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CHAPTER 1

Introduction

The topological fundamental group can be studied using the theory of covering spaces,
since a fundamental group coincides with the group of deck transformations of the asso-
ciated universal covering space. When the universal cover exists, the theory of covering
spaces is entirely analogous to the Galois theory of fields, with the universal cover being
the analogue of the algebraic closure of a field and the group of covering transformations
being the analogue of the Galois group. The formalism of Galois categories and fun-
damental groups as introduced by A.Grothendieck in [Gro71] give a natural categorical
generalization of the above two theories. Moreover, far beyond providing a uniform set-
ting for the above two theories, this formalism gives rise to the construction and theory
of étale fundamental group of schemes which classifies the finite étale covers of a con-
nected scheme.

The aim of this master thesis is to understand the definition of étale fundamental groups
of schemes. In the first chapter, we will give the formalism of Galois categories and
fundamental groups. In the second chapter, we define the category of étale covers of a
connected scheme and prove that it is a Galois category. The third chapter is devoted to
giving some examples and properties of the étale fundamental group, while the fourth
chapter is devoted to the study of the structure results concerning the geometric funda-
mental groups of smooth curves.

I owe my deep thanks to my advisor Dr. Jilong Tong for introducing me this beautiful
subject, for his clear explanations, his time and patience. I must also thank my profes-
sors and fellow students in Leiden and Bordeaux for their kind help and support. I would
also like to thank European Union for supporting the Erasmus Mundus ALGANT Master
Program and thank the ALGANT consorsium for giving me the opportunity to study in
Europe.






CHAPTER 2

Galois categories

In this chapter, we will give the formalism of Galois categories and fundamental groups.
We first give an axiomatic characterization of categories that are equivalent to I1—sets,
for some profinite group 1I, then we give the proof of this equivalence, which is the
main result of this chapter. In the last part, we establish some functoriality properties
concerning such kind of categories.

1. Galois categories
§1. Definition and elementary properties. Let C be a category, X, Y two objects
in C. We will use the following notation:

e Home(X,Y): Set of morphisms from X to Y in C
o [some(X,Y): Set of isomorphisms from X to Y in C
o Aute(X):=Isome(X, X)

Recall moreover that a morphism v : X — Y of C is called a strict epimorphism if the
fibre product X xy X exists in C and for any object Z in C, the following sequence:

p1
0 —— Home(Y, Z) —=~ Home(X, Z) p—> Home(X xy X, Z)
is exact in the category of sets, i.e. the first map is injective, and for ¢ € Home (X, Z)
then ¢ lies in the image of the first map iff ¢ o p; = ¢ o p,. For example, in the category
of sets (or the category of finite sets), then a strict epimorphism in C is simply a surjective
map of sets.

Let FSets denote the category of finite sets.

Definition 1.1. A Galois category is a category C such that there exists a covariant func-
tor F': C — FSets satisfying the following axioms:

(1) C has a final object e¢ and finite fibre products exist in C.

(2) Finite coproducts (and hence initial object) exist in C and categorical quotients
by finite groups of automorphisms ' exist in C.

IRecall that a categorical quotient of X € C by a finite group of automorphism G is an object Z € C
with v : X — Z a G—invariant morphism in C, which satisfies the following universal property: any
G—invariant f : X — Y in C factors through Z.
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(3) Any morphism v : Y — X in C factors as Y = X’ %5 X, where v/ is a
strict epimorphism and u” is a monomorphism, which is an isomorphism onto
a direct summand of X.

(4) F'sends final objects to final objects and commutes with fibre products.

(5) F'commutes with finite coproducts and categorical quotients by finite groups of
automorphism and sends strict epimorphisms to strict epimorphisms.

(6) Letw : Y — X be a morphism in C, then F'(u) is an isomorphism if and only
if u is an isomorphism.

The functor F' is called a Fibre functor for C.

Remark 1.2. (1) Initial object exists in C, which we denote by ()c. This is because
the coproduct over emptyset () is always an initial object. And by axiom(2), our
claim follows.

(2) The decomposition Y ~+ X’ “= X in axiom (3) is unique in the sense that for
any two such decompositions Y — X’ = X = X/LIX/,i = 1,2, there exists

a (necessarily) unique isomorphism w : X} — X} such that w o v} = u}, and
uy ow = uf. See [Cad08], Lemma 2.3

(3) By combining axiom (3) (4) and (6), one also obtains that the functor F' :
C — F'Sets preserves strict epimorphisms, monomorphisms, and initial ob-
jects. Conversely, for any X, € C, one has:

(a) F(Xo) = 0 if and only if X is an initial object of C;

(b) F(Xy) = ~if and only if X is a final object of C, where * denotes the final
objects in F'Sets.

(4) A galois category is artinian. Indeed, apply the fibre functor to a decreas-
ing sequence of monomorphism in C, by (3) we get a decreasing sequence of
monomorphism in F'Sets, which is stationary.

Definition 1.3. Let C be a Galois category,

e Let /': C — FSets be a fibre functor, the fundamental group of C at /', which
we denote by 7 (C; F'), is the group of automorphisms of the functor F'. (We

recall that an automorphism of a functor F' : C — C’ is a compatible collection
of isomorphisms {o¢ : F(C) ;c'> F(C)|VC € C}. Here, compatible

means that V morphism f : C; — C5 in C, the diagram

F(Cy) —= F(Cy)

lF(f) lF(f)

F(Cy) —=25 F(Cy)

commutes.)

o Let I, Fy, : C — FSets be two fibre functors, the set of paths from F} to
F, in C, which we denote by m1(C; Fy, Fy) := [sompq(F, F») is the set of
isomorphisms of functors from F; : C — F'Setsto Fy : C — F'Sets.
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§2. Examples and the main theorem.

§2.1. The topological covers. For any connected, locally arcwise connected and lo-
cally simply connected topological space B, let Cg)p denote the category of finite topo-
logical covers of B, and Cp the category of topological covers of B. For any b € B,
write F}, : Cg — Sets for the functor sending p : X — B € Cp to Fy(p) = p~*(b).
Then Fj, naturally factors through the category C%*!(7'””(B, b)) of discrete 7" —sets.

The natural action of 7\’ (B, b) on F,(p) is given by monodromy.

Lemma 1.4. monodromy For anyp : Y — B € Cg, any path ¢ : [0,1] — B and
any y € Fyq)(p), there exists a unique path ¢, : [0,1] — Y such that p o &, = c and
¢,(0) = y. Furthermore, if c1, ¢ : [0,1] — B are two homotopic paths with fixed ends
then él’y(l) = 62’y<1).

In particular, one gets a well defined action p,(p) : 7 (B,b) — Autges(Fy(p))
sending [y] € TP(B,b) to po(p)([7]) : y — F(1) and py defines a group morphism

py 2 M (B,b) = Autpe(Fy), [7] — po(—)([7]).

For a proof of the above lemma, see [Sza09], Lemma 2.3.2. Actually, from the property
of topological covers we have:

Proposition 1.5. Assume that B is connected, locally arcwise connected and locally sim-
ply connected. Then Fy, : Cg — Sets induces an equivalence of categories

Fb . CB = Cdisc(ﬂi()p(B, b))

See [Sza09] Theorem 2.3.4. Hence p, : m7(B,b) — Autpq(Fy) is an isomorphism.
And the category cg’p of all finite topological covers of B is Galois with fibre functors
Fb|cgp, b 6 B

—

and 71, (CY; ) = 7P (B, b) (where (/—\) denotes the profinite completion).
§2.2. The category C(11) and the main theorem.

Lemma 1.6. Let 11 be a profinite group , C(I1) the category of finite (discrete) sets with
continuous left -action, For : C(Il) — FSets the forgetful functor. Then C(I1) is a
Galois category, and For is a fibre functor. Moreover, we have:

m (C(I1); For) = I1.

This lemma can be proved by checking that the axioms in the definition of Galois cat-
egory are satisfied. Indeed C(II) is the typical example of Galois categories. Let C be
a Galois category equipped with a fibre functor F', we claim first that the fundamental
group 71 (C; F') is equipped with a natural structure of profinite group. For this, set:

™= Aut pgers(F(X))
Xe0b(C)
and endow 7 with the product topology of the discrete topologies, which gives it a struc-
ture of profinite group. Considering the monomorphism of groups:
m(C, F) — T
0 = (0(X))xeone)
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the group 7, (C; F') can be identified with the intersection of all subgroups of the form:

Cy :={(0x)xeor(c) € Tlox o F(¢) = F(¢) ooy},

where ¢ : Y — X describes the set of all morphisms in C. By definition of the product
topology, the C,'s are closed. So 7 (C, F') is closed as well and, equipped with the topol-
ogy induced from the product topology on 7, it becomes a profinite group.

By definition of this topology, the action of 7, (C; F') on F'(X) is continuous. This is be-
cause that we endow F'(X) with the discrete topology and that the subgroup of 1 (C, F')
sending a certain element x in F'(X) to another element y in F'(X) is a subgroup of 7
which is the intersection of all C4 and {(0x ) xcon(c) € T|ox(x) = y} hence it is a closed
subgroup of 7 (C, F'). And the group is of finite index in 71 (C, F'), hence it is an open
subgroup of 7 (C, F’). Hence a fibre functor F' : C — F'Sets factors as:

C—L 5 FSets
i For
-

C(m(C; F))

By abuse of notation the induced functor C — C(m(C; F')) will be still denoted by F'.
Theorem 1.7. (Main theorem) Let C be a galois category. Then:

(1) Any fibre funcor F' : C — F'Sets induces an equivalence of categories F' : C —
C(m(C; F)).

(2) Forany two fibre functors F; : C — FSets,i = 1,2, the set of paths 71(C; F1, F»)
is non-empty. The profinite group m (C; F) is noncanonically isomorphic to
m1(C; Fy) with an isomorphism that is canonical up to inner automorphisms. In
particular, the abelianization m,(C; F)® of 7 (C; F') does not depend on F up
to canonical isomorphisms.

In the following, after a discusion of the notion of connecte and Galois objects, we will
give the proof in section 3. In the last section, we will discuss the functoriality of Galois
categories.

2. Galois objects.

Given a category C and X, Y € C, we will say that X dominates Y in C if there exists
at least one morphism from X to Y in C, and writes X > Y.
We fix in this section a fibre functor F' : C — F'Sets of a galois category C.

Definition 2.1. Anobject X € C is called connected if it cannot be written as a coproduct
X :Xl IJXQ Wltth 7é @C,i = 1,2

Proposition 2.2. (Minimality and connected components) An object X € C is connected
if and only if for any X € C, X # 0¢ any monomorphism from X to X in C is automat-
ically an isomorphism.

In particular, any object X € C (X # 0¢) can be written as: X = Ui_, X;, with X; € C
connected, X; # Oc, i = 1, ...,r and this decomposition is unique (up to permutation).
We say that the X;,1 =1, ...,r are the connected components of X .
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Proof. The "if" implication: write X, = XU X, we may assume that X # (c. By
1.2 (3) the canonical morphism X, X — Xy is a monomorphism hence automatically
an isomorphism, hence F'(X(/) = () hence X/ = (¢ by 1.2 (3).
The "only if" implication: assume that X, # (. By axiom(3), any monomorphism

,L//

i+ X < XginC factors as X 5 X{ — Xo = XU X{ with ¢’ a strict epimorphism
and " a monomorphism inducing an isomorphism onto X;. If X, = (¢ then F'(X) =
(), which forces X = ()¢ and contradicts our assumption. So X = (¢ and " is an
isomorphism. Then, 7 : X < X is both a monomorphism and a strict epimorphism
hence an isomorphism. As for the last assertion, since C is Artinian, for any X € C, X #
(), there exists X; € C connected, X; # () and a monomorphism i; : X; < X. If i;

is an isomorphism then X is connected. Otherwise, from axiom(3), i, factors as X; —

X' 5 X = X' U Xn with i} a strict epimorphism and ¢} a monomorphism inducing
an isomorphism onto X'. Since i; and i} are monomorphisms, | is a monomorphism
as well hence an isomorphism. We then iterate the argument on X”. By axiom(5), this
process terminates after at most |F'(X)| steps. So we obtain a decomposition:

X =U_,X,.
as a coproduct of finitely many non-initial connected objects, which proves the existence.
For the unicity, assume that we have another such decomposition:

X =U,Y,.
For1 <i <r,let1 < o(i) < ssuch that F(X;) N F(Y,(;)) # 0. Then consider:

X;e— 2 X

pT iYa(i)]\

Xi % x Yo —— You

Since iy, is a monomorphism, ¢ is a monomorphism as well. Also, by axiom(4) one
has FI(X; xx Y,4)) = F(X;) N F(Y,) # 0 and, since Y, ;) is connected and ¢ is a
monomorphism, ¢ is an isomorphism. Similarly, p is an isomorphism. 0J

Proposition 2.3. (Morphisms from and to connected objects) Let Xy, X be two objects
of C with X, connected.

