xs
for all (iy,is) with
bty
dy  dy
(1) there exists (j1,72) with
Qiiti2
P81, ) £ 0
ox) ol (51, o)
and : .
Ji | )2
d; + 4 <T

(111) the following relation is satisfied

h(P) < Aldl + Ang + O(dl) + O(dg)
when dy,ds are big enough with dy < dd; .

Theorem 2.6.1 (Thue-Siegel principle). Let 0 < t < \/g and let o, [y, 2,0 be the

same as in the definition above, and let (Ay, Ay, T) be an admissible triple for this data.
Suppose also 0 < T <t, and

o = p1] <t —7 and |a — G| < %(t—7)2
If
oo = ] < (e h(B1))
then we have that
oo = Ba| > (3e"2h(B2))
or
log3 + Ay + h(B:) < 67 (log3 + Ay + h(B))

where \ = %

~
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Proof. As (Aj, Ag,7) is an admissible triple for (o, (81, 52,t,0), from the definition it
follows that there exists a polynomial P(z1,z5) € Q xl,xg] satisfying the properties
(i), (4) and (i7i) . Accordingly, there exist ji,ja, fl— + 22 < 7 such that

1 &j1 +7J2

Al (B, P2) # 0
Jilg! oxlt oxl? (B, B2)

we denote this non-zero value by ~.
Then from the product formula we have that

>, dologlyly =D dyloglyl, + Y dylog ], =0

veMy v|oo vjowo

Using the Taylor expansion around a point («, «) we have the following relation for
the value of ~

Ol tizt+iitie

1 i i
7= Z irlig!g ol Ot T ol T Pla, a)(Br = o) (B = o)

11,12

According to the choice of P(z1,x2) we have that

Qitiz+intiz o o 44
ﬁp(a,a)ZO, for 1 ! +j2 2 <t
Oxy M oxy T dy dy
also we have that ,
Ju o J2
— + =<7
di  dy
therefore it holds for all (i1,42) with
11 ig
—+ - <t-—-T
di  dy

Now, we estimate the values of log|y|, from above for all v € Mk .

For this, we consider the following cases separately: 1) v = o0, i.e., absolute value that
is restricted from the usual archimedian absolute value on C, 2) v archimedian except
the first case 3) v is non-archimedian.

1) v = o0. Then from the Taylor expansion above we obtain that

1 azd +i2+j1+72

log |7], < maxlog —P(a, ) (B1 — a)* (B — )| + o(dy) + o(dy)

1,02 i1ig! 1! jo! 0wt Ot ,

Let deg, P = d; and deg,, P = d, then non-zero coefficients in the expansion of ~

are of the form
kq'ks!

jlljglllllg'(kil — le — ]1)'(]{32 — ig — ]2)'
for some ki, ko such that ¢, + 71 <k < dy and 79+ jo < k2 < ds.
Now, we want to find a bound for the logarithmic absolute values of these coefficients,
the following lemma describes this relation.
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Lemma 2.6.1. The following inequality holds
Fy oo ! i1 2 J1
1 < F|—,= doF | —, =
k< kosds iy Vigln ol (By — ir — 1) (ko — d2 — Ja)! (d1 4 ) TN\ G 4

where

1 1
Flu,v) = ulog = + vlog = + (1 — u — v) log ——— i
(u,v) uogu—l—vogv—i—( u—v) 0g T — 5

1 2
F(u,v) =ulog—+ (1 —v)log .
u JE—
Applying this lemma we obtain
log |v], < log |P|, + dilog™ |Bi], + dalog™ |Bal,

—i—max{le (II’ZZ ) + do F (xg, 7 ) + dyzq log |a — B, + doxy log|a—ﬁ2|y}
1 2

T1,T2

where maximum is taken over 1 + 2o >t —7,0< 2, <1 — £ T -

1
dq?
Differentiating and taking into account the facts that '
1
o — Bi], <t —7and |a — fof, < E(t_ 7)?

and after some calculations we get that the maximum is reached for x; + x5 =t —17, then
r1<t—71 and 29 <t — 7, then

