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Introduction

A del Pezzo surface is a projective, non-singular, geometrically integral surface with
ample anticanonical divisor. The degree of a del Pezzo surface is the self-intersection
number of the canonical divisor, and this is at most 9. Over an algebraically closed
field, del Pezzo surfaces of degree d are isomorphic to P? blown up at 9 — d points
in general position for d # 8, and to P! x P! or P? blown up in one point for d = 8.
For degree at least three, del Pezzo surfaces can be embedded as surfaces of degree
din P?. A famous example is given by del Pezzo surfaces of degree three, which are
exactly the smooth cubic surfaces in P2. For a del Pezzo surface of degree two, the
linear system of the anticanonical divisor gives the surface the structure of a double
cover of P? ramified over a smooth curve of degree four, and for del Pezzo surfaces
of degree one, the linear system of the bianticanonical divisor gives the surface the
structure of a double cover of a cone @ in P?, ramified over a smooth curve that is
cut out by a cubic surface.

Let X be a del Pezzo surface of degree d over an algebraically closed field k£, and
let Kx be the canonical divisor on X. An exceptional curve on X is an irreducible
projective curve C' C X such that C? = C'- Kx = —1. For d > 3, the exceptional
curves on X are exactly the lines on the model of degree d in P?. For d = 3 this
gives a description of the 27 lines on a cubic surface. A lot is known about the
exceptional curves on del Pezzo surfaces. For example, we know that there is a one-
to-one correspondence between exceptional curves on X and their classes in Pic X,
and we know what their images under the blow-up in P? are, see Theorem We
also know how many exceptional curves there are.

d |1 2 3 4 5
exceptional curves on X ‘ 240 56 27 16 10

6 7 8

6 3 1

Now assume X is of degree one. Let ¢ be the morphism associated to | — 2K x|. In
this thesis we prove the following two theorems.

THEOREM 1. Let P be a point on the ramification curve of ¢. The number of
exceptional curves that go through P is at most ten if char k # 2 , and at most
sixteen if char k = 2.

THEOREM 2. Let R be a point outside the ramification curve of . The number of
exceptional curves that go through R is at most twelve. If char k = 0, it is at most
ten.

In [SvIL14], various examples of del Pezzo surfaces are given where ten exceptional
curves go through one point outside the ramification curve, showing that the upper
bound for char k = 0 in Theorem [2] is sharp. In Example [1.23] and Example [£.24]
we show that the upper bounds given in Theorem (1| are sharp, too.

It is well known that on del Pezzo surfaces of degree three, the maximal number of
exceptional curves through one point is three. The fact that three is an upper bound



can be seen by looking at the maximal size of full subgraphs of the graph on the 27
exceptional curves. A geometrical argument can be found for instance in [Rei88], on
page 102. A point on a del Pezzo surface of degree three that is contained in three
exceptional curves is called an Eckardt point.

On a del Pezzo surface of degree two, the maximal number of exceptional curves
through one point is four. As in the case of degree three, this upper bound is given
by the graph on the 56 exceptional curves. A geometric argument why four is the
upper bound is given in [TVAV(9], Lemma 4.1. An example where this upper bound
is reached is given in [STVAar], Example 7. A point on a del Pezzo surface of degree
two that lies on four exceptional curves is called a generalized Eckardt point.

For del Pezzo surfaces of degree one, the situation is a little different. First of
all, for char k£ # 2, the maximal size of full subgraphs of the graph on the 240
exceptional curves, which we will show is sixteen, is not equal to the maximal number
of exceptional curves that can go through one point. Secondly, contrary to del
Pezzo surfaces of degree two, where all generalized Eckardt points are outside the
ramification curve, in the case of degree one we compute the maximum both for
points on the ramification curve, as well as for points outside the ramification curve.

In Section 1, we define del Pezzo surfaces and study their main properties. We look
more closely at del Pezzo surfaces of degree one in Subsection [1.1

In sections 2,3 and 4 we work over an algebraically closed field.

In Section 2, we study the exceptional curves on del Pezzo surfaces. We look more
closely at the exceptional curves on del Pezzo surfaces of degree one in Subsec-
tion and show that they relate to hyperplanes in P? that are tritangent to the
branch curve of ¢, and do not contain the vertex of the cone ). This will later
allow us to make the distinction between exceptional curves through one point on
the ramification curve of ¢, and exceptional curves through one point outside the
ramification curve of .

In Section 3, we study the group G of permutations of the set E of exceptional
classes in Pic X that preserve the intersection pairing. We prove various results
about the action of G on F, that we will use in the fourth section.

In Section 4, we show that an upper bound for the number of exceptional curves
through one point in X is sixteen. We show moreover that if the elements in a
maximal set of exceptional curves that all intersect each other go through one point,
then that point lies on the ramification curve of ¢ if and only if the set contains at
least two curves that intersect with multiplicity three.

In Subsection we focus on the number of exceptional curves through one point
on the ramification curve. For char k # 2, we first show that this is at most twelve.
Then we show that ten is a sharp upper bound. To this end, we define the following
curves.

Let Q1,...,Qg be eight points in P? such that no three of them lie on a line,
and no six of them lie on a conic. For i € {1,2,3,4}, let L; be the line through



Q2; and Q2;—1. For 4,5 € {1,...,8}, @ # j, let C;; the unique cubic through
Q1,-..,Qi—1,Qit1,...,Qs that is singular in Q;.

We show that if the elements of a set of twelve exceptional curves go through
one point on the ramification curve, we can reduce to a set containing the curves
Ly, Ly, L3, Ly, C7g, Cg7, and Cg 5. The following proposition is therefore the key
to the proof of Theorem

PROPOSITION 3. Let char k # 2. Assume that the four lines Ly, Lo, L3 and Ly

all intersect in one point P. Then the three cubics C7g, Cy 7, and Cg 5 do not all go
through P.

Finally we show that for char k = 2, sixteen is a sharp upper bound.

In Subsection [I.2] we focus on exceptional curves through one point outside the
ramification curve. We first show that it is at most twelve, by showing that every
set of exceptional curves of size bigger than twelve contains at least two curves
intersecting with multiplicity three. To compute a sharp upper bound in the case
char & = 0, we define the following.

Let Q1,...,Qg be eight points in P? such that no three of them lie on a line, and
no six of them lie on a conic. Define the following curves.

L is the line through @1 and Q2;

Lo is the line through Q)3 and Qg4;

(1 is the conic through @1, @3, Qs5, Qs and Q7;

(5 is the conic through @1, Q4, Qs5, Qs and Qs;

(45 is the conic through @2, @3, @5, Q7 and Qs;

Cy is the conic through Q2, Q4, Qg, Q7 and Qs;

Dy is the quartic through all eight points with singular points in @1, Q7 and Qs;
Dy is the quartic through all eight points with singular points in Q2, Q5 and Qg;
Dj3 is the quartic through all eight points with singular points in Q3, Q¢ and Qs;
D, is the quartic through all eight points with singular points in Q4, @5 and Q7.

As in the case of points on the ramification curve, we show that for a set of eleven
or twelve exceptional curves going through one point outside the ramification curve,
we can reduce to a set containing these ten curves. From the following proposition
we can then deduce Theorem 2

PROPOSITION 4. Assume that char kK = 0. Then
Ly, Ly, C1,...Cy4, Dy,...,Dy

do not all go through one point.



1 Del Pezzo surfaces

In this section we define del Pezzo surfaces and state their main properties. In
Subsection we will be more specific and focus on del Pezzo surfaces of degree
one. We assume that the reader has a basic knowledge of algebraic geometry, and
is familiar with concepts as variety, divisor, and Picard group. Most results in this
section, as well as more information on del Pezzo surfaces, can be found in [Man74],
Chapter IV, and [Kol96], Section III.3.

DEFINITION 1.1. Let k be a field, and X a variety over k. Then we say that X is
nice if it is projective, smooth, and geometrically integral.

DEFINITION 1.2. A del Pezzo surface is a nice surface X with ample anticanonical
divisor —Kx.

Let X be a del Pezzo surface with very ample anticanonical divisor —Kx. The
linear system | — Kx| determines an embedding i : X — P" for some n. If H is a
hyperplane in P, we have i*H ~ —Kx. Therefore, the degree of i(X) is equal to
(i*H)? = (—Kx)? = K%. This leads to the following definition.

DEFINITION 1.3. The degree of a del Pezzo surface X is the self-intersection number
K%.

PROPOSITION 1.4. The degree of a del Pezzo surface X is positive.

Proof. Since —K x is ample, —nKx is very ample for some n > 0, hence determines
an embedding of X into some projective space. Then (—nK x)? is the degree of the
image of X under this embedding, hence n?K% = (—nKx)? > 0. It follows that
K% >0. O

DEFINITION 1.5. Let r < 8, and let Py,..., P, be points in P?. Then we say that
Py, ..., P, are in general position if no three of them lie on a line, no six of them
lie on a conic, and no eight of them lie on a singular cubic with one of these eight
points at the singularity.

THEOREM 1.6. For r < 8, let Py,..., P, be points in general position in P?. Let X
be the blow-up of P? in these points. Then —K x is ample, and very ample if r < 6.

Proof. See [Man74], Theorem 24.5, and [Dem80], Theorem 1. O

THEOREM 1.7. Let k be an algebraically closed field, and let X be a del Pezzo
surface over k. Then X is isomorphic to either P! x P!, in which case X is of
degree 8, or to P2 blown up at r < 8 points in general position, in which case the
degree of X is 9 —r.

Proof. See [Man74], Theorem 24.4, Theorem 26.2, and Remark 26.3. O

REMARK 1.8. The previous two theorems give us an explicit description of all del
Pezzo surfaces over algebraically closed fields; they are exactly those surfaces that



are isomorphic to the blow-ups of P? in » < 8 points in general position, and the
surface P! x P'. Moreover, Theorem[L.7]implies that the degree of a del Pezzo surface
over an algebraically closed field is at most 9, and a del Pezzo surface of degree 9 is
just P2

Since the anticanonical divisor of a del Pezzo surface is ample, a del Pezzo surface can
be embedded in some projective space by a multiple of its anticanonical divisor — K.
To study the various rational maps and morphisms given by multiples of —K, we
need a couple of classical results.

THEOREM 1.9. (Nakai-Moishezon criterion). Let X be a nonsingular projective
surface over an algebraically closed field. Then a divisor D on X is ample if and
only if D> > 0 and D - C > 0 for all irreducible curves C in X.

Proof. See [Har77|, Theorem V.1.10. O

THEOREM 1.10. (Riemann-Roch for surfaces). Let X be a nonsingular projective
surface over an algebraically closed field k. Then for any divisor D on X we have

I(D) — s(D) + I(K — D) = %D(D CK) 41+ pa,

where [(D) is the dimension of the vectorspace L(D) of rational functions on X with
poles at most at D, s(D) = dim H*(X, L(D)), the superabundance of D, and p, is
the arithmetic genus of X.