(1) (Rigidity) For any (y € F(Xy), ¢ € F(X), there is at most one morphism from
(X0, o), to (X, ) in C¥';

(2) (Domination by connected objects) For any (X;,(;) € C, i = 1,...,r there
exists (X, (o) € CP' with Xy € C connected such that (Xo, (o) > (X;,¢) in
CPtli=1,..r.

In particular, for any X € C, there exists (Xo,(y) € CP* with Xy € C con-
nected such that the evaluation map: €U - [iozm)?[g)i’;() i F](ZE))((C)o)
is bijective.

(3) (a) If Xy € C is connected, then any morphism v : X — Xg in C is a strict

epimorphism;

(b) Ifu: Xog — X is a strict epimorphism in C and if X is connected then X
is also connected;
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(c) If Xy € C is connected, then any endomorphism v : Xqg — X in C is
automatically an automorphism.

Proof. (1) Let u; : (Xo,¢) — (X,() be two morphisms in C**, i = 1,2.

From axiom (1) the equilizer ker(uy,u;) — X exists in C. From axiom (4),

F(ker(uy,us)) o, F(Xy) is the equalizer of F'(u;) : F(Xo) — F(X),i =

1,2 in F'Sets. But by assumption, (, € Ker(F(uy), F(uz)) = F(ker(uy, uz))
so, in particular, F'(ker(u1,us)) # () and it follows from 1.2 (3) that ker(uy, ug) #
()c. Since an equalizer is always a monomorphism, it follows then from 2.2 that

i : ker(uy,us) — Xo is an isomorphism, that is u; = us.

(2) Take X = X x ... x X, ( == ((1,..¢;) € F(X1) x .. x F(X,) = F(X; x
... X X) by axiom (4). The ith projection pr; : Xy — X; induces a morphism
from (X, () to (X;,¢;) in CP*, i = 1,...,r. So it is enough to prove that there
exists (Xo, (o) € CP* with X connected such that (Xo, {y) > (X, () in CF'. If
X € Cis connected then Id : (X, () — (X, () works. Otherwise, write

as product of its connected components and let ¢ x, : X; < X denote the canon-
ical monomorphism, 7 = 1, ..., r. Then, from axiom (2) one gets:

F(X) = Ui F(X3)

hence, there exists a unique 1 < ¢ < rsuchthat( € F(X;) and iy, : (X;,() —
(X, () works.

u//

(3) (a) It follows from axiom (3) that v : X — X, factors as X u—/> Xy —
XoUX( = Xo, where v’ is a strict epimorphism and »” is a monomorphism
inducing an isomorphism onto X|. Furthermore, X # ()¢ forces X #
(c thus since X, is connected, X = (¢ hence v’ : X| = X, is an
isomorphism.

(b) If Xy = ()¢, the claim is obvious. Otherwise, write X = X'LIX" with X’ #
fc. Letix : X' < X denote the canonical inclusion. Fix (' € F(X'),
(o € F(Xo) such that F'(u)(¢y) = ¢'. From (2), there exists (X{,(}) €
CP', with X, connected and morphisms p : (X}, ¢}) — (Xo,¢o) and q :
(X§,¢y) — (X', ¢"). From (3)(a) the morphism p is automatically a strict
epimorphism, so u o p is also a strict epimorphism. From (1) one has:
wop =ix 0qsoixs oqisa strict epimorphism, in particular, F'(X) =
F(X"), which forces F'(X") = (), therefore X" = ().

(¢) From axiom (6), we only need to prove F(u) : F(Xy) = F(X) is an iso-
morphism. But F'(X)) is finite, we only need to prove F'(u) is an epimor-
phism. By axiom (3), write u : Xy — Xoas Xo 9 X/, 5 X = X, U X!
with v a strict epimorphism and »” a monomorphism inducing an isomor-
phism onto X. As Xj is connected either X, = (¢ or X = (¢. Then
either Xy = (¢ and thus the claim is straightforward, or Xy = X thus
u” is an isomorphism and u is a strict epimorphism so by axiom (4) the
conclusion follows.

O
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Corollary 2.4. Let Xy € C be a connected object. Xy # 0, let (s € F(Xy). Then the
evaluation map:
eve, : Aute(Xo) = F(Xo), v — F(u)(¢o)

is injective. In particular,
| Aute(Xo)| < [F(Xo)|

Definition 2.5. A connected object X, in C is an Galois object in C if for any {, € F(X))
the evaluation map ev,, : Autc(Xo) — F(Xy) is bijective.

Remark 2.6. Let X, be a connected object in C, then X is a Galois object iff one of the
following conditions is satisfied:

(1) Aute(Xy) acts transitively on F'(Xj);

(2) Aute(Xo) acts simply transitively on F'(Xj);
(3) [Aute(Xo)| = [F(Xo)l;

(4) Xo/Aute(Xp) is final in C.

Since Aute(Xy) acts simply on F'(X), we get the equivalence of (1), (2),and (3). By 1.2
(3)(b), (4) is equivalent to F'(Xo/Aute(Xo)) = *. By axiom (5) this is also equivalent
to F'(Xo)/Aute(Xo) = *, which is equivalent to (1).

By (4) the notion Galois object is independent of the fibre functor.

Proposition 2.7. (Galois closure) Let X € C be a connected object in C, then there exists
a Galois object X € C dominating X, which is minimal among all the Galois objects
dominating X in C.

Proof. By 2.3(2) there exists (Xo, (y) € CP*, such that X is connected and that the
evaluation map evg, : Home(Xo, X) — F(X) is bijective. Write Home(Xo, X) =
{uy,..,;u,}. Fori = 1,..,n,let ¢; := F(u;)(¢) and pr; : X™ — X denote the
ith projection. By the universal property of product, there is a unique morphism 7 :=
(U1, ..oy uy) = Xo = X™ such that pr; o m = u;.

By axiom (3), we can decompose 7 : Xy — X" as X i> X L”> X" = X U X’ with
7’ a strict epimorphism and 7" a monomorphism inducing an isomorphism onto X. We
claim that X is Galois and minimal among the Galois objects dominating X .

By 2.3(3)(b), X is connected. Set ¢ := F(7')(Co) = (Cis-rs ) € F(X); we are to
prove that evg, . Aute(X) — F(X) is surjective that is, for any ¢ € F(X) there exists
w € Aute(X) such that F(w)(¢) = C. By 2.3 (2) there exists (Xo, (o) € C with X,
connected and (X, Co) (X0, Co) and (X, &) > (X, &), G € F(X). So,on one hand,
we can write F(w)(¢y) = F(w o ©')(C), on the other hand, ¢ = F(p.)(¢o). But then
by 2.3 (1), there exists w € AutC(X ) such that F'(w)((y) = ¢ if and only if there exists
w € Aute(X) such that w o 7' = pc. To prove the existence of such an w observe that:

(2.1) {prion” o pey.,prnon” o pc} = {ur, ..., un}

The inclusion C is straightforward. To prove D, only need to prove that pr; om0 ps, 1 <
i < nare all distinct. But since pr;on” on’ = u; # u; = prjon”on’,1 <i # j <nand
7+ Xo — X is a strict epimorphism, pr;on” # prjon” as well. And, as X is connected,
pet Xo — X is automatically a strict epimorphism hence pr; o 7 o pc # praom o pe.
From , there exists a permutation ¢ € S, such that pr, ;) o 7" o po = pr; o7 o 7’ and
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from the universal property of product there exists a unique isomorphism o : X" ~ X"
such that pr; o 0 = pry;). Hence pr; o m” o7’ = pry o 0 o 7 o pc, which forces
n" on' = o on" o p.. But then from the unicity of the decomposition in axiom(3), there
exists an automorphism w : X ~ X satisfying o0 o7’ = 7’ ow and w o 7’ = pc-

It remains to prove the minimality of X. LetY € CbeGaloisandq : ¥ — X a
morphism in C. Fix n; € F(Y') such that F'(q)(n;) = ¢;,4 = 1,...,n. Since Y is Galois,
there exists w; € Autc(Y') such that F'(w;)(n;) = n;. This defines a unique morphism
k:= (qowy,...,qowy,) : Y — X" suchthat pr;ox = gow;. By axiom (3),x : Y — X"

7'('”

factors as Y %3 Z' ©5 X" = 7' U Z” with 7' a strict epimorphism in C and 7" a
monomorphism inducing an isomorphism onto Z’. It follows from 2.3(3) (b) that Z’ is
connected and F(k)(n;) = ((1, ..., () = o hence Z is the connected component of ¢,
in X" that is X

O

Such an X is unique up to isomorphism; it is called the Galois closure of X .

3. Proof of the main theorem

Let C be a Galois category, and F' : C — Sets a fibre functor. Let G be a system of
representatives of the isomorphism classes of Galois objects in C. Let

¢ =(¢x)xeq € ] F(X).

Xeg

For two pairs (X, (x) and (Y, ¢y) with X, Y € G, we say that (X, (x ) dominates (Y, (y),
denoted by (X,(x) > (Y,(y) if there exists a morphism uxy : X — Y such that
F(u)({x) = (y. Note that if this morphism exists, then it must be unique, by 2.3 (1),
hence we have the following:

Lemma 3.1. The set G¢ := {(X,(x)|X € G} is a directed set with respect to the relation
> defined above.

For any (X, (x) € G, we consider the evaluation map
evxcy 1 Home(X,—) — F
(u: X —=Y) = F(u)(lx)

Proposition 3.2. (Galois correspondence) For any X, € G let CX° C C denote the full
subcategory whose objects are the X € C such that X, dominates any connected com-
ponent of X inC.

(1) The evaluation map
evxyco © Home(Xo, —)|exo — Flexo-
is a functor isomorphism. In particular, this induces an isomorphism of groups:
u® : Aut(Flexo) = Aut(Home(Xo, —)|exo) = Aute(Xo)?

(where the second equality is just Yoneda lemma)
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(2) The functor F|.x, : CX° — FSets factors through an equivalence of categories

F
CcXo ;%) FSets

F
gchx() or

C(Autc (X[))Op)
Proof. (1) Since the diagram
Fiy)—2 5 px)
eU(XOYCw(Y)T eU(Xo,Co)(X)

Home(Xo,Y) —=— Home(Xo, X)

commutes, ev(x, ¢, is a morphism of functors. Also, since X is connected,
eV (xy.c0) (X)) is injective for X € CX0.

e If X is connected, it follows from 2.3 (3)(a) that any morphismu : Xy — X
in C is automatically a strict epimorphism. Write F'(X) = {(y, ..., (, } and
let (o; € F(Xy) such that F'(u)((o;) = G, 4 = 1,...,n. Since X € C
is Galois, there exists w; € Autc(Xy) such that F'(w)(¢y) = (o, hence
EV(xo,¢0) 18 SUrjective hence bijective.

e If X is not connected, the conclusion follows from 2.2 and axiom (5).