J1
F <Flt—1,=])<I
(xl,dl) ( T, d1> og3
F<x2,ill> log 3

Also, considering the maximum over x; + x5 =t — 7 we obtain

and

1 1
dyx1log la — B1|, + dexolog|a — Ba,} = —(t—7) min{ d; log ————— + dy log ———
max {d1z1log o — iy + dazlogla — B} = —( T)mm{ LS B, 2Og|a—ﬁz|u}
So, we have that

log|v|, <log|P|, + dilog™ |Bi|, + dolog™ |B2, + dilog 3 + dylog 3

1 1
—(t —7)minid;log—— +dylog ——
=7 { Sa—an T g|a—52|y}

2) v archimedian except the first case. Then, using the fact that

max log (I;) < dlog3

k<d

we obtain
&‘h +Jj2

l ajlah (51’ 62)

+d1 lOg 3+ d2 10g 3+ O(dl) + O(dg)

3) v is non-archimedian. Then we have that |n|, <1 for all n € Z, therefore

log|v], = log < log|Pl, + dilog" |B1], + dalog™ |Bal,

6]1 +J2

j1ljp! 0t oz (51’52)

log|v|, = log < log|P|, + dylog™ |Bi], + dalog™ |Bsl,
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Then 1),2) and 3) imply that

didyogyl, = > dyloglyl, + > dyloglyly + > dylog |yl

VERK V=00 V#00,v|0 vfoo
< Y dylog|Pl, +dy Y. dylog" [Bil, + da Y dylog” |Ba], + dy log 3 + dylog 3
VEK VEK VEK
(t— 1) '{dl L g }+(d)+(d)
—(t — 7) min og ———, og ———— 0 o)
1 g|a_51| 2 g|a_/32| 1 2

= h(P) + dih(B1) + d2h(B2) + dylog 3 + dalog 3

1 1
—(t —7)min< d; log ————, dy log ————— » + o(d;) + o(d
(= rymin {dytog [ datog o) + ol

On the other hand, for v € Q from product formula we have

Z dylogl|yl, =0

VEK

According to the choice of A; and As, for dy < dd; we have
h(P) < A1d1 + Agdg + O(dl) + O(dg).

Now, choose

g - D
" | log3 + Ay + h(B) |
and _ }
D
dy =
| log 3 + Ay + h(fs) |

where D € R.( large enough. If dy > dd; then
log3 + Ay + h(B:) <6 '(log3 + Ay + h(B1))
Otherwise, if dy < dd; then,
h(P) < Aydy + Aads + o(dy) + o(dy)

for D big enough, applying this we obtain

1
0 < dl (log 3+A1+h(51))+d2(10g 3+A2+h(52))—(t—7') min {dl lOg m,
- M

Then, the condition
o = Bi| < (Beh(Br))

and

(t—7) min {dl log 2k ,dy log P |} < di(log 3+ A1 +h(51))+d2(log 3+ As+h(52))
— P2

1
lov —
imply
o0 = Ba| > (3e”2h ()™
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Example of an admissible triple

To apply the Thue-Siegel principle we need some particular admissible triple for (o, 51, 82, t,0) .
For this purpose we describe two facts below from the discussions in [4].

Lemma 2.6.2. Let 4 /Ti—l <t< \/g <1 and let a € Q be an algebraic number of degree
r =3 over Q, if (A1, Ay, 7) is admissible then (Ay, As, 7o) with

7'02\/2—7"752—1-(7“—1)5

18 also admissible.

Lemma 2.6.3. We have that

rt? 1
Al = A2 = 5 _th <h(a) + 5)

with 79 = \/2 —rt?2 + (r—1)d is an admissible triple for («, py, Ba,t,9) .

Corollary 2.6.1. Let t < \/g, V2—rt2 <71 <t and A = % (log M(F) + %) . Also
suppose that A = 2= <r.

t—T1
Let o be an algebraic number of degree v, and

!
a—2|< (4eM H(z,9)) > and |a — x_/ < (4eMH( Yy
) )
then
log(4e™) 4+ log H(2',9/) < 67 {log(4e**) + log H(x,y)}
where
5 rt? +712—-2
B r—1

Proof. For the chosen value for A; we already have that

Y

“ E‘ < (4eMH(z,y) 7 < (t—7)

and )

1
o— 2| < (4eMH( y) P < S(t=7)?
Yy
Then, if |a] < 1, the result immediately follows from the Thue-Siegel principle above.

Otherwise, if |a| > 1 then

T
o — —

) < (46A1H(x,y))*)‘

and the fact that z/y approximates « strongly (i.e., the difference is small enough) imply

then again Thue-Siegel principle for a1, y/z,y'/z" gives the desired result, since Mahler
heights of F(y,z) and F(x,y) are the same.
]



Chapter 3

An upper bound for the number of
solutions

3.1 Large solutions
We first consider the solutions of the equation
F(a,y)| =1 (3.1.1)

which are ’large’; i.e., solutions (z,y) such that H(x,y) = M for some M > 0 big
enough, which will be fixed later.