Proof. See [Har77|, Theorem V.1.6. O

LEMMA 1.11. Let X be a del Pezzo surface with canonical divisor Kx. Then we
have dim H' (X, L(-mKx)) = 0 for all m > 0.

Proof. See [Kol96], Corollary 3.2.5.1. O

The following lemma is well known, and can be found for instance in [Kol96], Corol-
lary 3.2.5.2.

LEMMA 1.12. Let X be a del Pezzo surface of degree d over an algebraically closed
field. Then for all positive integers m we have l(—mKx) = 1+ 3m(m + 1)d.

Proof. Let m > 0. Since X is geometrically rational, we have p,(X) = 0 (see for
example [Har77], Example 11.8.20.2). Moreover, by the previous lemma we have
s(—mKx) = 0. Since —Kx is ample we have —Kx - C' > 0 for all irreducible curves
C in X by Nakai-Moishezon, so (m+1)Kx - C < 0, hence I[((m+1)Kx) = 0. From
Riemann-Roch for surfaces it follows that

H(—mK ) = %((—mKX)Q CmK%) 41

1
= i(mzd —md)+1
1
=1+ _-m(m+1)d.
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REMARK 1.13. If X is a del Pezzo surface of degree d > 3, then — K x is very ample
by Theorem (1.6 Therefore, the linear system | — Kx| determines an embedding
in P*, with n = % -2-d = d by Lemma and the image of X under this
embedding has degree (—Kx)? = d. So for d > 3, a del Pezzo surface of degree d is
isomorphic to a surface of degree d in P,

EXAMPLE 1.14. Let k be an algebraically closed field, and X a del Pezzo surface
of degree 4 over k. Then X is isomorphic to P? blown up in 5 points in general
position. The anticanonical divisor —Kx is very ample, and by Lemma [1.12| we
have [(—Kx) = 5, so —Kx determines an embedding ¢ : X < P%. The image (X))
has degree 4, and it is the complete intersection of two quadric hypersurfaces in P4.
To see this, let {v,w,z,y,2} be a basis for L(~Kx). Let V = Sym?(L(—Kx)) be
the symmetric square of £(—Kx). Then V has dimension (g) = 15, and there is
a canonical map f : V — L£(—2Kx). By Lemma we have [(—2Kx) = 13,
so the dimension of ker f is at least two, which means that there are two linearly
independent quadratic forms vanishing on ¢(X). This means that ¢(X) is contained
in the intersection of the two quadric hypersurfaces defined by these quadratic forms.
Since their intersection has degree 4, which is the degree of p(X), we conclude that
©(X) is in fact equal to this intersection.

Let k be an algebraically closed field, and let X be a del Pezzo surface of degree d
over k. If X is not isomorphic to P! x P!, then we know from Theoremthat X is
isomorphic to P2 blown up in 9 — d points in general position. In this case we know
a lot about the Picard group Pic X of X. For a divisor D on X, we denote its class
in Pic X by [D].

PROPOSITION 1.15. Let Y be a smooth surface over an algebraically closed field.
Let Y be the blow-up of Y at a point P, with corresponding map 7 : Y — Y.
Let E be the exceptional curve above P. Then E is isomorphic to P!, and we have
E? = —1. Moreover, we have an isomorphism Pic Y &Z —s PicY sending (D,n) to
7*D+n[E]. For allC, D € PicY we have (n*C)-(n*D) = C-D, and (7*C)-[E] = 0.
Finally, we have Ky, ~ m* Ky + E.

Proof. See [Har77|, Propositions V.3.1, V.3.2, and V.3.3. O

PROPOSITION 1.16. Let k be an algebraically closed field. For 1 < d < 8, let Y be
the blow-up of P? in r = 9 — d points Py, ..., P, in general position. Let Pic Y be
the Picard group of X, then we have Pic Y = Z'9=4. More specifically, if E; is the
class of the exceptional curve corresponding to P;, and L the class of the pullback of
a line | in P? not passing through any of the P;, then {L, E1, ..., E,} forms a basis
for PicY .

Proof. This follows from the previous proposition and the fact that Pic P? = ([I]).
O



REMARK 1.17. Keeping the notation of the previous proposition, we have
EZ2 = —1 for all 4;
E; - E; =0 for i # j;
L? =1;
L-FE; =0 for all 7.

Since the canonical divisor Kp2 of P? is linearly equivalent to —3I, we have
[-Kx]|=3L—->_, E;. It follows that [-Kx] - E; = 1 for all i.

1.1 Del Pezzo surfaces of degree one

Let X be a del Pezzo surface of degree one over an algebraically closed field k with
anticanonical divisor —K x. In this subsection we define the anticanonical model of
X and see that this describes X as a smooth sextic surface in the weighted projective
space P(2,3,1,1). Moreover, we will see that the linear system | —2K x| realizes X as
a double cover of a quadric cone in P3. The linear system | — K x| defines a rational
map that is not a morphism, but by blowing up X we can extend this map to an
elliptic fibration. The results in this subsection can be found in [VA] and [CO99].

The anticanonical model of X

DEFINITION 1.18. The anticanonical ring of X is the graded ring
R(X,-Kx) = P L(-mKx).

m>0

DEFINITION 1.19. The anticanonical model of X is the scheme Proj R(X,—Kx).

Since — K x is ample, X is isomorphic to its anticanonical model. We compute the an-
ticanonical model of X as follows. By Lemma[l.12} we have {(—Kx) = 2. Let {z,w}
be a basis for £L(—Kx). By Proposition 2.3 in [CO99], for all m > 1 the elements
2™ 2y zw™ L w™ are linearly independent in £(—mKx). So 22, 2w, w? are
linearly independent elements of £(—2Kx). Since [(—2Kx) = 4, we can choose an
element © € £(—2Ky) such that {22, zw,w?, z} forms a basis for £L(—2Ky). Now
23, 22w, z2w?, w3, zx, wz are elements of £L(—3Kx) and linearly independent by the
arguments in [CO99|, page 1200. Since [(—3Kx) = 7 we can therefore choose an
element y € £(—3Kx) to obtain a basis {23, 2%w, zw? w3, 2z, wx,y} of L(—3Kx).
We have [(—4Kx) = 11 and I(—5Kx) = 16, and together with the arguments in
[CO99], page 1200 this implies that

{24, 23w, 2%w?, 2w?, w22, 122, 2w?, xzw, yz, yw}

is a basis for £L(—4Kx), and
{25, 2 w, 22w?, 2203, 2wt WP, tw, 2?2, 123, 2w, 222w, w2w?, xy, y2?, yw?, yzw)
is a basis for £L(—5K ). Finally, since I(—6Kx) = 22, the 23 elements

208, 2w, 2tw?, 2Pw?, 22w4, 2w’ w23, x2z2, 2?w?, 22w, x4, :cz3w,

z22w?, z2w?, zw?, zyz, zyw, y2, y2°>, y2tw, yzw?, yw?



of L(—6Kx) are linearly dependent. Let h(x,y,z,w) = 0 be a dependence relation
between them. If char(k) # 2,3 then z and y can be chosen such that h has the
form

h = y2 _1'3 _xf(sz) —g(z,w),

where f and g are homogeneous polynomials in z and w of degree 4 and 6 respec-
tively.

Let k[z,y, z, w] be the graded k—algebra with grading defined by deg z = deg w = 1,
deg = = 2, and deg y = 3. Then by Proposition 2.5 in [CO99] there exists a natural
isomorphism between the anticanonical ring of X and k[z,y, z,w]/(h). Therefore,
X is isomorphic to the zero locus of h in the weighted projective space P(2,3,1,1).

For the rest of this section we assume that char(k) # 2,3, and identify X with its
anticanonical model inside P(2,3,1,1).

The linear system | — 2K x|

Let p : P(2,3,1,1) --» P(2,1,1) be the projection sending a point (z : y : z : w)
to (x : z : w). This is a rational map that is well defined on X. The restriction to
X is a morphism of degree 2. Let i : P(2,1,1) < P3(ag, a1, az,a3) be the 2—uple
embedding, sending (z : z : w) to (x : 22 : zw : w?). Then i(P(2,1,1)) is a
quadric cone @ given by a2 = ajas, with vertex (1 : 0 : 0 : 0). The composition
¢ =iop: X — P? is the morphism defined by | — 2K x/|. It is a double covering of
Q. The preimage of the vertex (1:0:0:0) of  under this morphism is the point
(1:1:0:0)=(1:-1:0:0)in X. We define X to be the blow-up of X in this
point with associated map =« : X — X. Moreover, we define Q to be the blow-up
of () in the vertex, with associated map p : Q — Q. Then ¢ induces a morphism
P X — Q The morphism 1 is ramified at the exceptional curve FE in X above
(1:1:0:0), and at those points in P(2,3,1,1) where y = 0, which are the points
(x:y:z:w) for which 23 4+ f(z,w)z 4+ g(z,w) = 0. The latter defines a surface in
P(2,3,1,1), whose image under 1 defines a cubic surface in P3. The branch curve
of ¢ is therefore the union of the vertex V of Q) and a curve B that is contained in
the intersection of the cubic surface with (). Since X is smooth it follows that B is
too. Moreover, B is irreducible and reduced, so it is a smooth curve of degree six
and genus four, see Proposition 3.1 in [CO99].

The linear system | — Kx|

The linear system |— K x| defines a rational map p : X --» P!, sending (z : y : 2 : w)
to (z : w). This is not defined in the point (1 : 1 : 0 : 0) € X, which is the
unique basepoint of | — Kx|. As X is the blow-up of X in this point, the ratio-
nal map p induces a morphism v : X — P!. The fiber under v above a point
(20 : wo) € P! is isomorphic to the set of points (z : y : 29 : wo) € X with
y? = 23 + 2 f(20,wo) + g(20,wp). This is an elliptic curve for almost all (zg, wp), so
v is an elliptic fibration.

The morphisms described above are shown in the following commutative diagram.
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2 Exceptional curves

Let k£ be an algebraically closed field, and let X be a del Pezzo surface of degree d
over k that is isomorphic to P2 blown up at r = 9 — d points {P, ..., P.} in general
position. Let —Kx be the anticanonical divisor of X. Let 7 : X — P? denote
the blow-up. For all i, the inverse image 7~ !(P;) of P; is an exceptional curve on
X. From Proposition and Remark we know that 7~ !(P;) is isomorphic to
P! and (77 1(P))? = Kx -7 }(P;) = —1. As we will see, X contains more curves
with these properties. In this section we define the general notion of an exceptional
curve on a surface and describe the exceptional curves on a del Pezzo surface. In
Subsection [2.1] we consider exceptional curves on del Pezzo surfaces of degree one,
which have a very nice geometrical description. All results in this section can be
found in [Man74], unless stated otherwise.

DEFINITION 2.1. Let Y be a nice surface. An exceptional curve on Y is an irre-
ducible projective curve C C Y such that C? = C - Ky = —1.

The following proposition is a very classical result.