(2) Weset G := Aute(Xy). From (1) and identify F| x, with the functor Home(Xo, —)|x,
over which G°? acts naturally via composition on the right, whence a factoriza-

CcXo F—XO> FSets

tion: lFX(V It remains to prove that F'|y, : CX0 — C(GP)

C(GP)
is an equivalence of categories.

o ['|ox, is essentially surjective: Let £ € C(G? and e € E. By the same
argument as in (1), one may assume that F is connected in C(GP) that
is a transitive left G?—set. Thus we get an epimorphism in GP—sets:

Pei GT = B g Woeut : F(Xy) » E. Then

o s wee et fo == p; oevy : F(Xo) - E. Then for any
s € S, the stabilizer of e in G?,and w € G, one has: f.o F'(s)(eve, (w)) =
fe(eve, (w)). So, by the universal property of quotient, f, : F'(Xy) - E
factors through F'(X,)/S.. Butifp. : Xg — Xy/S. denotes the categorical
quotient it follows from axiom(5) that F'(Xy) — F(Xy)/S. is F(pe) :
F(Xo) — F(Xo/S.). As X is connected, G acts simply on F'(Xj) hence:

‘F(X())/SE' - |F<X0)|/|S€| - [G : Se] - |E|
So f. : F(Xy)/S. = F(Xo/S.) — E is actually an isomorphism in G —

sets.

o F|cx, is fully faithful: Let X,Y € C*°. We may again assume that X, Y
are connected. The faithfulness follows directly from 2.3(1). For the full-
ness, for any morphism u : F(X) — F(Y) in C(G?), fix e € F(X).
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Since u : F(X) — F(Y) is a morphism in C(G) we have S. C Sy
hence py(c) : Xo = Xo/Su(e) factors through:

Xo —2— Xo/S.

J/pu(e% )

XO/Su(e)
hence we get the following commutative diagram:

F( e,u(e )
F(Xo/S) —% F(Xo/Su(e))

lz lsimeq

F(X) —" 5 F(Y)

O

Let (X, (x), (Y, (y) € G* be two elements with (X,(x) > (Y, (y), letuxy : X =Y
be the unique morphism such that F(uxy)((x) = (y, then the following diagram is

commutative:
evy; CY

Passing to limits, we obtain the following map

H omc

Home (X

evge: lim - Home(X,—) — F(—)
(X,CX)EQS

Proposition 3.3. The morphism evg - above is an isomorphism.

Proof. By 2.3 (3)(a) the u , are automatically strict epimorphisms. Then the asser-
tion follows from 3.2. 0J

Corollary 3.4. 7 (C; F) = @(X,gx)egé Aute(X)P

Lemma 3.5. Let X,Y € Gwith X <Y, for any morphisms ¢, : Y — X in C and

for any wy € Autc(Y) there is a unique automorphism wx = ry,(wy) : X = X inC
Y Y

such that the following diagram commutes: ld, ld,

X XX

Proof. (of lemma 3.5) Since X is connected, ¢ : ¥ — X is automatically a strict
epimorphism hence the map

oth 1 Aute(X) — Home(Y, X)
is injective. But by 3.2 that |Hom¢(Y, X)| = |F(X)|, from that X is Galois, |F'(X)| =
| Aute(X)|. As a result the map ot : Aute(X) = Home(X,Y) is actually bijective. In
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particular, there exists a unique wy : X — X making the above diagram commutative.
O

Proof. (of 3.4) By the above lemma we get a well defined surjective map:
Tou - Autc(Y) - Autc(X)

which is a group epimorphism when ¢ = . As a result we get a projective sys-

tem of finite groups. Denote by II the projective limit of this system, then 1I°? acts

on Home(X, —) by composition on the right, which induce a group monomorphism:

E"p — zélqit(l'&n()(7<)<)e(j£ Home (X, —) hence a group monomorphism u : 71 (C; F) <
op

Letw := (wx)xeg € II. For any Z € C connected, let 7 denote the Galois closure of Z
in C and consider the bijective map:
ev: !

0,(7) :—2 Home(Z,Z) 2 Home(Z, Z) —2 F(Z).

One checks that this defines a functor automorphism and that u%(,) = w. By the def-
inition of the topology on 7 (C; F'), m(C; F') — II°? — Aute(X) is continuous for
X € G, hence u¢ : m1(C; F') — 11?7 is continuous. Since 7 (C; I) is continuous, w1 is

continuous as well. O

Proof. (of the main theorem)

(1) By 3.3 and 3.4 we only need to show: evg ¢ factors through an equivalence of
categories: evg . : C — C(II°?) But this follows almost straightforwardly from
3.2. Indeed,

e cug . is essentially surjective: For any £ € C(II°P) since E is equipped
with the discrete topology, the action of 11°? on E factors through a finite
quotient Autc(X) with X € G and we apply 3.2 in CX.

e cvg ¢ is fully faithful: For any Z, 2’ € C, there exists X € G such that
X > 7, X > Z'and, again, this allows us to apply 3.2 in C*.

(2) Let F; : C — FSets,i = 1,2 be fibre functors. Then any g € [Ixeg Fi(X)

induces a functor isomorphism evg ¢ : @(X,cx)egﬁ" Home(X,—) = F(—),s0

we only need to prove that lig(X7<X)eg£1 Home(X,—) ~ li—n}(x,cx)egf Home(X,—),

but this follows from the universal property of the projective limit.

O

4. Functoriality of Galois categories

Definition 4.1. (fundamental functor) Let C, C' be two Galois categories. Then a covari-
ant functor H : C — C’ is a fundamental functor from C to C’ if there exists a fibre
functor F’ : C' — FSets such that F” o H : C — FSets is again a fibre functor for C*

20r equivalently, if for any fibre functor F’ : C’ — FSets, the functor F' o H : C — FSets is againa
fibre functor, since two fibre functors of a Galois category are isomorphic. A fundamental functor is called
an exact functor in [Gro71].
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Let C (resp. C’) be Galois categories with F'( resp. F”) a fibre functor on C( resp. on C’).
Let H : C — C’ be a fundamental functor such that /' o H = F. We can then define a
morphism of profinite groups:

Uy : 7T1(C/,F/) — 7'('1(617 F)

as follows: VO' € II' , ©" € Aut(F"), hence there exists a © € Aut([F” o H) such that
VX €C, F(X) = F'o H(X), the following diagram is commutative:

Fro H(X) 2% pro H(X)
F(X) (X) |

ug :m(C,F') = m(C,F) 0+ 0.

L}F

we define

Claim 4.2. The morphism wuj above is continuous.

Conversely, Let u : II" — II be a morphism of profinite groups, then any X € C(II) can
be endowed with a continuous action of Il via v : II' — II, which defines a canonical
fundamental functor:

H,:C— C(IT)
We obtain in this way the following commutative diagram of categories:

c—f% ¢

r= Fff

C(Il)(H,,) —— C'

Now we assume C = C(II),C’ = C(Il'" and H = H,, for some morphism of profinite
groups u : [I" — II. We have the following:

Proposition 4.3. (1) w is a trivial morphism if and only if for any object X € C,
H(X) is totally splitin C'.

(2) w is a monomorphism if and only if for any object X' € C' there exists an object
X in C and a connected component X/, of H(X') which dominates X' in C'.

(3) w is an epimorphism iff one of the following two equivalent assertions are veri-

fied:

(a) H sends connected objects to connnected objects;
(b) H is fully faithful.

(4) w is an isomorphism if and only if H is an equivalence of categories.

(5) If C oo erisa sequence of fundamental functors of Galois categories

with corresponding of profinite groups 11 <~ II' <~ T1". Then,
(a) ker(u) D im(u') if and only if H'(H (X)) is totally splitinC", X € C;
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(b) ker(u) C im(uw') if and only if for any connected object X' € C' such that
H'(X") has a section inC", there exists X € C and a connected component
X} of H(X) which dominates X' in C'.

Proof. We have the following lemma:

Lemma 4.4. Given (X, () € C*, we will write (X, ()o := (Xo, (), where X, denotes
the connected component of ¢ in X. We say that an object X € C has a section in C
if ec > X and that an object X € C is totally split in C if it is isomorphic to a finite
coproduct of final objects.

For any open subgroup U C 11,
(1) im(u) C U if and only if (ecr, %) > (H(I1/U), 1)) in C'"*;

(2) Let:
Kn(im(u)) <11
denote the smallest normal subgroup in 11 containing im(u). Then Ky (im(u)) C
U if and only if H(I1/U) is totally split in C'.
In particular, v : 11" — 11 is trivial if and only if for any object X € C, H(X)
is totally split in C'.

For any open subgroup U' C 1T,

(1) ker(u) C U’ if and only if there exists an open subgroup U C 11 such that:
(H(IT/U),1)o > (I'/U’, 1) in C"*.

(2) if, furthermore, u : II" — Il is an epimorphism, then Ker(u) C U’ if and only
if there exists an open subgroup U C 11 and an isomorphism (H(I1/U), 1)y —
(I /U", 1) in C"".

In particular,

(1) u:II" = 1I is a monomorphism if and only if for any connected object X' € C’
there exists a connected object X € C and a connected component H(X)y of
H(X)inC such that H(X)y > X" inC'.

(2) if, furthermore, u : II' — 11 is an epimorphism, then u : II' — 1l is an isomor-
phism if and only if H : C — C' is essentially surjective.

Proof. (of lemma) Since a closed subgroup S of a profinite group I1 is the intersection
of all the open subgroups of II containing .S, {1} is the intersection of all open subgroups
of II. This yields the characterization of trivial morphisms and monomorphisms from
the preceding assertions in (1) and (2).

(1) Note that (e¢,*) > (H(II/U),1) in C'"* if and only if the unique map ¢ : * —

H(I1/U) sending % to U is a morphism in C’ i.e., if and only if for any ' € H’,
U=¢(x) =t +) =0 6(x) = u(®)U.

For the second assertion of (1), note that Kj(Im(u)) C U if and only if for
any g € II/U, the map ¢, : « — H(II/U) sending x to gU is a morphism
in C' . This yields a surjective morphism | | iy &g : [yerv* — H(IL/U)
in C’, which is automatically injective by cardinality. Conversely, for any iso-
morphism | |,_; ¢; : | |;c;x = H(II/U) in C', set i; : x — H(II/U) for the
morphism « — | |,_, * — H(II/U) in C'; by construction i; = ¢;, (x).
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(2) Since U’ is closed of finite index in II" and both IT and II" are compact, u(U")
is closed of finite index in im(u) hence open. So there exists an open subgroup
U C II such that U Nim(u) C u(U’). By definition, the connected component
of lin H(II/U) inC'inC’ is :
im(u)U /U ~im(u)/(UNim(u)) ~ U /u*(U).
Butu ' (U) = v (U Nim(u)) C U’, whence a canonical epimorphism
(im(u)U/U,1) — (I'/U", 1)

in C'P*. If furthermore, im(u) = II, then one can take U = w(U’) and ¢ is
nothing but the inverse of the canonical isomorphism II'/U’ — I1/U. Con-
versely, assume that there exists an open subgroup U C II and a morphism
¢ : (im(u)U/U,1) — (I'/U’,1) in C'"". Then for any ¢ € II', one has:
o(u(gU) = ¢ - ¢(1) = ¢'U’. In particular, if u(g’) € ker(u) then ¢U =
o(u(g")U) = ¢(U) = U’ whence ker(u) C U’. Eventually, note that since
ker(u) is normal in II’, the condition ker(u) C U’ does not depend on the
choice of ( € F(X) defining the isomorphism X’ — II'/U".

0

(1), (2) and (5) follows from 4.4 (2). (4) follows from 4.4 and (3). To prove asser-
tion (3), we will show that u is an epimorphism = (a) = (b) = wu is an epimor-
phism. For the first implication, assume that « is an epimorphism. Then, for any con-
nected object X in C(II), the group II acts transitively on X. But H(X) is just X
equipped with the II" action ¢’ - z = wu(g’) - x, ¢ € II'. Hence II' acts transitively
on H(X) as well, i.e H(X) is connected. For (a) = wu is an epimorhism, assume that
if X € C is connected then H(X) is also connected in C’. This holds, in particular, for
any finite quotient IT/N of II with NV a normal open subgroup of II, i.e. the canonical

u H pPrNn

morphism wuy : I’ II/N is a continuous epimorphism. Hence so is

u = limuy. The implication = (b) is straightforward. For (b) = u is an epimorphism,
observe that given an open subgroup U C II, U # II there is no morphism from x* to
I1/U in C. Hence if H : C — (' is fully faithful, there is no morphism as well from * to
IT/U in C. But from 4 4, this is equivalent to im(u) € U. O



CHAPTER 3

Etale covers

Let X be a connected, locally noetherian scheme, and Cg the category of finite étale
covers of X. The aim of this chapter is to prove that Cg is Galois.