3.1.1 Strong gap principle

Now, classify the roots of (3.1.1) dividing them into r classes, we call that two solutions
(x,y) and (2',y") belong to the same class if

!

T /
o — —
!

T
o — -
Yy

x
a__
Y

and min
«

X
Qg — —
Yy

min
o

for some «g, a root of the polynomial f, where a runs through all the roots.
Now, take any such a class, then we can numerate the elements as (z1,y1), (z2,92), ...
and reordering if necessary suppose that

H(zy,y1) < H(za,y2) < ...

Then for two consequent solutions (z,,¥y,) and (x,.1,yns1) from one class we have
the following relation

Tn
Yn

L, Tn+1 Tn+1
— — Qg+ Qg —

Yn Yn+1

Tn Tn+1

Yn Yn+1

1
YnYn+1 b

= + ap —

~

Yn+1

Then Lewis and Mahler estimation stated before implies

— ap < C|F(xmyn)| + O|F(xn+1ayn+l)|
}{(Inayn)r }{(xn+1ayn+1)r

Tn+1

Yn+1

where C' = (2r2 M(F))" .

20
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ACCOI‘diIlg to our assumption H($n+1, yn-i—l) = H(xm yn) and |F(xn+17 yn+1)| = |F(xn,yn)| =
1 as (Tn,yn) and (Zpy1,Yns1) are solutions, therefore

1
YnYn+1 =

2C
= H(zp, yn)"

Tn Tp+1
Yn Yn+1

(3.1.2)

Theorem 3.1.1 (Strong gap principle). Suppose that H(x1,y1) = C+ . Then for each
n=1,2,... we have

S (T—l)n_l
H(@n, ya) = {(20) 72 H(ay, 1) |

Proof. Firstly, taking into account the relation (3.1.2) we have

H(zii1,Yi1) 2 Yi1 = % > H(zi,y:)"/(2Cy:) = H(ws, y:) ' /2C

for all © =1,2,.... Applying this fact several times we obtain

H(ajn717 yn*].)?ﬂ_l = H(.T'n,f27 yan)(T_l)Q > = H(mla yl)(r_l)n_l

H(x“’y”) = 20 - (20)1+(r—1) == (20)1+(r—1)+(r—1)2+...(r—l)n—2

We have that

(r—1n"~ 11

(20) D=0 — 90y T ((20)52)(”)”_

Thus,

H(zy, yl)(r_l)n_l
(20)1+(r—1)+(r—1)2+...(r—1

1 (r=1)"=!
H(@a,yn) > = > {(20) 2 Hiww ) }

Now, we combine the strong gap principle, the corollary of the Thue-Siegel principle
and the Lewis and Mahler estimation. For this purpose we choose M such that %, Z—;,
approximate g ’good’ enough, g is some root of the polynomial f.

From the Lewis and Mahler estimation we have that
T

- C
a - ~ <
’ Yi H(z,y:)"

for every 7. So, if we assume that
_1 Ay 2
M Z O'r‘f/\ (46 1)7‘*)\

then
C 1
H(xg,y)"  (derH (s, ;)

Then the corollary of the Thue-Siegel principle implies

log(4e™) +log H (2, yn) < 0~ (log(4e™) + log H (21, 31))

as
(r—1)n—1

H(zp,yn) = {(20)_511(551, yl)}
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we have that

1
r—2

log H (2, ) > (r=1)""log ((2C) 72 H (w1, 1)) = (r=1)""" (1ogH<x1,y1> - 1og<20>)

Therefore,

log(4e™) + (r — 1)1 (log H(z1,11) — log(2C’)) < 67 (log(4e™) + log H(x1,1))

r—2

or
log M + log(4e™1)

log M — (r — 2)~!log(2C)

(T o 1)n—1 < 5—1

when log M > (r — 2)7'log(2C) , which holds in our case according to requirements for
M and the choice of A; . If we choose

A

M = (20)77 (4e1) 7 (3.1.3)

then we get

(r —X)"tlog(2C) + r(r — A\) "t log(4e)

(r=D"" <4 (A =2)(r —2)7(r — X\)~tlog(2C) + A(r — X)~!log(4er)