PROPOSITION 2.2. (Adjunction formula). Let Y be a nice surface over an alge-
braically closed field with canonical divisor Ky, and C an irreducible projective
curve on Y. Then

2a(C) — 2= C - (C + Ky),

where p,(C) is the arithmetic genus of C'.
Proof. See [Har77|, Proposition V.1.5. O

From the Adjunction formula it follows that for an exceptional curve C' on X we
have 2p,(C) — 2 = —2, hence p,(C) = 0, so C = P!,

If X has degree d > 3, then X has very ample anticanonical divisor —Kx, which
determines an embedding in P” for some n. The image under this embedding of an
exceptional curve C' on X has degree —Kx - C' = 1, hence it is a line.

On a del Pezzo surface, every irreducible curve with negative self-intersection is in
fact an exceptional curve. The following proposition can be found for instance in
[Man74], Theorem 24.3.

PROPOSITION 2.3. Let Y be a del Pezzo surface over an algebraically closed field,
and C an irreducible curve on Y with C? < 0. Then C is an exceptional curve.

Proof. Since —Ky is ample and C is irreducible, we have —Ky - C > 0 by
Theorem so Ky - C < 0. Moreover, since C' is irreducible we have g,(C) > 0.
From the adjunction formula it follows that

—2<2g,(C)-2=C-(C+Ky)=C*+C Ky < -2,

so equality must hold, hence C? = Ky - C' = —1, so C is exceptional. 0

11



We can now give the following condition for points in P? to be in general position.

PROPOSITION 2.4. Let Q1,...,Qg be eight points in P? and let m : Y — P? be
the blow-up in these points. Then Q1,...,Qs are in general position if and only if
Y is a del Pezzo surface.

Proof. The fact that Y is a del Pezzo surface if Q1,..., Qs are in general position is
Theorem@ For the converse, assume that three points ();, @ and @; are on a line
M in P2. Let M’ be the strict transform of M on Y and let D; be the exceptional
curve above @; for all i. Then we have

M = M'+ D; + Dy + Dy,
SO
1=M?=(a*"M)* = M"?+2M' - (D; + D, + D;) + D} + Di + D} = M"”* + 6 — 3,

hence M'? = —2, which contradicts Proposition Analogously, a conic containing
six of the @); and a singular cubic through seven of the @); with one of them at
the singularity would have a strict transform on Y with self-intersection < —2,
contradicting Proposition [2:3] We conclude that Q1,..., Qs are in general position.

O

Exceptional curves can be 'blown down’, as is described in the well-known theorem
by Castelnuovo.

THEOREM 2.5. (Castelnuovo). If C' is a curve on a nice surface Y over an alge-
braically closed field such that C?> = —1 and C = P!, then there exists a morphism
f Y — Yy to a nonsingular projective surface Yy, and a point P € Yy, such that
Y is the blow-up of Yy at P, and C' is the exceptional curve above P.

Proof. See [Har77], Theorem V.5.7. O

After blowing down an exceptional curve on a del Pezzo surface, we obtain again a
del Pezzo surface. Proposition can be found in [Pie], Lemma 4.20.

PROPOSITION 2.6. Let Y be a del Pezzo surface of degree d < 8 over an algebraically
closed field that is the blow-up of r = 9 —d points in P?, and let C' be an exceptional
curveon Y. Let f : Y — Yy be a morphism to a nonsingular projective surface Yy,
such that Y is the blow-up of Yy in a point P, and such that C' is the exceptional
curve above P. Then Yy is a del Pezzo surface of degree d + 1.

Proof. Let Ky, Ky, be the canonical divisors of Y, Y{, respectively. By Proposi-
tion we have Ky ~ f*Ky, + C, so, using Proposition we have

Ky, = (f*Ky,)? = (Ky —C)’ =Ky —2Ky -C+C*=d+2-1=d+1>0.

Let D be an irreducible curve on Yy containing P with multiplicity m, and let D’
be its strict transform on Y. Then D’ is an irreducible curve on Y, so —Ky - D’ > 0
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by Nakai-Moishezon. Therefore we have, using Proposition

—Ky,-D=f"(-Ky,) - f'D=(-Ky+C)-f"D=—-Ky - f*D-C- f*D
=—-Ky - (D’—{—mC)
:—Ky~D,—|—m>0.

From Nakai-Moishezon it follows that —Ky; is ample, so Y is a del Pezzo surface.
Its degree is K%O =d+1 O

Let C be an exceptional curve in X. Then the class of C' in Pic X satisfies
[C]? =[C]- [Kx] = —L

We call a class in Pic X satisfying these conditions exceptional. We will describe
the exceptional classes in Pic X and show that there is a one-to-one correspondence
between exceptional classes in Pic X and exceptional curves on X.

As we have seen, Pic X has a basis {L, E1,..., E.}, where E; is the class of the
exceptional curve above P;, and L is the class of the strict transform of a line in P?
not going trough any of the P;. If D is a class in Pic X given by D = aL—>"7_; b; E;,
then D is an exceptional class if and only if D? = D-[K x| = —1, or, using the results

in Remark [T.17]
'
WY - 1,
i=1

and
.

3a—) bi=1
i=1
Using the fact that a and all b; are integers, we can solve these two equations and
find all exceptional classes in Pic X.

PROPOSITION 2.7. The exceptional classes in Pic X are the classes of the form
al — >, b;E; where (a,by,...,b,) is given by one of the rows of the following
table, where all b; can be permuted (we only consider the rows where b; = 0 for all
i>T).

a b1 b2 b3 b4 b5 b6 b7 bg
0 -1 0 0 0 0 0 0 O
11 1 0 0 0 0 0 O
21 1 1 1 1 0 0 O
3 2 1 1 1 1 1 1 0
4 2 2 2 1 1 1 1 1
o 2 2 2 2 2 2 1 1
6 3 2 2 2 2 2 2 2
Proof. See [Man74], Proposition 26.1. O

Proposition [2.7) gives us a very explicit description of all exceptional classes in Pic X.
The following theorem relates exceptional classes to exceptional curves on X.
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THEOREM 2.8.

(i) There is a one-to-one correspondence between the set of exceptional curves
on X and the set of exceptional classes in Pic X, given by the map sending
an exceptional curve in X to its class in Pic X.

(i) Let f : X — P? be the blow-up of P? in the points Py, ..., P,. Then the
image f(C') of an exceptional curve C' C X is one of the following types.

(a) One of the points P;;

(b) a line passing through two of the points P;;

(c) a conic passing through five of the points P;;

(d) a cubic passing through seven of the points P; such that one of them
is a double point;

(e) a quartic passing through eight of the points P; such that three of
them are double points;

(f) a quintic passing through eight of the points P; such that six of them
are double points;

(g) a sextic passing trough eight of the points P; such that seven of them
are double points and one is a triple point.

(For d =2, only (a) — (d) hold; for d = 3,4, only (a) — (c) hold; for d =5,6,7,
only (a) — (b) hold; for d =8, only (a) holds.)

Proof. See [Man74], Theorem 26.2. O

REMARK 2.9. Theorem [2.8](ii) gives a geometrical description of the table in Propo-
sition An exceptional class of the form C = aL — Y ;_, b;E;, with (a,b1,...,bs)
a solution given by Proposition [2.7] is either one of the E;, or it is the class of the
strict transform of a curve in P? of degree a, going through P; with multiplicity b; for
each i. Moreover, Theorem [2.8 tells us that these are in one-to-one correspondence
with all exceptional curves on X. We can therefore count the exceptional curves on
X using the table in Proposition and obtain the following table.

d |1 2 3 4 5 67 8
exceptional curves on X ‘ 240 56 27 16 10 6 3 1

2.1 Exceptional curves on del Pezzo surfaces of degree one

Let X be a del Pezzo surface of degree one over an algebraically closed field k. Let
E be the set of exceptional curves on X. We have |E| = 240. As in Subsection
let ¢ : X — P3(ag, a1, az, a3) be the morphism corresponding to the linear system
| — 2K x|. We have seen that this is a double covering of a quadric cone @ given by
a% = a1az in P3, that branches over a sextic curve B and an isolated branch point
at the vertex of (). In this subsection we show that the exceptional curves on X are
related to hyperplane sections of () that do not pass through the vertex of @), and
are tritangent to B. We start by studying the elements in | — Kx]|.

Proposition and Proposition can both be found in [CO99].
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PROPOSITION 2.10. For every element D € | — Kx/|, its image ¢(D) is a line in
Q) passing trough the vertex of (). Conversely, a line through the vertex of ) pulls
back under ¢ to an element of | — Kx|.

Proof. As we saw in Subsection[L.1} £(—K ) is generated by two elements z and w.
Let D € | — Kx/|, then D is of the form az + fw = 0, with «, § € k. Without loss
of generality we can assume that o # 0. Then z = —gw, and (D) is contained in
the two hyperplanes a; = g—zag and a; = —gag in P3, both containing the vertex of
Q. Since g is finite, ¢(D) is equal to their intersection.
Conversely, let M be a line in @ through the vertex of . Then M is the intersection
of two hyperplanes ya; + das + a3 = 0 and Aaj + pas + vaz = 0 in P3. Keeping the
notation of Subsection we identify @ with P(2,1,1). Under this identification,
M is given by a linear relation in z and w. Therefore M projects under the map
p :P(2,1,1) — P(1,1) to a point in P!. The fiber of v above a point in P! is an
element of | — K|, so ¢*M is an element of | — Kx|. O

To prove the following proposition, we first need a Lemma.

LEMMA 2.11. Let Y, Z be two normal projective varieties, and f : Y — Z a finite
morphism of degree d. Let D, D’ be two divisors on Z. Then f*D- f*D' = d(D-D’),
and for a divisor C on Y we have f*D-C =D - f,C.

Proof. See [HS00], Theorem A.2.3.2, and [Kol96|, Proposition VI.2.11. O

PROPOSITION 2.12.

(i) If e is an exceptional curve on X, then ¢(e) is a smooth conic in () not
containing the vertex of Q). Moreover ¢|. : ¢ — ¢(e) is one-to-one.

(ii) If H is a hyperplane in P® not containing the vertex of @, then ¢*H has
an exceptional curve as component if and only if it has at least three (maybe
infinitely near) singular points. If this is the case, then ¢*H = eq + ey with
e1, ey exceptional curves, and e - e = 3.

Proof.

(i) Let H be a hyperplane in P3, then we have deg p(e) = H - ¢(e) and
©*H ~ — 2 Kx. Let [k(e) : k(¢(e))] = n, then pi(e) = ng(e), so by
Lemma 2.17] we have

H-np(e)=H- -p.(e) =¢"H-e=—-2Kx-e=2,

hence deg ¢(e) = 2. Therefore, n is either 1 or 2. If n = 2, then deg ¢(e) = 1,
so p(e) is a line M in @ and | : e — M is 2 : 1. Then ¢*M = e. But
©*M is an element in | — K x| by Proposition which gives a contradiction.
Therefore we have n = 1, so ¢|. : ¢ — ¢(e) is one-to-one and deg p(e) = 2.
Since ¢(e) is irreducible, it is a smooth conic in Q.