For simplicity, we assume all the schemes are locally noetherian even though some
results stated in the following sections remain valid without this assumption.

1. Some results in scheme theory.

Definition 1.1. Assume that S = spec(A) is affine and let P € A[T] be a monic poly-
nomial such that P’ # 0. Set B := A[T|/PA[T] and C' = B;, where b € B is such that
P'(t) becomes invertible in B, (here ¢ denotes the image of 7" in B). Then spec(C') — S
is an étale morphism. We call such a morphism a standard étale morphisms.

Theorem 1.2. (Local structure of étale morphisms, cf. [Mil80], Thm. 3.14 and Rem.
3.15) Let A be a noetherian local ring and set S = spec(A). Let ¢ : X — S an unram-
ified (resp. étale) morphism. Then, for any x € X, there exists an open neibourhood U
of x such that one has a factorization:

U —— spec(C')

L

S

where spec(C) — S is a standard étale morphism and U — spec(C') is an immersion
(resp. an open immersion).

Definition 1.3. An étale cover is a surjective finite étale morphism.

Lemma 1.4. (Stability) Let P be a property of morphisms of shemes: We consider the
following five conditions on P:

(1) P is stable under composition.
(2) P is stable under arbitrary base-change.
(3) closed immersions have P.

(4) P is stable by fibre products.

(5) For any X ERSTEER Z,if g is separated and g o f has P then f has P.
Then we have (1) + (2) = (4), and (1) + (2) + (3) = (5).

Example 1.5. The properties P= surjective, flat, unramified, étale satisfy (1) and (2)
hence (4). The properties P=separated, proper, finite satisfy (1), (2),(3) hence (4) and

).
Lemma 1.6. (Topological properties of finite morphisms)
19



20 3. ETALE COVERS

(1) A finite morphism is closed;
(2) A finite flat morphism is open.

Remark 1.7. (1) Since being finite is stable under base-change, 1.6 (1) shows that
a finite morphism is universally closed. Since finite morphisms are affine hence
separated, this shows that finite morphisms are proper.

(2) 1.6 (2) also holds for flat morphisms which are locally of finite type.

Corollary 1.8. Let S be a connected scheme. Then any finite étale morphism ¢ : X — S
is automatically an étale cover.

2. The category of étale covers of a connected scheme

Let S be a connected scheme and Sch/S the category of S—schemes. Let Cg denote the
full subcategory of Sch/S whose objects are étale covers of S.

Given a geometric point' 5 : spec(€2) — S, the underlying set associated with the scheme
X5 := X x5 spec(Q)) will be denoted by | X5|. One thus obtain a functor:

F: Cs — FSets
¢X—>S — ’Xg‘

Theorem 2.1. The category of étale covers of S is Galois. And for any geometric point
5 : spec(Q2) — S, the functor Fs : C — FSets is a fibre functor for Cg.

By analogy with topology, for any geometric point 5 : spec(2) — S, the profinite group:
m1(5;5) == m1(Cs; I5)

is called the étale fundamental group of S with base point 5. Similarly, for any two
geometric points §; : spec(€);) — S,i = 1,2, the set:

7T1(S; §1,§2) = 7T1(C§ F§17F52)

is called the set of étale paths from 5; to 5o( Note that {2; and €2, may have different
charateristics).

Proof. We check axioms (1) to (6) of the definition of a Galois category.
Axiom(1): The category of étale covers of S has a final object: Idg : S — S and from
1.4, the fibre product ( in the category of S—shemes) of any two étale covers of .S over
a third one is again an étale cover of S.
Axiom(2): The category of étale covers of S has an initial object: () and the coproduct (
in the category of S—schemes) of any two étale covers of S over a third one is again an
étale cover of S. moreover we have the following:

Lemma 2.2. Categorical quotients by finite groups of automorphisms exists in Cg.

Proof. Step 1: Assume first that S = spec(A) is an affine scheme. Since étale cover
are, in particular, finite hence affine morphisms, ¢ : X — S is induced by a finite

'We recall that a geometric point of a scheme S is a morphism 5 : spec(2) — S where (2 is an
algebraically closed field.
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A—algebra ¢* : A — B. But, then, if follows from the equivalence of category between
the category of affine S—schemes and (Alg/A)°P that the factorization

X 29 spec(BY") =: G\X

k’%

S

is the categorical quotient of ¢ : X — S by G in the category of affine S—schemes.
So, as Cg is a full subcategory of the category of affine S—schemes, to prove that ¢ :
G\X — S is the categorical quotient of ¢ : X — S by G in Cg, it remains to prove that
¢ G\X — SisinCg.

Lemma 2.3. (trivialization): An affine, surjective morphism ¢ : X — S is an étale cover
if and only if there exists a finite faithfully flat morphism f : S’ — S such that the first
projection ¢' : X' := 5" x5 X — S’ is a totally split étale cover of S'.

We apply the above lemma 2.2 to the quotient morphism ¢ : G X — S. For this, first
apply 2.2 to the étale cover ¢ : X — S to obtain a faithfully flat A—algebra A — A’
such that B ® 4 A" = A™ as A’—algebras. Tensoring the following exact sequence of
A—algebras by the flat A—algebra A’

op gecop(Idp—g)
0 — BE” _y p ZucerllnTa), P B

geGoP

one gets the exact sequence of A’—algebras:

op geqor(Idp—g)®ald
0 BE” @4 A > By A Zeeer M 0B Oy g,
geGor

whence:

2.1) B @4 A= (B@s A" = (Am)°".

But G? is a subgroup of Aut 44/ 4/ (A™), which is nothing but the symmetric group S,
acting on the canonical coordinates £ := {1,...n} in A™. Hence:

(A/E)GOP _ ®G\EA,-

In terms of schemes, if f : S’ — S denotes the faithfully flat morphism corresponding
to A — A’ then S" xg X is just the coproduct of n copies of S” over which G acts by
permutation and 2.1 becomes

S’ Xg (G\X) = G\(HES/) = I_I(;\ES’.

Step 2, general case. We reduce to Step 1 by covering S with affine open subschemes(
local existence) and using the unicity of categorical quotient up to canonical isomorphism
(glueing) 0J

Axiom (3): Before dealing with axiom (3), let us recall that, in the category of S —schemes,
open immersions are monomorphisms and that:

Theorem 2.4. (Grothendieck-see[Mil80]) In the category of S—schemes, faithfully flat
morphisms of finite type are strict epimorphisms.
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Lemma 2.5. Given a commutative diagram of schemes:

Yy —— X.

LA

S

Ifp: X — S, ¢ :Y — S are finite étale morphisms then u : Y — X is a finite étale
morphism as well.

Axiom (4): For any étale covers ¢ : X — S one has F5(¢) = « if and only if r(¢) = 1,
which in turn, is equivalent to the fact that ¢ : X — S is an isomorphism. Also, it
follows straightforwardly from the universal property of fibre product and the definition
of F3 that Fs commutes with fibre products.

Axiom (5): The fact that F; commutes with finite coproducts and transforms strict epi-
morphisms into strict epimorphisms is straightforward. So it only remains to prove
that /5 commutes with categorical quotients by finite groups of automorphisms. Let
¢+ X — S be an étale cover and G C Autgen/s(¢) a finite subgroup. Since the asser-
tion is local on .S, it follows from 2.2 that we may assume that ¢ : X — S is totally split
and that GG acts on X by permuting the copies of .S. But, then, the assertion is immediate
since G\X = Ug\F§(¢)S.

Axiom (6): For any two étale covers ¢ : X — S, ¢ :Y — S,letu:Y — X bea
morphism over S such that Fi(u) : F5(¢) — F5(¢) is bijective. It follows from 2.5 that
uw: Y — X is finite étale but, by assumption, it is also surjective hence u : ¥ — X is an
étale cover. Moreover, still by assumption, it has rank 1 hence it is an isomorphism by
1.8. O

Corollary 2.6. (1) m1(S; 8) is a profinite group, and the action of m,(S; 5) on F5(X)
is continuous.

(2) The induced functor

For: Cs — C(m(S;5))
X = X;

is an equivalence of categories.

3. Reformulation of functoriality

Let S and S” be connected schemes, equipped with geometric points § : Spec(f) — S
and §' : Spec(Q) — S’, respectively. Assume given a morphism ¢ : S* — S with
¢ o5 = 5. Then ¢ induces a base change functor

H¢Z CS — Fetsl
X = XXSS/

and a morphism X — Y to the induced morphism X xg S" — Y xg S’. Moreover, the
condition ¢ o 5 = 5 implies that there is an equality of functors Fs = Fy o Hy. So Hy is
a fundamental functor and we denote by ¢, the corresponding morphism of fundamental
groups ¢, : m(S’;§') — m(S; s). Hence we can reformulate the functoriality properties
as follows:

Proposition 3.1. (1) The map ¢, is trivial if and only if for every connected finite
étale cover X — S the base change X X g S’ is a trivial cover (i.e. isomorphic
to a finite disjoint union of copies of S’).
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(2) The map ¢, is surjective if and only if for every connected finite étale cover
X — S the base change X x5 S’ is connected as well.

(3) The map ¢, is injective if and only if for every connected finite étale cover X' —
S’ there exists a finite étale cover X — S and a morphism X; — X' over S’,
where X is a connected component of X X 5S'. In particular, if every connected
finite étale cover X' — S’ is of the form X x g S" — S’ for a finite étale cover
X — S, then ¢ is injective.

(4) Let S” %S % Shea sequence of morphisms of connected schemes, and let
5,5, 8" be geometric points of S, S’, and S” respectively, satisfying s = ¢ o §
and §' =1 o §'. The sequence

m(S";§") 2N m (5" §) N m1(S; 5)
is exact if and only if the following two conditions are satisfied.

(a) For every finite étale cover X — S the base change X x5 S" — 58" is a
trivial cover of S”.

(b) Given a connected finite étale cover X' — S’ such that X' xg S” has a
section over S”, there exists a connected finite étale cover X — S and an
S'-morphism from a connected component of X xg S" onto X'.






CHAPTER 4

Properties and examples of the étale fundamental group

1. Spectrum of a field

Let k be a field and set S := spec(k). Then:

Proposition 1.1. For any geometric point s : spec(2) — S, there is a profinite group
isomorphism:
cs :m(S,s) ~Ty.

Proof. Let k < k be a fixed algebraic closure of k& which defines a geometric point
5 : spec(5) — S. Then by the main theorem of Galois categories, we have (S, s) ~
71(S, 5), canonically up to inner automorphisms. Hence we can assume that 2 = k. Let
k, be the separable closure of k in k
We recall that X is a finite étale cover of S iff X = spec(L) where L is a finite étale
k—algebra. And X is a connected object in the category Cg iff L is a finite separable
field extension of k.

Fibg(X) = | X x5 8|
= |spec(L @1 Q)| =~ Homq(L ®; Q,0Q)
given by ker (o) — 0] '
= Homy(L,Q) = Homy (L, k)

Hence we get Fiib; = Homy(—, ks) Hence
(S, s) = Aut(F'ibs)
= Aut(Hom(—, ky)) .
> Gal(ks|k) =Ty
Where the isomorphism Gal(ks|k) = Aut(Hom(—, ks)) is given sending o € Gal(ks|k)

to
o,: Hom(—,ks) — Hom(—,ks)

[0) = oo

2. The first homotopy sequence.

Let S be a connected scheme, f : X — S a proper morphism such that f,Ox = Og and
s € S. Fix a geometric point xg, : spec(2) — X; with image again denoted by zqg in X
and sq in S.

Theorem 2.1. (First homotopy sequence) Consider the canonical sequence of profinite
groups induced by (X5, xq) — (X, zq) — (S, sq):

m (X5, 2q) N m (X, zq) KN (S, sq) — 1

25
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Then p : m (X, zq) — (S, sq) is an epimorphism and p o i = 1. If, furthermore,
f: X — S is separable' then the sequence above is exact.