5l log(2C) + 7 log(4et) _ 51 (r — 2)(log(2C) + rlog(4e”1)) e 2
T (A=2)(r —2)7Mog(2C0) + Alog(4et) T (A —2)(log(2C) + =2 N log(deA) T A —2
since according to our assumption A < r. Then
2
(n—1)log(r —1) < 1og(5—1; —)

log(67* (A —2)71) + log(r — 2)
log(r — 1) log(r — 1)
So, the number of coprime solutions (z,y), provided (z,y) and (—z,—y) are counted
as one, of the equation

n<l+

|F(z,y)| =1
such that H(x,y) = M, where M is the same in (3.1.3) does not exceed

log(6— 1\ —2)7!
y [l =2y
log(r — 1)
since we divided the iolutiquls into r different classes and in each such a class there is no
more than 2 + log(0 (A=2) ) | olements.

log(r—1)
As this fact true for all ¢ and A satisfying the conditions

2
t<\/j, V2—rt? <7t <tand A<r
r

_2_
r+a?’

conditions. For this data we have that

Now, we choose t = T =0t with 0 < a <b <1 then they satisfy the above
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. r—1 r—1 r?

2+ 712 -2 r+a2+1)2r2—2 2(62—a2)

and
2 - V2r
(I1=bt 1-b

A\ =

Then we obtain

log(61(A—2)Y)  log(gm—m (A —2)7)

log(r — 1) log(r — 1) <2
that is
[log(5‘1(A - 2)‘1)] <1
log(r — 1)
for r big enough, therefore the upper bound is 3r in this case. O

3.2 Small solutions

Now, we deal with ’small’ solutions, i.e., the solutions (x,y) with y < M, where M
is the same as in the last section. We remind that we classified the polynomlals in the
part 2.3.2. and in this section we always assume that the polynomial F' has the smallest
Mahler height in the class that it belongs.

The idea we are going to follow is changing the polynomial F with another polynomial
which has the same number of solutions as F' which is easier to work with. We note that
if Ae SLy(Z),then F4 and F are equivalent, that is the equations

F(z,9)| = 1 and |G(z, )| = 1 (3.2.1)
have the same number of solutions, where G(z,y) = Fa(x,y) = F(ax + by, cx + dy) with
A= CCL Z) € SLy(Z) . Therefore for simplicity we can change F' with Fa, A€ SLy(Z)

if needed. And we also assume that the leading coefficient of F' is 1.

Auxiliary polynomial
As before, let ay, ..., o, be the roots of the polynomial f(z) = F(x,1) then
F(z,y) = (z — a1y)..(r — ayy)

We use the notations L;(z,y) :=x —auy,i = 1,..,7, then F(z,y) = Li(z,y)- ... L. (x,y)
Then, if (zg,yo) is an integer solution of the equation

|F(z,y)| =1
then L;(wg,yo) # 0, forall i = 1,...,r. As ged(zg,yo) = 1, there exists a pair (zf, yp) € Z*
with zoy) —yoxy =1, i.e., (i? ?) € SLy(Z) that is (xg,yo) and (x(,y;) is a basis for
o Yo

Z? . Then for any (z,y) € Z*> we have a decomposition (x,y) = a(zg, yo) + b(zf, yp) , for
some a,b e 7Z. In fact,

Toy — Yoxr = Tolayo + by(’)) — yolazo + bxé) = b(l'oy(l) - yoxf)) =
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Then,
(z,y) = a(xo, yo) + (xoy — Yo ) (g, Yo)

Therefore for all solutions (z,y) and for all ¢ =1,...,7 we have that

Li ) Ll ,7 0
ey ™ 00 WL o= Gy
where (; = —L;(z},v5)/Li(xo,yo) . Then,
Lz(xvy) . Lj(m7y) _ («TOZJ N yw)(@ N ﬁ]) (322>

Li(wo,90)  Lj(wo,%0)

Now, let (zg,yo) be a fixed solution, then define an auxiliary polynomial G, as

G(v,w) = (v — Brw)...(v — Pow) = <v + %@ (v + %@Q

We have that |L;(zo,%0)| - ... - | L+ (20, y0)] = 1 therefore

r

G (v, w)| = | ] ILiwo, yo)v + Lilag, yp)w| = [ [1(zov + zfw) — (yov + ypw)es| =
i=1 i=1