(i) Let H be a hyperplane in P3 not containing the vertex of @, so that
C = H NAQ is a smooth conic section of (). First assume that ¢*H has
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an exceptional curve e; as component. If ¢*H = me; for some m > 1, then
2 = ¢p*H-e; = —m, which is a contradiction. Therefore, ¢* H is not irreducible.
Since deg ¢ = 2 and ¢*H is not in the ramification divisor of ¢, it follows that
we have p*H = e + eo, where e is irreducible and distinct form e;. But then
we have e; - eg = e1 - *H — e% =e1 - 2Kx — e% = 3. Therefore, p*H has
three (maybe infinitely near) singular points.

Conversely, assume that ¢* H has at least three (maybe infinitely near) singular
points. We have (p*H)? = 4 and p*H - Kx = —2K% = —2. If ¢*H were
irreducible, then, by the adjunction formula, we would have

20a(¢"H) —2=¢"H(p*H+ Kx) =4—-2=2,

50 pa(@*H) = 2. Since p*H has at least three (maybe infinitely near) singu-
larities, this would imply that it has genus at most g(¢*H) < 2 — 3 < 0,
which is impossible. We conclude that ¢*H is not irreducible. Therefore, since
deg o = 2 and ¢*H is not the ramification divisor, we have o*H = Dj + Ds,
where D¢ and D5 are irreducible and D; is distinct from Dy. Since C is
smooth, the singular points of ¢*H are the intersections between D and D,
so Dy - Dy > 3. Since ¢(D1) = ¢(D3), the automorphism of X sending a
point (z :y: z:w) to (x: —y:z:w)is an involution that interchanges Dy
and Dy, so D1 - Kx = Dy - Kx and D% = D%. Hence from

—2=¢'H-Kx=D1-Kx+ Dy -Kx
it follows that Dy - Kx = Dy - Kx = —1. Finally, we have
4= (-2Kx)?>=D?+ D32 +2D, - Dy =2D? + 2D - Dy,

$0 2D? =4 —2D; - Dy < —2. Therefore D? < 0, hence from Proposition it
follows that D% = D% = —1 and so D7 - Dy = 3. We conclude that D and D

are exceptional curves with intersection multiplicity three.

O]

REMARK 2.13. From the previous proposition we can conclude that if ey, es are
exceptional curves on X such that ej - e = 3, the points in the intersection e; N eo
are exactly the points in the intersection of e; with the ramification curve of ¢, for
1 = 1,2. We conclude that there is a bijection between the sets

{{e1,e2} | e1,e2 € E; €1 - e2 = 3}

{H | H C P? hyperplane tritangent to B; (1:0:0:0) ¢ H}.
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3 The Weyl group acting on exceptional curves

To count the maximal number of exceptional curves through one point, we will make
a lot of use of the group that permutes the exceptional classes in the Picard group
while preserving the intersection pairing. In this section we describe this group and
study its action on the exceptional classes on a del Pezzo surface of degree one.
All results in this section about root systems and the Weyl group can be found in
[Man74].

Let X be a del Pezzo surface of degree d over an algebraically closed field k, such
that X is isomorphic to P? blown up in r = 9 —d points Py,..., P.. Let E; € Pic X
be the class of the exceptional curve above P; for all 7, and let L be the class of
the strict transform of a line not going through any of the P;. Let Kx be the class
of the canonical divisor on X. As we have seen, Pic X is a free abelian group of
rank r + 1. Consider the R-vectorspace R ®z Pic X. Since {L, E1, ..., E,} is a basis
for the Picard group, the set {1® L,1® F;...,1® E,} is a basis for R ® Pic X.

LEMMA 3.1. For 0 < r < 8, the intersection number (-,-) is negative-definite on the
orthogonal complement K)Jg of Kx in R®y Pic X.

Proof. Let D =aL —>7i_; b;E; € Pic X. Then we have
T T s
Kx-D= (—3L+ZE¢> : <aL - Zb@) = —3a+) b,
i=1 i=1 i=1

so Kx - D = 0 if and only if 3a = Y7, b;. Now assume D € K+. Note that D has
self-intersection a? — Y°I_, b?. By Cauchy-Schwarz we have

2
T 1 T T 1 T

SO
T

2
1 (< 9
az—g b?§a2—r<§ bi> :az—;a2<0.
i=1 =1

We conclude that D? < 0, so the intersection number is negative definite on K5. [

DEFINITION 3.2. We define (K}(, (-, )) to be the vector space in R ®z Pic X with

inner product (-,-) = —(-,-). Note that this inner product is positive-definite by
Lemma [3.1

We now give the definition of a root system.

DEFINITION 3.3. Let V' be a finite-dimensional vector space over a field | C R with
a positive-definite inner product (-, -). A root system in V' is a finite set R of non-zero
vectors, called roots, that satisfy the following conditions:

(i) the roots span V;
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(ii) for all r € R, we have A\r € R = \ = £1;

(iii) for all r,s € R, we have s — 2r 2:75,5 € R;

iv) for all 7, s € R, the number 235} is an integer.
(r,r)

Define the set
R, ={D €Pic X | D*=-2; D-Kx =0}.

PROPOSITION 3.4. The set R, is a root system of rank r in (K)L(, (- >>
Proof. See [Man74], Proposition 25.2. O
From now on we assume that X is a del Pezzo surface of degree one, so r = 8.

PROPOSITION 3.5. The root system Rg is isomorphic to the classical rootsystem
FEs. Moreover, a basis for Rg is given by the elements r1,...,r8, given by

Ey— Ey, Ey—Es,...,Er— Eg, L — Ey — Ey — Ej.
Proof. See [Man74], Theorem 25.4 and Proposition 25.5.6. O

DEFINITION 3.6. The Weyl group W (Rs) is the group of permutations of the roots
of Rg generated by the reflections with respect to r1,...,rs (the reflection with

respect to r; is given by s+ s — 2r; é:";% for all s € Rg).
THEOREM 3.7. The following groups are isomorphic:

(i) the group of automorphisms of Pic X preserving Kx and the intersection
pairing;

(ii) the group of permutations of the exceptional classes in Pic X preserving
their pairwise intersection multiplicities;

(iii) the Weyl group W (Rg).
The order of the group W (Rg) is 2!4.3%.52.7.
Proof. See [Man74], Theorem 23.9 and 26.6. O

Let E be the set of exceptional classes in Pic X. Recall that E is in one-to-one
correspondence with the set of exceptional curves on X. For the rest of this thesis we
refer to W (Rg), the group of permutations of F preserving the intersection pairing,
as (G. Since G preserves the intersection pairing on E, we can use results about the
action of G on F when computing the maximal number of exceptional curves that
go through one point. The following proposition will be used a lot.

PROPOSITION 3.8. Let E and G be as above. Then we have:

(i) the group G acts transitively on E;
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(ii) for all r < 8 such that r # 7, the group G acts transitively on the set
{(61,...,€r) < |Vi7éj3€i'€j:()},

Proof. See [Man74], Corollaries 26.7 and 26.8. O

Let U be the set
{(e1,e2,€3, 4,5, €6,e7,68) € E® | Vi # j:e;-e; = 0}.

The group G acts transitively on U by Proposition [3.8] We show some results about
U that will be useful later.

LEMMA 3.9. For u = (e, e2,€3,¢e4,€5,¢€6,€7,€8) € U, there exists a morphism
f : X — P2 and points Q1,...,Qs € P? that are in general position, such
that X is the blow-up of P? at Q1,...,Qs, and for all i, the element e; is the class
in Pic X of the exceptional curve above ;.

Proof. Set Yy = X. Since all Q; are disjoint, by Theorem for each i € {1,...,8}
there is a nonsingular projective surface Y;, and a morphism f; : ¥;_1 — Y; that
is the blow-up of Y; in @);, where e; is the class in Pic X of the exceptional curve
above ();. Since k is algebraically closed, by Proposition the surface Y; is a del
Pezzo surface of degree i 4 1 for all 3. It follows that Yz = P?, and the composition
of the f; is a morphism f : X — P? that is the blow-up in Q1,...,Qs. Since X is
a del Pezzo surface, from Proposition it follows that @1,...,Qs are in general
position. [

COROLLARY 3.10. Foru = (e1, ea, e3, e4, €5, €6, €7, €8) € U, there is a unique element
| € Pic X such that Kx = —3l + Y.%_, e;. Moreover, the set {l,ei, ..., e} forms a
basis for Pic X.

Proof. Let u = (eq,...,es) € U. By the previous lemma there exists a morphism
f: X — P2 and points Q1, ..., Qs € P? that are in general position, such that X
is the blow-up of P? at Q1, ..., Qs, and e; is the class of the exceptional curve above

Q); for all i. By Remarkwe have Kx = -3+ Z?:l e;, where [ is the class of the
strict transform of a line in P? not containing any of the @;. By Proposition
we know that {l,ej,...,es} forms a basis for Pic X. O

REMARK 3.11. Let u = (ey1,...,eg) € U, and let | be the unique element such that
Kx = -3l + fo:l e;, which exists by Corollary Let g1,92 € G be such that
g1(u) = g2(u). This implies g1 (1) = g2(1), since g1, g2 fix Kx. Therefore, g; and g,
act the same on the basis {l, e1,...,eg} of Pic X, hence they act the same on Pic X.
Since G acts faithfully on Pic X we conclude that g; = go. Therefore, the action of
G on U is free. Since G acts transitively on U and U is not empty, this implies that
Ul =1Gl.

REMARK 3.12. Let A be the set of 240 vectors (a, by, ...,bs) that are in the table
in Proposition (where the b; can be permuted). We have a map

f:U — Homgt (E, A)
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as follows. Given u = (ej,...,eg) € U, let [ be the unique element such that
Kx = =3l + Y%, ¢;, which exists by Corollary [3.100 Then we define f(u) as
follows.

flu): E— A er—(e-le-e1,...,e-eg).
For o = (a,by,...,bs) € Aand e = al — ¥5_, bje; € E we have f(u)(e) = a, hence

f(u) is surjective. Since E and A have the same cardinality, it follows that f(u) is
a bijection.

To study G and its action on E further, we first look at the intersection multiplicities
on E. These results will be useful later.

LEMMA 3.13. For every e € E there is a unique ¢ € E such that e-c = 3.

Proof. Since G acts transitively on FE, it is enough to check this for e = Ej. Let
c=al — 228:1 biE; € E. Then c intersects e with multiplicity three if and only if
b1 = 3. By looking at the table in Proposition we find that there is one solution
for ¢ with by = 3, given by ¢ = 6L — 3E; — %, 2F;. O

REMARK 3.14. Since for every element e in E there is a unique element intersecting
e with multiplicity three, and G acts transitively on F, the group G acts transitively
on the set

{(61,62) S E2 | e] - ey = 3}.