Proof. The main tool in the proof is the Stein factorization theorem. Let us recall
that:

Theorem 2.2. (Stein factorization of a proper morphism) Let f : X — S be a morphism
such that f,Ox is a quasicoherent Og—algebra. Then f,Ox defines an S—scheme:

p: S = spec(fLOx) = S
and f : X — S factors canonically as:

S«—— 8
e
X
Furthermore,
(1) If f : X — S is proper then
(a) p: S — Sisfiniteand f' : X — S’ is proper and with geometrically

connected fibres;
(b) e The set of connected components of X is one-to-one with S”*, s €
S;

e The set of connected components of X; is one-to-one with S, s €

S.

In particular, if {,Ox = Og then f : X — S has geometrically connected
fibres.

(2) If f - X — S is proper and separable then p : 8" — S is an étale cover. In
particular, f,Ox = Og ifand only if f : X — S has geometrically connected
fibres.

For a proof of this theorem, c.f. [Har77], Chapter III, Corollary 11.5.

Corollary 2.3. Let f : X — S be a proper morphism such that f,Ox = Og. Then, if S
is connected, X is connected as well.

Proof. (of corollary) It follows from (1)(b) of 2.2 that, if f,Ox = Og then f is
geometrically connected and, in particular, has connected fibres. But,as f : X — S'is
proper, it is closed and f,Ox is coherent hence:

J(X) = supp(f.Ox).

So f,Ox = Og also implies that f : X — S is surjective. As a result, if f,Ox = Og
then f is closed, surjective, with connected fibres so, if S is connected, this forces X to
be connected as well. O

'We recall that a scheme X over a field k is separable over k if for any field K of & the scheme
X Xy K is reduced. This is equivalent to requiring that X be reduced and that, for any generic point 7,
of X, the extension k — k(7)) be separable. And a scheme X over a scheme S is separable over S if it
is flat over S and for any s € S the scheme X is separable over k(s). Separable morphisms satisfy the
following elementary properties: (1) Any base change of a separable morphism is separable. (2) If X — S
is separable and X’ — X is étale then X’ — S is separable.
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For the proof of the theorem, we will apply the criterion of functoriality of fundamental
functors. We first give a lemma stating under less restrictive hypothesis, po¢ = 1 is true.

Lemma 2.4. Let X, S be connected schemes, f : X — S a geometrically connected
morphism and s € S. Fix a geometric point xq : spec(2) — Xz with image again
denoted by xq in X and sq in S and consider the canonical sequence of profinite groups
induced by (X;,xq) = (X, zq) — (S, sq):

1 (X5, xq) AN (X, zq) & 71(S, s5q).

Then, one always has i op = 1.

Proof. Let ¢ : S’ — S be an étale cover and let S% := X; x g .5, then

SL=X; xg 8" = (X xg spec(k(5))) xg 5’
= X Xg (spec(k(5)) xs 5)

= X xg Ug spec(k(5))

= |—|5'§X§-

Hence S’ — Xj is totally split. hence poi = 1. 0J
Now we return to the proof of 2.1.

e Exactness on the right: for any connected étale cover ¢ : S’ — S and let
X' := X xg S’ with the notation for base change:

X/

d , X
f! ] Jf :
S

S’ 0 >

Since f.(Ox/) = fl(¢*Ox) = ¢*f,.Ox = ¢*Og = Oy and f’ is proper, it
follows from 2.2 (1)(b) that X" is connected.

e Exactness in the middle: by 2.4 we only need to show ker(p) C im(i). Let
¢ : X' — X be a connected étale cover, with the following notation:

X’ ¢ > X ! > S

X: > X > k(5)

Assume that gZ admits a section o, now we prove that there is a model of ¢ which
isa connected étale cover S’ — S.
As ¢ is finite étale and f is proper and separable, g := fo¢ : X' — Sis

also proper and separable. Consider its Stein factorization X’ £+ S’ £ . By
2.2 (2), p is étale. Furthermore, as X’ is connected and ¢’ is surjective, S’ is
connected. The base change of ¢ : X’ — X has a section implies that the
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base change of X Xxg S’ has a section as well. Hence the finite étale cover
X' — X x5S must be of degree 1, i.c. an isomorphism.

0J
Remark 2.5. In general, 7 is not injective.

Corollary 2.6. Let X /k be a connected proper scheme over algebraically closed field
k. Let k C ) be an algebraically closed field extension, xq, € X (€2) be a geometric
point.Then the canonical morphism of profinite groups:

m (X xq) — m(X;x0)

induced by (Xq;xq) — (X;xq) is an isomorphism.

The proof of 2.6 uses the following lemmas:

Lemma 2.7. (Kiinneth formula) Let k be an algebraically closed field, X a connected,
proper scheme over k and Y a connected scheme over k. For any x : spec(k) — X and
y : spec(k) — Y, the canonical morphism of profinite groups:

(X X Vi (2,y)) = m(Xs2) x m(Ysy)
induced by the projections px : X XY — X andpy : X X, Y — Y is an isomorphism.

Proof. From the following theorem:

Theorem 2.8. (c.f. [Gro71], Chap. VIII) Let X be a scheme and i : X" — X be
the underlying reduced closed subscheme. Then the functor i* : Cx — Cxrea is an
equivalence of categories. In particular, if X is connected, it induces an isomorphism of
profinite groups:

71 (1)« T (XY = 1 (X)

we may assume that X is reduced hence, as k is algebraically closed, that X is separable
over k. As X is proper, separable, geometrically connected and surjective over k, so is
its base change py : X x; Y — Y. So, it follows from 2.2 (2) that py.Ox«,y = Oy.
Thus, one can apply 2.1 to py : X X, Y — Y to get an exact sequence:

m((X xp Yy 2) = m(X % Y (2,9) > m((Y;y) = 1.

Furthermore, X = (X x; V), — X x; Y 25 X is the identity so px : X x;, V — X
yields a section of m1(X;z) — m(X X, Y (2,y)). O

Proof. (of corollary 2.6) Surjectivity: Let ¢ : Y — X be a connected étale. We are to
prove that Y, is again connected. But, as & is algebraically closed, if Y is connected then
it is automatically geometrically connected over k and, in particular, Y, is connected.
Injectivity: One has to prove that for any connected étale cover ¢ : Y — X, there exists
an étale cover ¢ : Y — X which is a model of ¢ over X . We begin with general lemma.

Lemma 2.9. Let X be a connected scheme of finite type over a field k and let k — ()
be a field extension of k. Then, for any étale cover ¢ : Y — Xq, there exists a finitely
generated k—algebra R contained in () and an affine morphism of finite type qg Y = Xp
which is a model of ¢ : Y — Xq over Xi. Furthermore, if 1) denotes the generic point
of spec(R), then qgk(n) : ffk(n) — Xy s an étale cover.
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Proof. (of lemma) Since X is quasi-compact, there exists a finite covering of X by
Zariski-open subschemes X; := spec(4;) — X,i = 1,...,n, where the A; are finitely
generated k—algebra. As ¢ : Y — Xq is affine, we can write U; = ¢~ 1(X;q) =
spec(B;), where B; is of the form:

Bi = A’L ®k’ Q[I]/<PZ,17 ceey Pi,n-)-
For each 1 < j < r;, the ath coefficient of P ; is of the form:

E Tigak @k Nijak
k

with 7; 0k € Ai, Nijar € Q. So, let R; denote the sub k—algebra of (2 generated by
i j.ak then B; can also be written as:

B = A; @ Ri[L]/(Pia, ... Piy,) ©r, L.

Let R denote the sub-k-algebra of () generated by the R;, then k£ — R is a finitely gener-
ated k—algebra and up to enlarging I?, one may assume that the glueing data on the U;NU;
decend to R then one can construct ¢ by glueing the spec(A; x; R[T]/(Pi1, ..., Piy.))
along these descended gluing data. By construction ¢ is affine.

To conclude, since k(n) — €2 is faithfully flat and ¢ : Y — X is finite and faithfully

flat, the same is automatically true for qbk Yk(n) — Xk(y)» Which is then €tale since
¢:Y — Xqis. O

So, applying 2.9to ¢ : Y — X, and up to replacing R by R, for some r € R\{0}, ome
may assume that ¢ : Y — Xgq is the base-change of some étale cover ¢° : Y° — Xp.
Note that, since Y) = Y is connected, both Yn0 and Y° are connected as well. Fix
s : spec(k) — S. Since the fundamental group does not depend on the fibre functor,
one can assume that k(z) = k. Then from 2.7, one gets the canonical isomorphism of
profinite groups:
(X X S; (x,8)) = m(X;x) x 7(S; ).

Let U C 7 (X X3 S; (x,s)) be the open subgroup corresponding to the étale cover ¢° :
Y? — X x; Sandlet Uy C 7 (X;2) and Us C m,(S; s) be open subgroups such that
Ux xUg C U. Then Uy and Ug correspond to connected étale covers w X : X — X and
g+ S — Ssuchthat ¢° : YO — X x, S is aquotient of ¥y X 1g : X x5 — X X, S.
Consider the following cartesian diagram:

X xS —— X xS

Since k(n) C 2 and (2 is algebraically closed, one may assume that any point § € S
above s € S has residue field contained in €) and, in particular, one can consider the
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associated Q—point 3¢, : spec(€2) — S. Then, one has the cartesian diagram:

e v,

I

X %, 8 +—— Xq

IdXXkSQ

Again, since Yy, is connected, Y0 is connected as well, from which it follows that Y° —

X Xy S corresponds to an open subgroup V' C my (X xg S) = m(X) x Ug containing
(X % S) = Uy x Ug. Hence V = U x Us for some open subgroup Ux C U C

m1(X) hence Y? = X x; Sis of the form Y x; S — X x, S for some étale cover

o:Y = X. O

3. More examples

§1. Normal base scheme. Let S be a connected normal® scheme. Recall that we
only consider locally noetherian scheme, in particular, .S is irreducible.

Lemma 3.1. Let k(S) < L be a finite separable field extension. Then the normalization
of S'in k(S) < L is finite over S.

When S is normal, we can improve 1.2 as follows.

Lemma 3.2. Let A be a noetherian integrally closed local ring with fraction field K and
set S = spec(A). Let ¢ : X — S an unramified (resp. étale) morphism. Then, for any
x € X, there exists an open affine neighborhood U of x such that one has a factorization:

U —— spec(C)

L

S

where spec(C) — S is a standard étale morphism, such that C = A[T|/PA[T] can be
chosen in such a way that the monic polynomial P € A[T]| becomes irreducible in K[T)|
and U — spec(C') is an immersion (resp. an open immersion,).

Proof. We denote by m the maximal ideal of A and s the corresponding closed point
of S. By 1.2 we may assume that ¢ : X — S is induced by an A—algebra of the form
A — B, with B = A[T|/PA[T] and b € B such that P'(t) is invertible in B,. Since
A is integrally closed, any monic factor of P in K[T] is in A[T]. Let z € X and fix
an irreducible monic factor @) of P mapping to 0 in k(z). Write P = QR in A[T]. As
P € k(s)[T) is separable, () and R are coprime in k(s)[T] or, equivalently:

(Q.R) = k(s)[T].
But as @ is monic M := A[T]/(Q,R) is a finitely generated A—module so, from
Nakayama, A[T] = (Q, R). By the Chinese remainder theorem:

A[T)/PA|T] = A[T]/QA[T] x A[T]/RA[T).

2We recall that a scheme is called normal if every stalk is integrally closed.



3. MORE EXAMPLES 31

Set By := A[T]/QA[T] and let b; denote the image of b in B;. Then the open subscheme
Uy := spec(Byp, — X contains x and:

Uy := spec(Bp,) — X — S
is a standard morphism of the required form. 0

Lemma 3.3. Let ¢ : X — S be an étale cover. Then X is also normal and, in particular,
it can be written as the coproduct of its (finitely many) irreducible components. Further-
more, given a connected component of Xy of X, the induced étale cover Xy — S is the
normalization of S in k(S) — k(Xp).