= |F(zov + 2w, you + yow)| = |Fx (v, w)|

/
where X = <$0 x9> € SLy(Z) . Therefore G is equivalent to F', we have that |G (u,v)| =

Yo Yo
1 implies G(u,v) = +1, we choose a sign in such a way that G(1,0) = 1, i.e., leading
coefficient equal to 1. As G is well defined for all the solutions (zg,yo), we can consider
the specific case when (zg,v9) = (1,0) which is clearly a solution. In this case we have
that L;(zo,v0) = Li(1,0) =1 for all 1 <i <r and (3.2.2) can be rewritten as

1 1
_ (B — B; 3.2.3
Ly Ly (323)
for all solutions (x,y). If for the product of r positive numbers we have a; - .... - a, = 1
then there is at least one with a; > 1. Using this fact for |Li(x,y)| ... |L.(x,y)| =1 we

can conclude that 3i,1 < i < r such that |L;(z,y)| = 1. Then (3.2.3) implies that

1 1
L, (x,y)] - L(z,y) +y(Bi — B)| = yllBi — B;| — 1 (3.2.4)

forall 1 < j<r.Forany x,y € R and a € C we have the equivalence

lt—ay| =21z —ay| =1

therefore (3.2.4) is equivalent to

= [ylBi = Bj] — 1 (3.2.5)
|Lj(z, )] ’

From (3.2.4) and (3.2.5) we obtain the following
2

L@ )] = |yllBi—Bj| = 1+ [yl|Bi— Bl =1 = |yl128i = (B; +B;)| =2 = [y||28i —2Re(B;)| -2
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that is we have {

|Lj(2,y)]

For all j # i there exists an integer m, depending on f;, that is on the solution (z,y)
such that |m — Re(f;)| < 5, then

> |y||Bi — Re(B;)] — 1

1
L (. y)|

As we mentioned before, we only deal with solutions (z,y),y > 0. Now, we again classify
the solutions (x,y) of (1.0.2), with 1 <y < M. We note that the set of all the solution
(x,y) with H(z,y) < M is covered in this way. Denote X; the set of solutions (z,y)
such that 1 <y < M and |L;i(z,y)| < 2—1y Among the elements of X; we have the
following relations.

= [yllBi —m + (m — Re(B;))] —1 = y| (|6i —m| — %) —1 (3.2.6)

Lemma 3.2.1. Let (z1,y1), (x2,92) € X; be two different elements and suppose y; < ys .
Then

2
Yo /Y1 = = max(1, |5; —m|) (3.2.7)

Proof. As (x1,11), (x2,y2) € X; are different solutions we have that (z1y, — zay1) # 0,
also it is an integer number, so |x1y2 — z2y;| = 1. On the other hand

|$1Z/2 - x2y1| =
T2 Y2 To — QY2 Y2

x xTr — Q@

1
< y1|Li(w2, y2)| + yo|Li(z1, 1)| < 2% + y2| Li(w1, 22)| < B + Y2 | Li(21, y1)|
2

Therefore ys|L;(x1,41)| = 5 . Then this relation together with (3.2.6) imply that

1 ” 1N 1
> = >N (1g pm-c)-Z
V22 oL,y ~ 2 ('6 m| 2> 2

That is

1 1 1 1 1 1 1
%>—>_<|Bi_m|——) ——2—(|5i—m|——) — =
v 2p|Li(xr, )| T2 2 2y 2 2 2

or

Also, it can be easily checked that max(1,3z — 3) >
z = 0. Thus,

1 1 1 1 1 1 12
2 ooy ® 3 (8= 5 ) =5 = 5 (= ml= ) =5 > 2 max(t, g-m)
y1 - 2|Li(x, )| T 2 2) 2y 2 2) 277

]
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According to this fact, if a solution (z,y) with y > 0 belongs to a class X, for some
1<i<rie, |Li(z,y)| < ﬁ , then for other elements (2',y') € X, with y < ¢’ we have
|/ /y|l = 2 max(1,|8; —m|) . Now we want to investigate the case when (x,y) is a solution
with 1 <y < M not belonging to X;, i.e., |Li(z,y)| > 2—1y In this case, from (3.2.6) we

obtain that ) .
23/>—>y(|57;—m|——> -1

|Lj(z,y)] 2

Then dividing both sides by positive integer y we obtain

7 1 1
§>2+§+§>|ﬁz m| (3.2.8)
We consider the set X, which consist of all solutions of the equation |F(x y)| =1,
with 1 <y < M, but the elements with the largest y from each class X;, i =1,...,r is
excluded if X; is not empty, i.e., at most r elements removed.
At the beginning we took a prime p without any conditions on it. Now, we consider
a prime number p, such that p > (%)2 . Then we have the following theorem.