LEMMA 3.15. There is a bijection between the sets
Z ={(eg,e1) € E* |eg-e1 =0} and Z' ={(e1,e2) € E* | e1 ey =2},
given by
f:Z2— 7' (eg,e1) — (e1,e2), where ey is such that ey - eg = 3.

Proof. Let eg = Ey and e; = F3. Then (ep,e1) is an element in Z. By looking
at the table in Proposition we see that there is exactly one exceptional class
intersecting ey with multiplicity three, which is e = 6L — 3E] — Z§:2 2F;. We have
e1 - ea = 2. Since G acts transitively on Z by Proposition it follows that for all
elements (cp,c1) € Z, the unique element ¢y such that ¢g - c2 = 3 has the property
that c; - ¢ = 2. Therefore, f is well defined. Let (c1,c2) € Z’. Then f~1((c1,c2))
consists of all elements (c,c1) € Z such that ¢ - ¢z = 3. From Lemma we know
that there is one such ¢, say cg. We conclude that f~((c1,c2)) = {(co,c1)}, so all
fibers of f have cardinality one. Therefore, f is a bijection. O

COROLLARY 3.16. G acts transitively on the set
Z = {(61,62) € F? | €16y = 2}.
Proof. This follows from Lemma [3.15] and Proposition [3.8] O

PROPOSITION 3.17. Any two elements in E intersect each other with multiplicity
at most three. Let e € E be an exceptional class in Pic X. Then there are exactly
56 exceptional classes disjoint from e, there are 126 exceptional classes intersecting
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e with multiplicity one, and there are 56 exceptional classes intersecting e with
multiplicity two.

Proof. Since G acts transitively on F, it is enough to check this for e = Ej. Let
c=al — 27,8:1 b;E; € E. Then e-c = b;. We can now easily compute the results
case by case.

We have e - ¢ = 0 if and only if b; = 0. Looking at the table in Proposition we
find the following possibilities.

a 0 1 2 3
number of possibilities for ¢ ‘ 7T 21 21 7

This gives a total of 56 exceptional classes that are disjoint from e. By the bijection
in Lemma this gives also 56 exceptional classes intersecting e with multiplicity
two.

Similarly, ¢ intersects e with multiplicity one if and only if by = 1. This gives the
following possibilities.

a 1 2 3 45
number of possibilities for ¢ ‘ 7 35 42 35 7

Therefore we find a total of 126 exceptional classes intersecting e with multiplicity
one.

From Lemma [3.13 we know that there is one ¢ such that e - ¢ = 3. Since we have a
total of 240 exceptional classes, we conclude that these are all the possibilities. [J

LEMMA 3.18. Let e, eo € E such that e; - eo = 0. Then there are exactly 72
elements of F intersecting both e; and eo with multiplicity one.

Proof. We know that G acts transitively on the set {(e1,e2) € E? | e1 - ea = 0}
from Proposition @, so it is enough to check this for ey = F; and es = F5. Let
e = GL—Z§:1 b;FE; € E. Then E1-e =by and F1-e =by,s0 F1-e = Fy-e =1 if and
only if by = by = 1. Looking at the table in Proposition we find the following
possibilities.
a 1 2 3 4 5
number of possibilities for e ‘ 1 20 30 20 1

This gives a total of 72 exceptional classes that intersect both E; and FE» with
multiplicity one. O

We are now able to prove a couple of propositions about the action of G on various
subsets of E. These propositions are very useful for our purpose in the next section.
First, we need some lemmas.

LEMMA 3.19. Let V' be the set
V = {(eo,e1,€2) €E eo-e1=ep-ex=1; e;-ex =0}

Then |V| = 967680, and G acts transitively on V.
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Proof. Since G preserves intersection multiplicities, it acts on V. Fix e; € E. By
Proposition [3.17] there are exactly 56 exceptional classes disjoint from e, and by
Lemma for each ey of those 56 there are exactly 72 exceptional classes inter-
secting both e; and ey with multiplicity one. Therefore we have

|V| =240 - 56 - 72 = 967680.

Let e = L — E1 — Ey, e; = Ej, and e; = Ey. Then v = (eg, e1,€2) is an element
in V. Let G, be the stabilizer of v in G and Gv the orbit of v in V, then we have
G : Gy] = |Gv| < |V|. We want to show that the latter is an equality. Let W, be
the set

Wy={e€FE|e-eg=e€e-e1 =e-ea=0}.

Fore=aL—-3%;_, b;E; € W,, the condition e-ey = e-e; = e-ez = 0 is equivalent to
a = by = by = 0. Looking at the table in Proposition we see that there are only
6 possibilities for e, which are Es, ..., Es. So we have W,, = {F3, ..., Eg}. Since G
preserves intersection multiplicities, G, acts on W,. Let g € G,. If gE; = FE; for
3 <1 <8, then g fixes Eq, ..., Eg. But then g fixes every element in F and since G
acts faithfully on E this implies that g is the identity. Therefore, G, acts faithfully
on W, hence G, C Sg, so |G| < 720. We now have
214.35.52.7 |G|

967680 50 <G, |G| < |V| = 967680,

so we have equality everywhere and so Gv = V. We conclude that G acts transitively
onV. 0

LEMMA 3.20. Let H be a group, let A, B be H-sets, and f : A — B a morphism
of H-sets. Then the following hold.

(i) if H acts transitively on A, then H acts transitively on f(A);

(ii) if H acts transitively on A and A is finite, then all non-empty fibers of f

have the same cardinality, say n, and |f(A)| = 14,

n ’

(iii) if H acts transitively on B, then all fibers of f have the same cardinality.

Proof.

(i) Let f(a), f(d') € f(A) with a,a’ € A. Assume that H acts transitively on
A, then there is an h € H such that ha = d’. Since f is a morphism of H-sets,
we have hf(a) = f(ha) = f(da’), so H acts transitively on f(A).

(ii) Let b,b' € B such that f~1(b) and f~1(b) are non-empty. Then we have
bt/ € f(A), so there is an element h € H such that hb = V' by (i). But
then |f~1(V)| = |f~1(hb)| = |hf~L(b)| = |f~1(b)|. We conclude that all
non-empty fibers have the same cardinality, say n. It is now immediate that

4] = 17 (B)] = Shepayn = nlf ()], so |f(A)] = .

(iii) Let b,b" € B. Since H acts transitively on B, there is an h € H such that

hb =V, so [f71 (V) = [f 1 (hD)| = [hf 1 (B) =[S (D).
O
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LEMMA 3.21. Let e; = E4 and e; = L — E; — E5. Then there are 32 elements e in
FE such that e; -e =1 and e3 - e = 0.

Proof. Let e = alL — Z§:1 b;E; € E,thene; -e = 1 and es-e = 0 if and only if
by =1 and a — by — by = 0. Looking at the table in Proposition we find the
following possibilities.

a 1 2 3
number of possibilities for e ‘ 6 20 6

This gives a total of 32 possibilities for e. O
PROPOSITION 3.22. (G acts transitively on the set
W ={(e1,e2) € E* | ey - e = 1}.

Proof. Consider the set V = {(e1,e2,e3) € E3 | e1-e3 =e1-e3 =1; es-e3 = 0}.
We have a projection f : V. — W on the first two coordinates. Consider the
elements e; = Fy and eg = L — Fy — Ey. Then w = (e1,e2) is an element of
W. Let e € E, then (e1,ez,e) € V if and only if e; e = 1 and ez - e = 0. By
Lemma this gives 32 possibilities for e, so |f~1((e1,e2))| = 32. Since G acts
transitively on V' by Lemma [3.19] it follows from Lemma [3.20] that all non-empty
fibers of f have cardinality 32, and |f(V)| = ‘3%‘ = 30240. By Proposition we
have |W| = 240 - 126 = 30240. We conclude that f(V') = W, hence f is surjective.
Therefore, G acts transitively on W by Lemma [3.20 O

Now that we know that G acts transitively on all pairs in E that intersect with
multiplicity one, we can easily get more results on the intersection multiplicities in
E.

LEMMA 3.23. For each pair (e1,es) € E? such that e - ea = 1 there are exactly 60
exceptional classes e € E such that e; e =eg-e=1.

Proof. By Proposition [3.22it is enough to check this for one pair. Let e; = E7 and
eg=L—FE;—Fy. Thenej-eg=1. Nowlete=aL -3 b;F; € E, thenej-e=1
if and only if by = 1, and e2 - e = 1 if and only if @ — by — bo = 1. Combining this we
have e; -e = ey -e =1 1if and only if by = 1 and a — by = 2. Looking at the table in
Proposition we find all following possibilities.

a (2 3 4
number of possibilities for e ‘ 15 30 15

This gives a total of 60 exceptional classes intersecting both e; and eo with multi-
plicity one. O

The following graph shows some of the information we obtained so far about the
intersection multiplicities in E. The vertexes are subsets of E and the number in
a vertex is the cardinality of the subset. The numbers on the edges between the
vertexes are the intersection multiplicities between the elements in the two subsets.
By Lemma [3.19] replacing the elements L — F1 — Ey, Eq, Es by any other triple
ep, €1, e with eg - ea = ep-e2 =1 and e - eo = 0 will give the same graph.
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Es

We conclude this section by looking at the action of G' on the sets
V= {(61762763) € E3 |\V/'L #] L e 'ej = 1}

and
W = {(61762763764) S E4 ‘ VZ #] N 61‘ -€j = 1}

G acts on both V and W, since G preserves the intersection pairing on F.
We start by introducing some notation. Let Z be the set
Z ={({e1,e2},{e3,ea},{e5,ec},{er,es}) |Vi:e; € E; Vi# j:e;-e; =0},
Recall the set U defined by
U = {(e1,ea,e3,e4,e5,¢6,€7,€8) € B |Vi#j:e;- e; = 0}.

We have |Z] = |2£4|, so from Remarkm it follows that |Z| = % =210.35.52.7.

Moreover, from Proposition it follows that G acts transitively on Z.

Let f: W — V be the projection on the first three coordinates. We define a map
g:Z — W as follows. For z = ({e1,e2},{es,ea},{es5,¢6},{e7,e5}) € Z, let | be
the unique element in F such that Kx = —3] + 3.%_; ¢;. Then we set

9(2):(1—61—€2,l—€3—64,l—e5—eﬁ,l—e7—es)_
Let h € G, then Ky = hKx = —3hl + 3.%_, he,, so

g(hz) = (hl — hey — heg, hl — heg — hey, hl — hes — heg, hl — her — heg) = hg(z).
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Therefore, the map ¢ is a morphism of G-sets.

Let Y be the image of g. The following commutative diagram shows the maps and
sets that are defined.

LEMMA 3.24. The map g is injective.

Proof. Consider the elements e = L — F1 — FEo,ea = L—FE3—FE,, e3 =L — E5— Eg
and eq = L — E7 — Eg. Then w = (ey, ez, e3,e4) is an element in W. The fiber of g
above w consists of the elements ({c1,c2}, {c3,ca}, {cs5,c6}, {c7,cs}) € Z such that

c1-eg1=co-e1=1land c;-e;=co-e; =0 for all i # 1; (1)
c3-ea=cqg-eo=1and c3-e; =cq4-e; =0 for all ¢ # 2;
cs-e3=cg-e3=1and c5-¢e; =cg-e; =0 for all ¢ # 3;

c7-eq=cg-eg=1and cy-e; =cg-e; =0 for all i # 4.