Proof. We first prove the assertion when S = spec(A) with A a noetherian integrally
closed local ring and ¢ : X — S is a standard morphism as in 3.2. Let K (= k(95))
denote the fraction field of A. By assumption, L := C ®4 K = K[T|/PK]|T] is a finite
separable field extension of K. Let A° denote the integral closure of A in K — L. Since
B is integral over A, one has A C B C A° C Lhence B, C (A%), = ((A°),)° C L. So,
to show that C'is integrally closed in K — L, it is enough to show that A° C B,. So let

o € A€ and write:
n—1
o= Z aiti,
i=0

witha; € K,i=1,..nand n = deg(P). As K — L is separable of degree n, there are
exactly n distinct morphisms of K —algebras:

Let V,,(t) :== V(¢1(t), ..., ¢ (t)) denote the Vandermonde matrix associated with ¢y (t), ..., ¢y, (%).
Then one has:

Va(®)|(ai)osizn-1 =" Com(Va(t))(¢i(@))1<izn
(where ‘C'om(—) denotes the transpose of the comatrix and | — | the determinant). Hence,
as the ¢;(¢) and the ¢;(«) are all integral over A, the |V},(¢)|a; are also all integral over
A. By assumption, the a; are in K and |V, ()| is in K since it is symmetric in ¢;(t). So,
as A is integrally closed, the |V/,(t)|a; are in A, from which the conclusion follows since
|V.(t)] is a unit in C' (recall that P’(t) is invertible in C).
We now turn to the general case. From 3.2, the above already shows that X is normal
and, in particular, it can be written as the coproduct of its (finitely many) irreducible
components. So, without loss of generality we may assume that X is normal connected
hence integral scheme. But then, for any open sub-scheme U C S, the ring Ox (¢~ (U))
is integral ring and its local rings are all integrally closed so Ox (¢~ '(U)) is integrally

closed as well and, since it is also integral over Og(U), it is the integral closure of Og(U)
in k(S) = k(X). O

The following lemma provides a converse to 3.3:

Lemma 3.4. Let k(S) < L be a finite separable field extension which is unramified over
S. Then the normalization ¢ : X — S of S'in k(S) — L is an étale cover.

Proof. Since S is locally noetherian, ¢ : X — S'is finite by 3.1; it is also surjective
[AM69] Thm.5.10. and, by construction it is unramified. So we are only to prove that
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¢ : X — S is flat, namely that Og 4,y — Ox is a flat algebra, z € X. One has a
commutative diagram:

Ox, «——C

1

Os.6(x)

where Og 4,y — C is a standard algebra as in 3.2, ' — Ox, is surjective and, as
¢ : X — Sissurjective, Og ¢(z) — Ox ;. In particular,
Os,6(2) ®0s 40y K(S) = Ox 2 R0y, k()
is injective as well hence:
C Qg 4 k(S) = Oxa oy, k(S)
is non-zero. But, as C ®oy ,,, k(S) is a field, the above morphism is actually injective

and, as Og ¢y — k(5) is faithfully flat, this implies that C' — Ox, is injective hence
bijective. 0

Denote by F'E Alg/k(S) the category of finite étale k(.S)—algebras. 3.3 shows that there
is a well-defined functor:

R: Cs — (FEAlg/k(S))°P
X =5 = k(S) = R(X) = Ty enx) k(Xo)-
Let FEAlg/k(S)/S C FEAlg/k(S) denote the full subcategory of finite étale k(.S)-
algebras which are unramified over S. Then 3.3 and 3.4 imply the following theorem

Theorem 3.5. The functor R : Cg — FEAlg/k(S) is fully faithfull and induces an equiv-
alence of categories R : Cs — FEAlg/k(S)/S with pseudo-inverse the normalization
functor.

Corollary 3.6. Let S be a connected, locally noetherian, normal scheme with generic
point 1 : k(S) — S. Let k(S) — € be an algebraically closed field extension defining
geometric points 5, : spec(2) — spec(k(S)) and 5 : spec(2) — S. Let k(S) —
Miys),s denote the maximal algebraic field extension of k(S) in Q2 which is unramified
over S. Then one has the canonical short exact sequence of profinite groups:

1 ? FMk(S),S ? Fk(X)

i (spec(k(S)); 5,) — m(S5,5) —— 1

(here I' _denote the absolute Galois group) In particular, this definesa canonical profinite
group isomorphism:
Gal(M(s),5|k(S)) = m(X; )

Proof. From 3.5 the base change functor n* : Cs — Cypec(k(y)) is fully faithful hence,
from 4.3 (1), induce an epimorphism of profinite groups:

mi(n) : m(spec(k(S)); $5) - m (S, 5)
whose kernel is T'y, , by4.4(2). O
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Example 3.7. Let S be a curve, smooth and geometrically connected over a field k& and
let S < S be the smooth compactification of .S. Write S \S = Py, ...P.. Then, with the
notation of 3.6, the extension k(S) — My g), s is just the maximal algebraic extension
of £(.S) in €2 unramified outside the places P, ..., P,.

§2. Abelian varieties.

§2.1. Group schemes. Let S be a scheme. A group scheme GG over S is a group
object in a category of S-schemes. That is, it is an S-scheme G equipped with one of the
equivalent sets of data

(1) atriple of morphisms i1 : G Xxg G — G,e : S — G,and ¢ : G — G, satisfy-
ing the usual compatibilities of groups (namely associativity of i, identity, and
inverse axioms);

(2) afunctor from schemes over S to the category of groups, such that composition
with the forgetful functor to sets is equivalent to the presheaf corresponding to
(G under the Yoneda embedding.

Definition 3.8. (Finite group schemes over a field k) A finite group scheme £ is a k-group
scheme G, which is finite as a scheme over k.

Remark 3.9. An affine group scheme over £ is of the form spec(A)/k with p, e, ¢ corre-
sponding to
weA— ARy A;

e A—k;

i A— A
respectively. Any affine group scheme is the spectrum of a commutative Hopf k—algebra.
Example 3.10. (1) G = speck|x], with

proklz] —  klx] @ klx]
r — I®1+1®x
p o spec(klz]) ®g spec(klx]) —  spec(k|x])
(a,b) — a+b

(2) Gy = AL\{0} = spec(k[z, z7']) with

wrr ke, — klr, a7 @ k[z, 27
x — TR ’

)

(‘hence

x]fl[f}l ) with

* . klx klx klx
22 z”[Jl — z”[Jl Ok :E"[—]l

r = TRx
Let Rbe a k—algebra, f1,, s (R) = Homy(spec(R), pn i) = Homk_alg(%, R)
{a € R|a™ = 1}. We have the following:

(3) pin i, wWhere n € Zsq, fin = spec(

Proposition 3.11. i, i, is a finite group scheme over k. and
o (n;char(k)) = 1 implies that ., . is smooth (=étale) over k;

@) IS connected.

o ifchar(k) =p > 0andn = p™, then ji, j, = spec(
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(4) Suppose n € Z>1, S = spec(k), let G be the abstract group Z/nZ, S x G :=
I1,.cS,, then we can define

gea@ Py
I (SXG)xs(SxG)—— SxG
\
S x (G xG)
which is induced by
1 Ik = (Hyea ko) @ (I ko)
€ — Z(g,gf)erG,g-g':b Cog

Remark 3.12. Let £ be a field, then the category of k-group schemes of finite type is an
abelian category. In particular, for f : G — H a morphism of k-group schemes, its
kernel and cokernel exist. More precisely, we have

(1) The kernel of f can be described by the following cartesian diagram

¢——un

| ]
ker(f) —— spec(k)

where e : spec(k) — H is the neutral element of the group scheme H.

(2) We don’t have an easy explicit description of the cokernel coker(f). But we
know the following universal property: for g : H — K a morphism of (finite
type) k-group schemes such that go f = 0, there exists then a unique morphism
g : coker(f) — K such that gop = g, where p : H — coker(f) is the
canonical projection:

G . pg_> coker(f) —— 0
\ lg /////
g
PR
Example 3.13. When G = G,,, 1,

f=n: G - G
a +— a"’
then the corresponding homomorphism of Hopf algebras is
" k[, 27 <+ klr,x7]
" — T ’
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Then by the cartesian diagram:

klz,z71] < klz,z!]

klx]/(z™ — 1) < k

we have ker[n] = spec(k[x]/(z" — 1)).

Proposition 3.14. Let G//k be a group scheme of finite type over a filed k. Let G° be the
connected component of G containing 0 (called the identity component of G). Then

o G° has a natural structure of k-group scheme induced from G In this way, G°
becomes an open and closed subgroup scheme of G

o The cokernel G/G° of G° < G is a finite étale group scheme over k.

§2.2. Abelian Varieties. An Abelian variety over a field £ is a smooth connected
k—group scheme A/k such that A is a proper as k-schemes. For example, elliptic curves
are 1—dimensional abelian varieties.

Recall that an isogeny from an abelian variety A to an abelian variety B is a morphism

of k—group schemes A I, B such that one of the following equivalent conditions is

satisfied:
o dim(A) = dim(B), and ker(f) is finite over k;

d
e dim(A) = dim(B),and f is an epimorphism of k-group schemes (i.e., coker(f) =
0).

For A an abelian variety over k, we have the following facts:
e the group scheme structure on A/k is always commutative;

e Vn € Z n > 1, the multiplication-by-n morphism
na: A - A
a — a"

is an isogeny of abelian varieties and ker([n]4) is a closed finite subgroup
scheme of A.

In the following part of this section, & is always an algebraically closed field.
Let p = char(k) > 0. Set A[n] := ker([n]a).

Proposition 3.15. Let A be an abelian variety of dimension g > 0.

e [f(n,p) = 1,then A[n] — spec(k) is étale, hence can be thought as an abstract
group. Moreover, Aln] = (Z/nZ)*

e [fn = p°, then A[n| is a finite group scheme over k, and A[n|(k) = (Z/nZ)",
where T is an integer belonging to {0,1, ..., g}, which is independent of the
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choice of the integer e. The multiplication-by-n morphism |n| is no longer an
étale isogeny, however by 3.14 we have the following exact sequence:

0 — A[n]® — A[n] — An]/A[n]° — 0

with Aln]/A[n]° finite étale over k. Hence we have the following diagram:

Aln] Aln]/A[n]°
0 » An]° > A » AJAn]® —— 0 -
[n/
N étale surjective
A

Since A[n]/A[n]® is étale over k, A/ A[n]" is étale over k.

Remark 3.16. The integer r appearing in the previous proposition is called the p-rank
of the abelian variety. For example, when A = FE is an elliptic curve, then its p-rank is
equal to 1 if £ is ordinary, otherwise, E is called supersingular.

Corollary 3.17. Let | be a prime number, set T|(A) = @A[l”](k), the l—adic Tate
module of A, then

o if (I,p) =1, Ti(A) = Z;".
o ifl =p, T,(A) =~ Z;, where r is the p-rank of A.

A main reference for abelian varieties is [Mum70]. See also [Mil86] for a concise intro-
duction.

Theorem 3.18. (Serre-Lang) There is a canonical isomorphism of profinite groups:

m(4;04) = [ TiA4)

l:prime

Proof. Given a profinite group II and a prime [, let IIY) denote its maximal pro—I
quotient.
Claim 1: 7m1(A;04) is abelian. In particular,

m(A,0) = [] m(4,0.

l:prime

Proof. (of claim 1). From 2.7, the multiplication map x : A X A — A induces a
morphism of profinite groups 7 (1) : m (A x A) — m(A). By Kiinneth formula, there

exists an isomorphism 7 (A x A) (’—)> m(A) x m(A), so we get a morphism of
P1x,P2%
profinite groups

m1(p) s m(A;04) X w1 (A;04) = m1(A;04).
The canonical section o7 : A — A X A of the first projection p; : A X, A — A induce
the morphism of profinite groups:
mi(o1): m(A;04) — m(A;04) X m1(A;04)
v e (7. 1)
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and, by functoriality, 71 (1) o 71 (1) = Id. The same holds for the second projection.
As a result, the morphism (i) is given by (71,72) — 7172. As a result m(A) is
commutative. 0J

Claim 2 (Serre-Lang): Let ¢ : X — A be a connected étale cover, and x a point above
0 € A. Then X carries a unique structure of abelian variety such that ¢ : X — A
becomes a separable isogeny, and that € X becomes the neutral element of .