Theorem 3.2.1. For any ¢ > 0 and r > r1(p,e) the cardinality of the set X satisfies

the inequality
r(1+e)

X1 < 1—(2log( ))/logp

for some ri(p,e) > 0, depending on prime number p and €.

Proof. Take some X; and order the elements (x1,41), ..., (v, ¥») , such that y; < ... <y, .
Then according to the definition, the solution (z,,y,) is not included in X . Then for
these elements from (3.2.7) we have that

2
Ykt1/Yp = - max (1, |5;(zk, yi) — m(xk, yi)|) (3.2.9)

for k=1,...,v — 1. Therefore,

2 v v— v
[T = max(LBilanp) —meep)l) < 2= 2=t 2 Rgy <y
TEX;nX Yo—1  Yv-2 n Y1

and for other elements (x,y) in X but not in X;, from (3.2.8) we have that

2
- max (1, |B;(zr, yr) — m(xr, yr)|) < 1
Therefore
n max(1, |B;(wy, yx) — m(@p, yi)|) < M (3.2.10)
xeX

We had that G(v,w) = [];_,(v — fw) is equivalent to F. Also, we should note that G
is equivalent to G = [[;_,(v — (8 — m)w) , therefore F' ~ G. We assumed that F has
the smallest height in its equivalence class, therefore M(G) = M(F).

Hence

HmaX(L Bix,y) —m(z,y)]) = M(G) = M(F)



27 3.2. Small solutions

Using the fact (3.2.10) for all ¢ = 1,...r and taking product of all of them we obtain

(@) )" <

Since p > (%)2 we have that M (F) > (%)T for some r > ro(p) big enough and then

X < rlog M
h log M(F) — rlog (%)

According to the choice of Aj,¢t,7 and A\ we have that

A= — (10g M(F) + %r)

Also, we chose M as
A

M = (2C)7 (4e™) 7

therefore,

r 1 log 2 A 1 r
log M = Y <logM(F)—|—log(2r )+ . )—i— — <10g4+? <1ogM(F)+§)>

According to the choice of ¢ and 7 we have ¢t = 4/ rfa2 , T=0b with 0 <a<b<l1

therefore \ = (1_2b) ;- Using these fact we obtain

log M = (1+ O(r~2))log M(F) + O(r?)
Taking into account the fact that log M(F) > rlog () we obtain
log M < (1+ g) log M (F)

for r > ri(e) sufficiently large satisfying the condition r > rq(p) too. Then

) log M (F) _

Xl <r <1 T3 log M(F) —rlog (%) " <1 " 5) 1 —rlog (%) /log M(F)

. (3.2.11)

Note that we are considering the polynomial with D(F) = p’"~Y also from the
relation
D(F) <r"M(F)* 2

we have that
M(F) > pr/Qrfr/(2r72)

Then applying this to (3.2.11) we obtain

3

€ 1
(X <r (1+§) 1 —rlog (%) /log M(F) <T(1+ 2) 1—log (%) /(3logp — ((logr)/(2r — 2))

< O o () oz )



28 3.2. Small solutions

Now we sum up and make the things more concrete choosing a prime p. In fact,
by considering the solutions (x,y) with H(x,y) > M and the solutions with y < M
(which contains all the solutions with H(z,y) < M) of the equation |F(z,y)] =1 we
cover all the solutions. Therefore it is enough to obtain upper bounds for the number of
the solutions in each of these sets. We have shown that in the first case the bound is 3r.
In the second case, the set X contains all the solutions (z,y) with y < M, except at
most r numbers which has highest heights from each set X;, ¢ = 1, ..., and the solution
(1,0) . Therefore we have an upper bound

| X| +4r+1

If p> (%)2 and r is large enough, then we obtained that

1
1 —log (3) /(5 logp)
Now choose p =19, then we have that |X| < 211r.
In conclusion, for r > ¢, where ¢ big enough, which also satisfies all the conditions

we required for r in the last sections, we have that N, < 2157, that is the number of
integer solutions of the equation (1.0.2) is bounded by 2157 from above.

| X| <r(l+¢)

]
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