Clearly, ¢; and ¢; 11 are interchangeable for i € {1,3,5,7}. Let ¢; = aL — Y.%_, b;E;.
Then (1) implies a — by — by = 1 and a = b3 + by = b5 + bg = by + bg. Looking
at the table in Proposition the only possibilities for ¢; and ¢y are Fq and FEs.
Analogously we find that the only possibilities for c¢3 and ¢4 are F3 and Fy4, the only
possibilities for c5 and cg are F5 and Eg, and the only possibilities for ¢; and cg are
E7 and Eg. Therefore we have g1 (w) = {({E1, E2}, {Es, Ex}, {E5, Es}, {E7, Es})},
hence the fiber above w has cardinality one. Since G acts transitively on Z, we
conclude from Lemma that all non-empty fibers of g have cardinality one, so g
is injective. O

REMARK 3.25. By the previous proposition, the map g : Z — Y is a bijection.
Since g is a G-map, it follows that Y is a G-set, and that G acts transitively on Y.
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LEMMA 3.26. Consider the elements of E given by

6
e1 =L — E, — E»; c1 =3L-)Y E;—2E;

i=1
6

es =L — B3 — Ey; c; =3L—) E;—2FE;.
i=1

e3 = L — Es — Eg;

Then wy = (e1, e, €3,¢1) and we = (e1, 2, e3,¢cy) are elements in W that are not in
Y.

Proof. 1t is easy to check that w; and wy are in W. We want to show that the fibers
of g above wy and wy are empty. Let z = ({d1,d2},{ds,ds},{ds,ds},{d7,ds}) € Z,
and write di = rL — Zle 5;F;. Then z € g~!(wy) implies that d; - e; = 1 and
di-es = di-e3 = dy-cqy = 0, which is equivalent to r—s;—s9 = 1, r = s3+s4 = S5+ Sg,
and 3r — Z?:l s; — 2s7 = 0. But this implies

6
0:37"—2&—287:37"—(81+82)—2T—287:T‘—($1—|—82)—287:1—287,
i=1

and since s7 is an integer this has no solutions.We conclude that the fiber of g above
w1 is empty and analogously the fiber of g above ws is empty. This proves that wy
and wsy are not in Y. ]

PROPOSITION 3.27. Let v = (e, ez, e3) be an element of V. The following hold.
(i) The group G acts transitively on V.
(ii) We have |f~1(v)| = 26, and |f~}(v) N Y| = 24.

(iii) For e € f~Y(v) NY and {c1,ca} = f1(v)\ Y, we have e -c; = e-cy = 1,
and c¢1 - ¢ = 3.

Proof.

(i) Consider the map A = fog: Z — V. Note that A is a G-map, since both
f and g are. We want to show that X is surjective. Let

€1 :L—El—EQ, GQZL—Eg—E4, 63:L—E5—E6.
Then v = (e1, e2,e3) € V. Note that
A(({EjlaE‘Q}v{EI37E14}7{E57EI6}7{E177Ew8}>) = v,

so the fiber of A above v is not empty. To compute this fiber, we first compute
the fiber of f above v. Let e = aL — Y% | E; € E. The conditions e -e; = 1,
e-eg = 1 and e-e3 = 1 are equivalent to a—b1 —by = a—bs—by = a—b5—bg = 1.
By looking at the table in Proposition [2.7] we find all possibilities.

a (1 2 3 45
number of possibilities for e ‘ 1 8 8 8 1
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We find a total of 26 possibilities for e, so |f~(v)| = 26. Since A~!(v) is not
empty, by Lemma |3.20, we have |A\(Z)| = /\E('v). Since we have

AZ) < |V| = 240 - 126 - 60 = 1814400,

this implies

1 2]
> = 24. 2
A ) 2 T5iaa00 @)
Since g : Z — Y is a bijection we have A~!(v) < 26. Consider the elements
Cc1 = 3L—Z?:1 Ei—2E7 and Cy) = 3L—Z?:1 Ei—2E8, then w1 = (61, €2, €3, Cl)
and wy = (e1, €9, 3, ca) are both elements in f~!(v). By Lemma we know
that the fibers of g above w; and wy are empty. It follows that A=!(v) < 24,
which together with implies A~!(v) = 24. This means that
|Z]

AMZ)| =——=|V

A2 =Sl =V
so A is surjective. Since GG acts transitively on Z, we conclude that G acts
transitively on V, too.

(i) In part (i) we showed that |f~1(v)| = 26 and |A\~!(v)| = 24. Since g is a
bijection, we have |f~(v) N Y| = |A\~!(v)| = 24. Since f is a G-map, and G
acts transitively on V, the result holds for all elements in V.

(iii) This is an easy check, after writing down the 26 elements we found in
part (i).
O

PROPOSITION 3.28. The set W has two orbits under the action of G.

Proof. From Remark it follows that Y is an orbit under the action of G on W.
Therefore O = W — Y is also a G-set. Consider the restriction of f to O,

flo:O — V.

Let €1, €2, €3, ¢1, ¢2 be as in Lemma [3.26] and let v = (e1, e2,e3), w1 = (e1, €2, €3, ¢1),
and we = (ey, 2, e3,c2). Then we have v € V| and wy, wy € f‘(_)l(v) by Lemma
From Proposition [3.27| we know that |f~'(v) N Y| = 24, so ‘f|5l(v)’ = 2. This
implies f]z)l(v) = {wy,wy}. For r7 = Ey — Eg € Rg, the reflection with respect to
r7 is an element in G, say h. Since ey -r7 =e1-r7 =ez-r7 =0, for i € {1,2,3} we
have

€; - T7

hei = €; — 2’!”7 = €4,

re T
so h is contained in the stabilizer G, of v in GG. We have

6

7T =

so h interchanges wi and ws, hence G, acts transitively on f |51 (v). Since G acts
transitively on V, this holds for all elements in V. Now let 0,0’ € O. Let a = f(0)
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and b = f(0'). Since G acts transitively on V there is an element hy € G such that
b = hia. Then f(0o') = hif(o) = f(h10), so o' and hjo are in the same fiber of
f. Since G} acts transitively on this fiber, there is al element hy € G} such that
o' = hahio. We conclude that G acts transitively on O. It follows that W consists
of the orbits O and Y. O
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4 Maximal cliques and the maximum

In this section we prove Theorem (1| and Theorem Recall that we defined X to
be a del Pezzo surface of degree one over an algebraically closed field k, and E the
set of exceptional classes in Pic X. We want to compute the maximal number of
exceptional curves on X that go through one point P. Let () be the quadratic cone
such that X is a double cover of @) under the map ¢, branched over a smooth curve
B of degree 6. We distinguish two cases. In Subsection .1, we will consider the
case when ¢(P) lies on B, and prove Theorem (1, In Subsection we consider the
case when ¢(P) does not lie on B, and prove Theorem

Since there is a one-to-one correspondence between exceptional curves on X and
exceptional classes in Pic X, a set of exceptional curves can go through one point only
if the corresponding set of exceptional classes pairwise intersect with multiplicity
greater than zero. Therefore, we start by looking at sets of exceptional curves that
pairwise intersect positively, and we do this by studying the graph on F.

DEFINITION 4.1. By G we denote the weighted graph whose vertices are the ele-
ments of E, and where two vertices are connected by an edge of weight n if and only
if the corresponding elements of E intersect with multiplicity n > 0.

REMARK 4.2. Since G is the group of automorphisms of F that preserve intersection
multiplicities, it follows that G is the automorphism group of G.

DEFINITION 4.3. A clique in G is a weighted subgraph of G in which every two
vertices are connected by an edge. The size of a clique is the number of vertices
contained in it.

As we mentioned before, a number of exceptional curves go through one point only
if the corresponding classes form a clique in G. Of course, the converse is not always
true. However, the maximal size of the cliques in G does give us a first upper
bound for the maximal number of exceptional curves that go through one point. To
compute this, we first need a couple of lemmas.

DEFINITION 4.4. A maximal clique in G is a clique that is maximal with respect to
inclusion.

LEMMA 4.5. The size of a clique in G that contains no edges of weight one is at
most three.

Proof. Let K be a maximal clique in G without edges of weight one. We distinguish
two cases.

First assume that K contains an edge of weight two. Then by Proposition we
can without loss of generality assume that K contains the vertices corresponding
toe; = By and ey = 3L — 2F; — Y./ o, E;. Let e = aL — Y% | b;E; € E, then
e-e; > 1and e-ey > 1 if and only if by > 1 and 3a—2b1—2i7:26i > 1. By
looking at the table in Proposition we find only one possibility for e, which is
e=6L—-2 21-721 FE; — 3Es. We conclude that K consists of the edges corresponding
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to e1, eo and e and thus has size three.

Now assume that K contains an edge of weight three. Then by Remark [3.14] we
can without loss of generality assume that K contains the vertices corresponding to
cp=Fi1and cg =6L—3FE; — 22?:2 E;. Let c=al — E?Zl b;E; € E,thenc-cqp > 1
and c-co > 1 if and only if by > 1 and 6a — 3b; — 21‘8:2 b; > 1. This has no solutions
in the table in Proposition so K consists only of the vertices corresponding to
c1 and cs. ]

LEMMA 4.6. Let e1, ey be elements in E that are not disjoint, and let ¢y, ca be such
that e1 - ¢1 = ea - co = 3. Then the following are equivalent.

(i) er-ea=1;
(ii) e1 - co > 0 and e - ¢1 > 0;
(iii) e1 - ca = eg - ¢ = 1.

Proof. First assume that e; - e = 1. Since G acts transitively on the set of pairs of
exceptional classes intersecting with multiplicity one, we can assume without loss of
generality that ey = E1 and eo = L — Fy — Es. Then ¢; = 6L —3FE; —2 212:2 FE; and
co=5L—FE1—Fy—2 Z?:g FE;. Tt is straightforward to check that e;-co = es-c1 =1,
so (i) implies (iii).

Since (iii) obviously implies (ii), it is now enough to prove that (ii) implies (i). To
this end, assume that e; -co > 0 and e3-¢; > 0. If 1 - co = 2 then from the bijection
in Lemma [3.15| we have e; - es = 0, which is a contradiction. Therefore we have
e1 - co = 1. Without loss of generality we take e; = E1 and ¢co = L — 4 — E5. Then
eg:5L—E1—E2—22§:3E¢,Soel~62:1. ]

The previous lemma states that if we have two pairs (e1, 1) and (eg, c2) of excep-
tional classes intersecting with multiplicity three, the four classes together form a
clique in G if and only if 1 -e2 = €1 -¢c3 =e3-¢c1 = c¢1-cog = 1. We call the pair
({e1,c1}, {e2,c2}) an intersecting pair.