Proof. (of claim 2) The idea is to construct first the group structure on one fibre, and
then extend it automatically by the formalism of Galois categories. Let x : spec(k) — X
such that ¢(z) = 04. Then the pointed connected étale cover ¢ : (X;z) — (A4;04)
corresponds to a transitive 7 (A; 04)—set M together with a distinguished point m € M.
Since m1(A;04) is abelian, the map:

py o MxM  — M
(yam, yem) = mym
is well defined, maps (m, m) tom andis 71 (A; 04) X 71 (A; 04)—equivariant if we endow
M with the structure of 71 (A; 04) x 71 (A; 04)—set induced by 7y (1) (which corresponds
to the étale cover X x4 (A xx A) — A x; A). Hence it corresponds to a morphism
s 0 X xp X — X x4 (A x A) above A x;, A or, equivalently, to a morphism
px X X X — X fitting in:

nx

RN

Xxp X 2 X xy (Axp A) —— X

PX [ ¢

Vv

Ax, A - s A

and mapping (x,z) to x. By the same arguments, one constructs ix : X — X above
[—14] : A — A mapping z to . With uy and iy, one checks that this endows X with
the structure of an algebraic group with unity x ( hence, of an abelian variety since X is
connected and ¢ : X — A is proper) and such that ¢ : X — A becomes a morphism of
algebraic groups ( hence a separable isogeny since ¢ : X — S is an étale cover). 0J

Now let ¢ : X — A be a degree n isogeny (i.e ker(¢) is of exponent n). Then ker(¢) C
ker([n]x), hence one has a canonical commutative diagram:

¢

0 —— ker(¢) > X y A > 0
N [
)ie
X

From the surjectivity of ¢, one also has ¢pot) = [n|4. When [ is a prime different from the
characteristic p of k, combining this remark and claim 2, one gets that ([I"] : A — A),>0
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is cofinal® among the finite étale covers of A with degree a power of [ that is
m(4;04)Y = lim A[l"] = T3(A).
When [ = p, one has to be more careful. In this case, the isogeny
p'a:A— A

is no longer étale. However, it factors as:

A

J[py )
Pn

A

where B, := A/A[p"]°, 1, is the quotient morphism, and ¢,, is the induced morphism
(as A[p"]° C A[p"]). As aresult, v, is a purely inseparable isogeny, and ¢,, is an étale
isogeny with ker(¢,) = A[p"|/A[p"]° = A[p"](k) (as a constant group). Moreover, the
translation map by an element of ker(¢,)(k) in A induces an automorphism of B,, /A,
we obtain an injective morphism of groups

ker(¢,)(k) — Aut(B,/A)

which must be an isomorphism for the reason of cardinality: Let now ¢ : X — A be
an étale isogeny of degree p™. As before, there exists a morphism of group schemes
¥ A — X such that ¢ o ) = [p"]4.

ALX
%Alqb
A

Since ¢ is étale, Y(A[p"]°) C ker(¢) = 0. Thus we obtain the following factorization:

In other words, the isogeny ¢ is dominated by ¢,,. In this way, we show that the family
{¢n : B, — A} is cofinal among the étale isogeny of A of degree a power of p. Hence:

P(A) = lim Aut(B,/A)”
lim_ <ker<¢n>>< )

lim Afp
T,(4)

IIZ HZ S

O

3Let A be a set and let < be a binary relation on A. Then a subset B of A is said to be cofinal if it
satisfies the following condition: For every a € A, there exists some b € B such that a < b.
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§3. Geometrically connected schemes of finite type. Let S be a scheme geomet-
rically connected and of finite type over a field k. Fix a geometric point s : spec(k(s) —
Sks with image again denoted by 5 in S and spec(k).

Proposition 3.19. The morphisms (Sks,5) — (S,5) — (spec(k), ) induce a canonical
short exact sequence of profinite groups:

1 — 71 (Sks; 5) iN m(S;5) & m (spec(k); 5) — 1.

Example 3.20. Assume furthermore that S' is normal. Then the assumption that S' is
geometrically connected over k is equivalent to the assumption that & N k(S) = k and,
with the notation of subsection § 1, the short exact sequence above is just the one obtained
from usual Galois theory:

1— Gal(Mk(SLSU{?S(S)) — Gal(Mk(5)7s|/{3(S)) —I'y — 1.

Proof. We use the criteria of 4.3. Exactness in the right: As S is geometrically con-
nected over k, the scheme Sk is also connected for any finite separable field extension
k— K.

Exactness in the left: For any étale cover f : X — Si. we are to prove that there exists
an étale cover f : X — S such that Ji(s)) dominates f. From 2.9, there exists a finite
separable field extension k£ — K and an étale cover f : X — Sk which is a model
off : X — Sis over Sk. But then, the composite f : X — Sx — S is again an étale
cover whose base-change via Sis — S is the coproduct of [K : k] copies of f hence in
particular, dominates f.

Exactness in the middle: From 2.4, this amounts to show that ker(p) C ¢m(i). For
any connected étale cover ¢ : X — S such that ¢ps : Xps — Sis admits a section,
say 0 : Sps — Xjs, we are to prove that there exists a finite separable field extension
k < K such that the base change of spec(K) — spec(k) via S — spec(k) domi-
nates ¢ : X — S. So, let £ — K be a finite separable field extension over which
o : Sks — Xjs admits a model ok : S — Xg. This defines a morphism from Sk to
X over S by composing o : S — Xg with X — X. O

4. G.A.G.A. theorems

We first define affine complex analytic spaces. Let U C C" denote the polydisc of all
z = (21, ..., zn) € C" such that |z;| < 1 and given analytic functions fi, ..., f. : U — C,
let U(fi, ..., f-) be the locally ringed spaces in C—algebra whose underlying topological
space the closed subset :

N fi(0)CU
endowed with the topology inherited from the transcendent topology on U and whose
structural sheaf is:

OU/<f17 LK) fr>a

where Oy is the sheaf of germs of analytic functions on U. As schemes over C are ob-
tained by glueing affine schemes over C in the category LR/C of locally-ringed spaces
in C—algebras, complex analytic spaces are obtained by glueing "affine" complex ana-
lytic spaces in LR/C. The category AN /C of complex analytic spaces is then the full
subcategory of LR/C whose objects are locally isomorphic to affine complex analytic
spaces.
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Claim 4.1. Let X be a scheme of finite type over C, then there exists X** € AN /C with
a morphism of ringed spaces A\x : X*" — X .Suppose ¢ : X — Y is a morphism of
schemes of locally finite type over C. Then there exists a continuous map ¢*" : X" —
Y of analytic spaces such that Ay o ¢*” = ¢ o A\x. Moreover, if X /C is smooth, then
X is a complex manifold. And if ¢ : X — Y is a finite étale cover, then ¢*" : X" —
Y™ is a finite topological cover. Hence for X a scheme of finite type over C, we get a
functor (—)*" : Cx — C¥” . Furthermore, the map ¢ — ¢*" maps open immersions into
open immersions.

The morphism Ay : X% — X is unique up to a unique X —isomorphism and we call
X the analytification of X. There is a nice dictionary between the properties of X
(resp. ¢ : X — Y') and those of X" (resp. ¢*" : X" — Y *"). Morally, all those which
are encoded in the completion of the local rings are preserved. For instance:

(1) Let P be the property of being connected, irreducible, regular, normal, reduced,
of dimension d. Then X has P if and only if X" has P;

(2) Let P be the property of being surjective, dominant, a closed immersion, finite,
an isomorphism, a monomorphism, an open immersion, flat, unramified, étale,
smooth. Then ¢ has P if and only if ¢ has P.

Let LEF'T /C be the category of schemes locally of finite type over C.

Theorem 4.2. ([Gro71], VII, Thm.5.1) Let X be a scheme locally of finite type over C,
the functor (—)** : LFT/C — AN /C induce an equivalence of categories from the
category of étale covers of X to the category of étale covers of X".

Corollary 4.3. 7 (X) classifies the finite covers of X°. m\" classifies all topological
covers of X" and

m(X) = m™(Xm)
Example 4.4. Assume that £ = C and A be an abelian variety of dimension g over k.
Then A" is a complex torus of dimension g: there exists a lattice A C C9 such that
A = C9/A. Then, on the one hand, the universal covering of A is just the quotient
map C9 — A and has group 7, (A(C);04) ~ A whence

m1(A;04) 2 T (A% 0) = 27,
On the other hand, for any prime !:
Ti(4) = lim Al
1
= lglllA/l”A
— A(l),
This recover the result in 3.18 when the field & is C.



CHAPTER 5

Structure of geometric fundamental groups of smooth curves

1. Introduction

In this chapter, we discuss the structure results concerning the geometric fundamental
groups of smooth curves. For simplicity, most of the time, we will mainly work in the
compact case. As we are only mainly interested in the structure of fundamental group,
we may and we will ignore the choice of the base point except section 2. Hence the
fundamental group of a connected scheme at certain geometric point will be denoted
simply by m1(X).

In the following, let k£ denote an algebraically closed field of arbitrary characteristic p >
0. Let X /k be a proper smooth connected curve of genus g > 0. We begin with the
easiest case.

Proposition 1.1. e [fg =0, then m(X,z) = {1} is trivial. In other words, X is
simply connected.

o Ifg=1,then m (X, x) = TX the Tate module of the elliptic curve.

Proof. (2) is the result of Theorem 3.18.
(1) is done by applying the Hurwitz's formular. Indeed, let f : ¥ — X be a finite étale
cover of X, with Y is connected. In particular, Y is a smooth projective connected curve.
Let gy be the genus of the curve Y. Then the Hurwitz formular tells us

29y — 2 =deg(f)(29x —2)
As gx = 0, we obtain 2gy = 2 — 2deg f. As gx = 0, we obtain
29y =2 —2degf >0,

as a result, we have deg(f) = 1, in other words, f : Y — X is a finite étale morphism
of degree 1. As a result f is an isomorphism. From here, we obtain 7y (X) = {1}. O

Remark 1.2. When g > 2, the problem becomes more difficult. In the following, we
will discuss some properties of the 7 of such a curve. In particular, we will sketch the
proof of the fact that 7 (X) is topologically of finite type. At the end, we will also give
an example of affine curve to see that 7; in general doesn't satisfy the finiteness property
above.

We begin with some useful properties about profinite groups which are topologically of
finite type. Recall that a profinite group 7 is calle topologically of finite type if there is a
finitely generated subgroup of 7 which is dense in 7.

Proposition 1.3. ([FJO8],Proposition 16.10.6) 7 is a profinite group, f : m — T is a
group morphism from  to itself. If 7 is topologically of finite type, then f is surjective
implies that f is an isomorphism.

41
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Definition 1.4. Let 7 be a profinite group. We define Im(7) = { G finite group | there
exists a continuous surjective morphism of groups f : 7 — G}/ ~, where ~ is the
isomorphism of finite groups.

Proposition 1.5. ([FJO8], Proposition 16.10.7) G, H two profinite groups with G topo-
logically of finite type, then:

(1) If Im(H) C Im(G), then H is a quotient of G.
(2) If Im(H) = Im(G) then H = G

Combining 1.3 and 1.5, we have

Corollary 1.6. Suppose f : G — H a surjective morphism of profinite groups, and H is
topologically of finite type. Suppose that f induce an equality Im(H) = Im(G), then f
is an isomorphism.

In order to apply this proposition, we need the following lemma.

Lemma 1.7. Let k be an algebraically closed field, X | k a connected scheme of finite type.
Let k C K be an algebraically closed extension of fields, then the surjective morphism
m(Xk) — m1(X) induces an equality of sets Im(m (X)) = Im(m(Xk)).

Proof. Let 71 (X k) — G be afinite quotient which corresponds to covering Z — X
of X, Galois of group G. Then it's sufficient to prove that there exists a finite Galois
covering Y — X of Galois group GG. As the scheme X /K is of finite presentation, and
7 — X[ is finite, there exists an extension of finite type &’ of k contained in K, and an
étale Galois cover Z' of X = X ®y, k/, such that the following diagram is cartesian:

Z—— 7

|

Xy —— X

As k' /k is of finite type, there exist an integral k—scheme of finite type .S which the finite
Galois cover Z' — X, of Galois group GG above the generic point of S can be extended
to a finite Galois cover Z’ — X of Galois group G. Finally, let s € S(k) be a rational
point of S ( this is possible because S is of finite type over k = k), hence we obtain a
finite étale cover Y = Z; — X, which is galois of group GG. Hence the result. UJ

Corollary 1.8. Suppose k is an algebraically closed field, X |k a k—scheme connected of
finite type. Denote w1 (X) its étale fundamental group. Suppose k C K an algebraically
closed extension of fields, then if m,(X) is topologically of finite type, then the morphism
m(Xk) — m1(X) induced by base change (hence automatically surjective, by 1.3) is an
isomorphism.