COROLLARY 4.7. G acts transitively on the set
S ={(e1,ea,c1,c2) € E*| ({e1,c1}, {ea,c2}) is an intersecting pair.}
Proof. Consider the set T = {(e1,e2) € E? | 1 - e2 = 1} and the map
AT — S, (e1,e2) —> (e1,e2,c1,cC2),

where ¢1-e1 = co-e5 = 3. Note that \ is well defined by Lemma Let (e1, e2,c1,¢2)
be an element in S. Then ({e1,c1},{e2,c2}) is an intersecting pair, so e - ea = 1,
and A((e1,e2)) = (e1,e2,c1,c2). We conclude that A is surjective. The statement
now follows from the fact that G acts transitively on T O

COROLLARY 4.8. Every maximal clique K in G of size bigger than two that does
not contain any edge of weight two is of the form

K ={e1,....en,c1,...,cn | Vi # j: ({es,ci},{ej,c;}) is an intersecting pair}.
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Proof. Let K be a maximal clique not containing any edge of weight two. If K would
not contain any edge of weight one, it would consist of two vertexes connected by
an edge of weight three, hence it would have size two. Therefore we can assume
that K contains at least one edge of weight one. Let eq,...,e, be a subclique of
maximal size in K that only contains edges of weight one. By Lemma for
all 7 # j, the unique elements c;,c¢; € E such that e; - ¢; = ej - ¢; = 3 satisfy
e - ¢ = € - ¢ = ¢ - c¢j= 1. Since K is maximal, it follows that K also
contains the n elements ci,...,c,. If there would be another element d € K, then,
since there is only one element intersecting d with multiplicity three, either d-e; = 1
for all 7, or d-¢; =1 for all . But this contradicts the fact that the set {e1,...,e,}
is maximal. We conclude that K = {e1,...,en,¢1,...,¢n}. O

LEMMA 4.9. The maximal size of the cliques in G that contain an edge of weight
two is thirteen.

Proof. Let K be a clique of maximal size in G that contains an edge of weight
two. By Proposition we can without loss of generality assume that K contains
e1 = Fh and e9 = 3L — 2F; — 21'722 FE;. Let e = al — Z§:1 FE; € E. The conditions
e-e1 > 1 and e-ey > 1 are equivalent to by > 1 and 3a — 2b; — 22-7:2 b; > 1. By
looking at the table in Proposition we find all possibilities.

a 1 2 3 4 5 6
number of possibilities for e ‘ 1 20 36 41 22 7

We find a total of 127 possibilities. As it is too tedious to compute all pairwise
intersection multiplicities by hand, we do this with MAGMA and find that the
maximal size of a clique in the graph on these 127 exceptional curves is eleven. This
gives a total of 13 elements in K. We conclude that the maximal size of a clique
that contains an edge of weight two is thirteen. O

Let V, W, Z, f, g and Y be as in the diagram on page Let S be the set of all
cliques of size sixteen. The following proposition gives us a first upper bound for
the maximal number of exceptional curves going through one point.

PRroOPOSITION 4.10. The following hold.
(i) The maximal size of a clique in G is sixteen.
(ii) Every clique of size sixteen is of the form
{e1,...,es,c1,...,c8 | Vi# j: ({es,ci}, {ej,¢;}) is an intersecting pair},

and every clique that has no edges of weight two is contained in a clique of
size sixteen.

(iii) For y = (e1,...,eq) € Y, there is a unique element in S containing
e1,...,e4. This gives rise to a map s : Y — S, which is surjective.

Proof.
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(i) Let K be a maximal clique in G. We consider two cases. First assume
that K contains an edge of weight two. Then K has size at most thirteen by
Lemma (4.9

Now assume that K contains no edges of weight two. From Corollary [4.8] it
follows that K is of the form

K ={ei,...,en,c1,...,cn | Vi# j: ({es,ci}, {ej,¢j}) is an intersecting pair}.

By Corollary [£.7 we can without loss of generality assume that K contains the
four exceptional classes

e1 =L — FEy — Ey; €2 = L — FE3 — Ey;

8 8
c1=bL—E —Ey—2) Ej; ¢;=5L—2F —2E,—FE3—E;—2) E;.
i=3 i=5

Let eg be a different element in K. Then e; - e3 = e2 - e3 = 1, so by Proposi-
tion[3.27] we can take without loss of generality e3 = L — E5 — Fg. Then K also
contains the unique exceptional curve intersecting es with multiplicity three,
which is ¢3 = 5L — 23} | E; — E5 — Eg — 2F; — 2Fs.

Let e4 be a different element in K. Then eq-e; =e4-e3 =e4-e3 =1, so by
Proposition there are 26 possibilities for e4. They are

L — E7 — Eg;

2L — E; — E; — Ey — E; — Eg for i € {1,2},j € {3,4},k € {5,6};

3L —2E; — > E; fori € {1,3,5,7};
je{l,...,i—1,i4+2,...,8}

3L —2E; — > E; for i € {2,4,6,8};

J€{l,...i—2,i+1,....8}
AL —2E; —2E; —2E, — Y Ejforiec {1,2},j € {3,4},k € {5,6};
1235,k

6
5L—2) E;— E; — Eg.
i=1
The elements eq = 3L — 3.0 | E; — 2F7 and ¢y = 3L — Y0 | E; — 2F intersect
all other 24 elements with multiplicity one and satisfy e4 - ¢4 = 3, so they are
both in K. As we have seen in Proposition [3.27], all other 24 elements e have
the property that (ej, eq,es,e) is in Y, so by Proposition without loss of
generality we can assume that es = L — Fy — Eg is in K. Then K also contains
cs =5L—2 Z?:l FE;— E7— Eg, since e5 - c5 = 3. Of the remaining 22 elements,
the only elements intersecting e; with multiplicity one are

8 8
3L—2F) - Y Ej 3L—Fy — Ey—2E3— > Ej;
=3 =5
8 4
3L—2E, — > Ej 3L—> Ei—2E;— E; — Eg;
=3 i=1
8 4
3L—F| — Ey—2F3— > Ej 3L—Y F\ —2Es— E; — Eg.
=5 i=1
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These intersect pairwise with multiplicity three or one, so they are all contained
in K. This gives sixteen elements in K.

(ii)-(iii) These points follow from the construction of the clique in part (i).
Ul

COROLLARY 4.11. The number of exceptional curves on X that go through one
point is at most sixteen.

Proof. This follows directly from Proposition [£.10 O
COROLLARY 4.12. G acts transitively on S, and |S| = 2025.

Proof. By Proposition [£.10] there is a surjective map s : Y — G. Therefore, G
acts transitively on S by Lemma Let K be a clique of size sixteen. From
Propositionm (ii), it follows that there are 16 - 14 - 12 tuples (c1, 2, c3) € K3 with
c1-c3 = c1-c3 = ca-c3 = 1. Moreover, for a fixed tuple (eq, ez, e3) € K2 with
e1-e3 =e1-e3 = eg-ez = 1 there are ten exceptional classes in K intersecting e, e
and ez with multiplicity one. From Proposition (iii) and the fact that all cliques
of size sixteen are maximal, it follows that two of those ten, say d; and do, are such
that (e1,e2,e3,d;) € Y. The other eight e are such that (ej, eg, e3,€) is an element
of Y. We conclude that |s7!(K)| =16 - 14 - 12 - 8 = 21504. Since s is surjective, we

have |S| = |s(Y)| = 5ol = 2025. O

4.1 Points on the ramification curve

By Proposition a hyperplane section H of () that intersects B with multiplicity
two in three (possibly infinitely near) points and does not contain the vertex of @
pulls back under ¢ to the sum of two exceptional curves that intersect in three
(possibly infinitely near) points. From now on, we call two exceptional curves or
exceptional classes intersecting with multiplicity three a pair.

Proposition will give an upper bound for the maximal number of exceptional
curves going through one point on the ramification curve of . The proof uses the
following well-known proposition.

PROPOSITION 4.13. (Hurwitz). Let f : C — D be a finite separable morphism
of complete, nonsingular curves over an algebraically closed field k. Let n = deg f.
Then

29(C)—2=mn-(29(D) — 2) + deg R,

where R is the ramification divisor of f. We have deg R > Y pcc(ep — 1), with
equality if f only has tame ramification.

Proof. See [Har77], Proposition IV.2.2 and Corollary IV.2.4. O

I got the idea for Proposition from Niels Lubbes, who was so kind to share this
with us. Later I found that part of it was also done in [TVAV(9].
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PROPOSITION 4.14. Assume that char k # 2. Then the number of exceptional
curves that go through one point on the ramification curve of ¢ is at most twelve.

Proof. Fix a point p € B, and let M be the tangent line to B at p. The set of
planes trough M is a pencil P of planes in P?, hence can be parametrized by P!.
Let A : B -—-» P! be the rational map sending every point ¢ M to the unique
plane trough M containing x. Then since B is smooth, this extends to a morphism
A: B — Pl As is shown in Lemma 4.5 (1) in [TVAV09], the morphism X is
separable, and deg A = 4. Therefore, by Proposition we have

29(B) — 2 = (deg A\)(29(P') — 2) + deg R,
where R is the ramification divisor of A\. We have g(B) = 4, so this gives

> (ez—1)<deg R=06—(4--2) =14.
zeB

Let H be a plane through p that is tritangent to B. Then H contains two points
where A ramifies with ramification degree 2, or one point where A ramifies with
ramification degree four, hence H contributes 2 or 3 to the degree of R. Therefore,
there are at most 7 tritangent planes going through p, which is Lemma 4.5 (1) in
[TVAV(9]. Note that P contains exactly one plane H' containing the vertex of Q.
The intersection of H' with @ is a double line, each component intersecting B with
multiplicity three. Therefore, the morphism A branches over H’, hence we counted
H' as one of the 7 tritangent planes through p. We conclude that there are at most
6 planes tritangent to B and not going through the vertex of (). By the bijection in
Remark [2.13] this gives an upper bound of twelve exceptional curves going through

©(p). O

We will later give a sharper upper bound for the number of exceptional curves
through one point on B.

REMARK 4.15. Let K be a set of exceptional curves all going through a point P on
the ramification curve of . Let e be an exceptional curve in K. There is a unique
exceptional curve ¢ intersecting e with multiplicity three, and by Remark [2:13] their
intersection ¢ N e consists exactly of those points in e that are on the ramification
curve of ¢. We conclude that P is also contained in c.

From the previous remark we conclude that a maximal clique that corresponds to
a set of exceptional curves all going through one point P on the ramification curve
of ¢ is a union of pairs. Therefore, by Proposition [4.10] and Lemma [4.6] such a
maximal clique is contained in a clique of size sixteen.

Let S be a clique of size sixteen in G, and G g the stabilizer of S in G. Consider the
sets
I={(e1,e2,e3) €5 |er-ea=e1-e3=e3-e3=1},

and
J = {(61,62) S 82 ‘ e ey = 1}.