Proof. Given the hypothesis, this results from 1.6 and 1.7. 0
2. Case of characteristic zero
In this section, let k be an algebraically closed field of characteristic 0, and X /k a smooth

connected curve of genus ¢g. The aim of this section is to determine the fundamental group
of X. The main tool used here is Serre's GAGA principal, c.f. Section 4 .4.
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§1. The case k = C. Denote X (C) the set of C—rational points of X, then X (C)
has naturally a structure of a connected Riemann surface, denote by X **. Then X" is the
complement of n distinct points y1, ¥s, ..., ¥, of a compact connected Riemann surface
of genus g. Concerning the topological fundamental group of such a Riemann surface,
we have the following result.

Theorem 2.1. Suppose that G is a Riemann surface which is the complement of n distinct
points Y1, Ya, --., Yn of a compact connected Riemann surface of genus g, then its topolog-
ical fundamental group WiOp (&) is a group of finite type, generated by 2g + n elements
ai, ...0g, B1, ...8¢, V1, ... Yo Which satisfies the following relation:
g
(H[Oéiaﬂﬂ) Ny =1
i=1

top Free group generated by a1 ,...0.q,81,...8g,Y1 - Vn
In other words, T, " (&) = . . .
™ (6) (Tl Ba])-yav2eym)

Definition 2.2. Denote II, ,, the group generated by 2g-+n elements 1, ...y, S1, ... 34, 71, --

with the only relation ([5_,[c;, 81]) - 71 - 72 -+ m = 1.

By the definition of 71 (X)), this profinite group classifies the finite étale covers of X . By
the equivalence between the category of finite étale covers and the category of topological
covers of finite degree of X (C), and that the latter category is actually classified by the
profinite completion of 7}, we have:

Corollary 2.3.

m(X) = m7(X(C)) = 0.
In particular, m(X) is topologically of finite type. More over, if n > 1( in other words,
if the curve X /C is affine), m1(X) is free of rank 2g +mn — 1.

Example 2.4. (1) X = P, the P&(C)" is the complex projective line. As a topo-
logical space, it is homeomorphic to a sphere. As aresult, P& (C) is contractible.
Hence 7, (PL(C)) = {1}. Hence we get 7,”(X) = 1, hence m(X) =

TP (Xan) = 1.

(2) X = F anelliptic curve, X** = C/Z®Z-7,7 € C*, Im(7) > 0 (We can take
7 € the fundamental domain of modular group). Then we have:

7_‘_11501)(‘Xvan) — ZQ,
m(X) = 7P(Xm) =72 = TE.
§2. General case. Here £ is an algebraically closed field of characteristic 0, the idea
is trying to use the conclusion in complex case.

Proposition 2.5. k = k, char(k) = 0, X /k a separated connected smooth curve, ob-
tained as the complement of n rational points of a proper smooth curve of genus g over
k. Then,

(1) m (X) is topologically of finite type, and isomorphic to ﬁg?.

(2) suppose k C K an extension of algebraically closed fields, then the morphism
induced by base change 7 (X k) — m(X) is an isomorphism.

“In
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Proof. As the curve X /k is of finite presentation, there exists a subfield kg of & which
is of finite type over Q, and a ky—scheme Xy, such that X = X, ®;, k. Denote ko C k
the algebraic closure of kq in k, and fix an embedding k, — C. We have the following
commutative diagram:

Xo,c > Xo g < X

~

spec(C) > spec(ko) < spec(k)

where X, 7~ is obtained by the base change of Xy /ko. From this we get the following
two surjective morphisms:

1 (Xoc) = T (Xog) « m(X).

By 2.3, m1(Xo,c) is topologically of finite type, hence so is 71 (X, 4, ), by 1.8 the above
surjective morphisms are isomorphisms. UJ

Example 2.6. Let k be an algebraically closed field of characteristic O
(1) X =P by 25, m(X) =, = {1}.
(2) X = F an elliptic curve over k,by 2.5 m(X) = ﬁ;) — 72 =TE.

3. Case of positive characteristic

In this section, the letter k£ denotes an algebraically closed field of characteristic p >
0. Let as usual X /k be a proper smooth connected curve of genus g over k. Our aim
here is to discuss some structure results of 7 (X'). In particular, we show that 7 (X) is
topologically of finite type.

§1. 71 (X)®), In this section, we assume X /k to be proper. In the following, the
notation p’ always means "prime to p" and for G a profinite group, we denote by G*)
the maximal quotient of order prime to p. We want to determine the quotient 7 (X, z)®")
of m1 (X, Z). The strategy here is trying to use the corresponding results in characteristic
zero case. The two tools used here are the deformation theory and Grothendieck's spe-
cialization theory of 7. ,

Our aim is to show that ﬂp ) (X) is isomorphic to ﬁ;)(p ' n particular, W%p ) (X) is a profi-
nite group of finite type, generated by 2¢g elements. Our strategy is try to use the facts

corresponds to the characteristic O case by the specialization theory of Grothendieck.

§1.1. Lifting of curves to characteristic 0. The principal tool here is the deformation
theory, as described in [Gro71]. We first cite the following result:

Theorem 3.1. ([Gro71],1II, Thm 7.3 Let A be a complete Noetherian local ring of residue
field k. Denote S = spec(A) the spectrum of A, and s € S it's closed point. Let Xy/s
be a smooth projective scheme, such that

H?(Xo, Txy/s) = 0,
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with Tx, /. = ’;’-[0771(9)((9}(0 /s Ox,) its tangent bundle. Then there exists a proper
smooth formal scheme X over S = Spf(A) which lifts Xo/s. If moreover we have
H?*(Xo,0x,) =0

we can even find a smooth projective S—scheme over S such that X, = Xj.

Let W = W (k) the witt ring of k. And S = spec(W'). According to 3.1 there exists a
smooth projective S—scheme X' /S such that X is the curve X.

X/S < X
smooth proper flat ]
spec(W (k)) < spec(k)

§1.2. the specialization theory of Grothendieck. Let S = Spec(R) be the spectrum
of a complete discrete valuation ring, with s € S its closed point and 7 its generic point.
Just to simplify the presentation here, we assume that the residue field of R is alge-
braically closed (this assumption is unnecessary). Let 77 denote a geometric point of S
above 7. Let X'/.S denote a proper smooth curve with connected geometric fibers. Then
we have the following commutative diagram

X, X e X,

7l > S 4 S
Then we have the following theorem of Grothendieck.
Theorem 3.2. (1) The functor

7 CX — C)(S

/X = Vs X
is an equivalence of categories. In particular, i, : m (X,) = m (X).

(2) The composite i;' o j, : m(Xy — m1(Xs) is call the specialization morphism,
often denoted by sp. Then sp is always surjective. Moreover it induces an
isomorphism between the maximal prime-to—p quotients:

sp®) ﬂ-l(Xﬁ)(p/) = ()P,

§1.3. Conclusion. Now we use again the notation of §1.1. Let S = Spec(W (k)),
with s its closed point and 7 its generic point. Let 77 = Spec(§2) be a geometric point of .S
above ), with 2 an algebraic closure of Frac(W (k)). Then the theorem of Grothendieck
in §1.2 tells us that the specialization morphism

sp®) sy (Xy) = mi(X)
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is surjective. As €2 is an algebraically closed field of characteristic 0, m;(X;) = ﬁ;)
topologically of finite type. In particular, so is m (X;) = 7 (X). Moreover, sp induces
an isomorphism between the maximal prime-to—p quotients

I, = 7r1(/'\('ﬁ)(p’) = Wl(;\gs)(p’) ~ (X)(p’)'
By combining 2.5, we obtain finally the following result.

Proposition 3.3. Let X /k be a proper connected smooth curve over an algebraically
closed field of characteristic p > 0. Then 1(X) is topologically of finite type. Moreover,
—_— /)

its maximal prime-to-p quotient 7T1(X)(p/) is isomorphic to 11, o

§2. 7. Let k be an algebraically closed field of characteristic p > 0, and X /k a
connected proper smooth curve of genus g. Recall that a divisor (or more precisely a
Weil divisor) of X is a formal finite sum

-
E n;T;
i=1

with z; € X closed points of X ,and n; € Z. For D such a divisor, the sum Z:Zl n; €7
is called the degree of D. For example, for f € k(X)) a non-zero element of the function
fields of X, its associated divisor is given by

div(f) =Y v(f)- =,
zeC
where v, : k(X)* — Z is the (additive) valuation attached to the closed point z € X
(so one has to show here that v,.(f) = 0 for all but finitely many closed points = € X,
we omit the details here). Such a divisor is called principal. As X /k is proper, the
degree of a principal divisor is always zero. Two divisors D, D’ are called linearly
equivalent if their difference D—D’ is a principal divisor, namely of the form div( f) for
some f € k(X)*. Now, the group of all divisors is denoted by Div(X ), and the quotient

CU(X) := Div(X)/{principal divisors}
is the (Weil) divisor class group of X . Since the degree of a principal divisor is zero,
we have a well-defined degree function on C(X):
deg : Cl(X) — Z.
The subgroup of CI(X) of elements of degree 0 is denoted by C1°(X).

Proposition 3.4. Let k be an algebraically closed field, and X |k a proper smooth con-
nected curve of genus g > 0.

(1) One can construct canonically an abelian variety J(X) associated with X,
called the jacobian of X, such that its group of k—rational points is canoni-
cally isomorphic to C1°(X). Moreover, J(X) is of dimension g.

(2) Leta € X (k) be arational point. Then there exits a closed immersion v, : X —
J(X) such that the associated map between the k—rational points is given by
X(k) —  J(X)(k)=CIX)
xr > class of the divisor x—a.

The closed immersion i, above is called the Albanese morphism associated
with the rational point a € X (k).
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Consider now ¢, : X — J(X) the Albanese morphism associated with a rational point
a € X (k). It induces then a morphism of profinite groups

tax : T1(X;a) = m (J(X);0).
We have then the following result.

Proposition 3.5. The morphism v, , is surjective, and induces an isomorphism

Wl(X;a)“bim(J(X);O).

§3. Some words about open curves. In 1957, S. Abhyankar stated the following
conjecture, which is now a theorem:

Theorem 3.6. (Abhyankar's conjecture) Let p be a prime number, and let k be an al-
gebraically closed field of characteristic p. Let G be a finite group. Denote p(G) the
subgroup of G generated by its Sylow p—subgroups of G (i.e. G/p(G) is the maximal
quotient of G of order prime to p). Let X |k be a proper smooth connected curve of genus
g over k,and U C X the affine curve which is the complement of v points, with r > 1.
Then there exists a connected Galois étale cover of U of Galois group G if and only if
G/p(G) is generated by 2g + r — 1 elements.

Remark 3.7. (1) The necessity of this condition follows from the non-proper ver-
sion of the specialization theory of Grothendieck 3.3.

(2) The Abhyankar's conjecture is already proved by Raynaud ([Ray94]) in the
affine line case, and by Harbater ([Har94]) in the general case. Pop ([Pop95])
has also given a proof in the general case, which is also based on the result of
Raynaud in the affine line case.

(3) The knowledge of the set Im(m (X)) is insufficient to determine the structure
of this porfinite group 7 (X), since m1(X) is not topologically of finite type.
For example, we have seen that in the proof of 1.8 that the set Im(m (X)) is
invariant by extensions of algebraically closed fields, but the structure of 7 (X)
really depends on the base field k. For example, when U = A] is the affine line,
then one can show that 7 (U/)(®) is a free pro-p group, whose rank is equal to the
cardinality of the base field k, c.f. [P.GOO] Lemme 1.3 and the words between
1.3 and 1.4. In particular, the fundamental group of A} is not topologically of
finite type.
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