PROPOSITION 4.16. The group Gg acts transitively on I.
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Proof. Since S consists of eight pairs, we have |I| = 16 - 14 - 12 = 2688. Fix an
element ¢ = (e, e2,e3) in I. We want to show that the orbit Gg¢ has size 2688. Let
G's, be the stabilizer of ¢ in Gg. We have Ggt = [Gs : Gg,], and

[G:Gg,] =[G :Gs][Gs : Gg,).
By Corollary we have [G : Gg] = GS = 2025. Moreover, we have
G:Gs,|=[G:GJ|G,:G, 3]

By Proposition we have [G : G,] = Gu = 240 - 126 - 60 = 1814400. We now
compute [G, : G, 5] = G,S. Since G, acts transitively on the 24 exceptional curves
e such that (eq, ea, e3,€) is an element in Y, and every element in y is contained in a
unique clique of size sixteen, the orbit GG,.S contains all different cliques that are the
images under s of these 24 elements in Y, where s is the map in Proposition
Now fix e such that y = (e1, €2, €3,€) is in Y, and let K = s(y). By Proposition [3.27,
the clique K contains the two exceptional classes dy, ds such that (eq, eq, e3,dy) and
(e1,e2,€3,dz) are in W\ 'Y, and we have d; - do = 3. By Proposition m (ii), we
know that K also contains the unique ¢1,ca,c3 € E such that for ¢ € {1,2,3} we
have e; - ¢; = 3. We conclude that the seven other elements in K are among the
24 exceptional classes f such that (e1,es,es, f) is an element in Y. Therefore, they
determine the same unique clique of size sixteen as e. We conclude that there are

21 — 3 different cliques containing ¢. So we have |G, S| > 3, and we conclude that

G : Gg,] >240-126 - 60 - 3 = 5443200

It follows that [Gg : Gg,] > 24200 = 2688. Since [Gg : Gg,] = |Ggt| < 2688, this
finishes the proof. O

COROLLARY 4.17. The group Gg acts transitively on J.

Proof. We have a projection map A : I — J on the first two coordinates. Since S
consists of eight pairs, if we fix two elements ej, e3 such that (e, es) € J, there are
16 —4 = 12 elements e € S such that (e1,e9,€) € I. Therefore, A is surjective. From
Proposition it follows that G'g acts transitively on J. O

COROLLARY 4.18. The group Gg acts transitively on S.

Proof. We have a projection map A : J — S on the first coordinate. For every
element e in S there are 14 elements ¢ such that (e,c) € J, so A is surjective. From
Corollary it follows that G'g acts transitively on S. O

The following proposition allows us to say something about all cliques of a certain
type by considering only one of them, which is very useful.

PROPOSITION 4.19. For n € {2,3,5,6,7,8}, G acts transitively on the set

Vi:e;c € F;
Dn:{{61,...,en,cl,...,cn} B ' )

Vi # j: ({ei,ci}, {ej,c;}) is an intersecting pair
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Proof. The case n = 2 follows from Corollary [4.7, and n = 3 follows from Proposi-
tion i) and Lemma By Proposition and Lemma the stabilizer Gg
of S in G acts transitively on the set

{(e1,e2,€3,c1,c2,¢3) € S® | Vi # j: ({ei,ci}, {ej,¢j}) is an intersecting pair.}

Since S consists of eight pairs, the cliques of five pairs in S are the complements of
the cliques of three pairs in S, so this implies that Gg acts transitively on the set
of cliques of five pairs in S. By Corollary this implies the statement for n = 5.
The cases n = 6 and n = 7 are proved analogously since we showed that Gg acts
transitively on J and on S. Finally, n = 8 is Corollary O

PROPOSITION 4.20. There are two orbits under the action of G on the set
{(e1,...,eq,c1,...,ca) € B¥| Vi # 5 : ({es,ci}, {ej,¢;}) is an intersecting pair.}
Proof. This follows from Proposition [3:28 and Lemma [4.6] O

From Proposition [4.22] we will deduce a sharp upper bound for the number of excep-
tional curves going through one point on the ramification curve of ¢ if char k # 2.
We need a lemma first. This lemma will also be used in the next subsection.

Let P? be the projective plane over k with coordinates x,y,z. Let Ry,...,Rg be
nine points in P2, with R; = (x; : y; : 2;) for i € {1,...,9}. We define the following
lists of polynomials in z,y, z.

Mon; = [z,y,z];

Mony = [2%, 2y, 2,9, yz 22);

Mong = [23, 2%y, 22, xy?, xyz, 222,43, yP 2, y22, 2%

Mony = [z% 23y, 232, 2%92, 2%yz, 2222, 2, w2, wy2?, w2, ot 32, y2 22 y2d, 24,

For i = 3,4, let Mon} be the list of derivatives of Mon; with respect to x, let Mon?
be the list of derivatives of Mon; with respect to y, and let Mon? be the list of
derivatives of Mon; with respect to z. Define the following matrices, where each row
is defined up to scaling.

M = (ai:j)i,je{1,2,3} with a; ; = Mon; [J](R:);
N = (bid)z‘,je{l,...,ﬁ} with b; ; = Mona[j](R;);

L= (Ci,j)z',je{l,..@o} with ¢;; = MOH:&[J:

Mony[j](R;) for i <6

1(R;) foric {7,8,9}
Mon'9[4](Rs) for i € {10,11,12}
Mon’'2[4](Re) for i € {13,14,15}

H = (di,j)z‘,je{l,...,m} with d; j =

LEMMA 4.21. The following hold.
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(i) The points Ry, Ry, and Rs are collinear if and only if det(M) = 0.
(ii) The points Ry, ..., Rg are on a conic if and only if det(N') = 0.

(iii) If ys # 0, then the points Ry, ..., Rg are on a cubic with a singular point
at Rg if and only if det(L) = 0.

(iv) If char k = 0, then the points Ry, ..., Ry are on a quartic that is singular
at Rz, Rg and Ry if and only if det(H) = 0.

Proof.

(i) The determinant of M is zero if and only if there is a non-zero element in
the nullspace of M, that is, there is a non-zero vector (mj,mo, mg) such that
for all i € {1,2,3}, we have mya; 1 +maa;2+msa;3 = 0. But this vector exists
if and only if the line defined by mjx + may + msz contains all three points.

(ii) This proof goes analogously to the proof of (i).

(iii) The determinant of L is zero if and only if there is a non-zero vector
(ll, c ,llg) such that for all 7 € {1, ceey 10}, we have l1€i71 + 4 llOCi,lO =0.
This is the case if and only if the cubic C' defined by A : 321°, [;Mons][i] contains
all eight points, and moreover, the derivatives Az, A, of A with respect to x
and z vanish in Rg. Since we have x\; + y)\, + 2A. = 3\ and yg # 0, this
implies that also the derivative A, of A with respect to y vanishes in Rg, hence
C is singular in Rg.

(iv) The determinant of H is zero if and only if there is a non-zero vector
(hl, R h15) such that for all 7 € {1, ce 15}, we have hldi’1+- . -+h15di715 =0.
This is the case if and only if the quartic K defined by A : 3215, h;Mony]i]
contains R, ..., Rg, and moreover, the derivatives A, Ay, A, of A with respect
to x,y, and z vanish in R7, Rg and Ry. Since we have A, + y\y + 2\, = 4\
and char k£ = 0, this implies that also Rv, Rg, and Rg are in contained in A.
O

PROPOSITION 4.22. Assume that char k # 2. Let Q1, ..., Qg be eight points in P?
in general position. Let L; be the line through Q2; and Q;—1 for i € {1,2,3,4},
and C; j the unique cubic through Q1,...,Qi—1,Qit+1, ..., Qs that is singular in Q;.
Assume that the four lines Ly, Lo, L3 and L4 all intersect in one point P. Then
the three cubics C7g, Cg 7, and Cg 5 do not all go through P.

Proof. Assume that C7g, Cs7, and Cg5 go through P. First note that if P were
equal to one of the @Q);, then three of the eight Q); would be on a line, which would
contradict the fact that Qq,..., Qs are in general position. We conclude that P is
not equal to one of the Q;.

Let (z : 3y : 2) be the coordinates in P2. Without loss of generality we can choose
four points in general position in P?, and we set

Qr=(0:1:1); Q3= (1:0:1)
Qs =(1:1:1); P=(0:0:1).
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Then we have the following.

L is the line given by x = 0;
Lo is the line given by y = 0;
Ls is the line given by x = y.
Since L4 contains P, and is unequal to L and Lo, there is an m € k* such that Ly

is the line my = x. Since @2, Q7 and Qg are not in Lo, and (4 is not in Ly, there
are a,b, c,u,v € k such that

Q2=(0:1:a); Qr=(m:1:v);
Qi=(1:0:0); Qs=(m:1:¢).
Qs =(1:1:u);

We define A% to be the affine space with coordinate ring Ts = kla, b, c, m,u,v].
Points in AS correspond to configurations of the points Q1,...,Qs. The fact that
Cs5, C78 and Cg7 go through P gives polynomial equations in these six variables,
hence defines an algebraic set Ay in AS. We define Sy to be the algebraic set of
all points in A® that correspond to the configurations where three of the points
Q1,-..,Qg lie on a line, or six of the points lie on a conic. We want to show that
Ap is contained in Sp.

Claim 4.22.1: There is a unique cubic through @1, @2, Q3, Q4, @5, Qs and P that is
singular in Qs.

Proof: The vector space spanned by all monomials in x,y, z of degree three has
dimension ten, so cubics in P? correspond to points in PY. Requiring that a point
lies on a cubic defines a hyperplane in P?. Requiring that a cubic contains and
is singular in a point gives three linear conditions. We conclude that all cubics
through these seven points with a singularity at one of them are in the intersection
of 9 hyperplanes of P?, which gives at least one point, so at least one cubic. Assume
that this cubic is not unique. Then there are two linearly independent cubics D;
and Ds that go through these seven points with a singularity at QJ5. Let [; be the
tangent line to D; at P for i =1, 2.

If the equations defining [; and lo are not linearly independent, then there is a linear
combination F' of D; and Dy that is singular in P. But then the line L3 through
P, 5 and Qg intersects F' in at least four points counted with multiplicity, which
implies that F' has L as a component, hence is reducible. If F' splits in three lines,
then, since the five points @1, @2, @3, @4 and Qg are not on L3, they are contained
in the other two lines. But then there would be at least three points on a line,
contradicting the fact that the points are in general position. On the other hand,
if F' splits in a line and a smooth conic C, then, since @5 is a singular point of F,
it is in the intersection of Lg and C. The five points Q1, @2, @3, Q4 and Qg are not
contained in L3, hence they are in C, too. But then there are six points in general
position on the smooth conic C, which gives a contradiction. We conclude that [y
and lo must be linearly independent.

Since the equations defining [; and [y are linearly independent, the two lines span
the whole plane, so there is a linear combination G of D; and D> such that L
is the tangent line to G at P. But then L; intersects G in four points counted

38



with multiplicity, so it is contained in G. Therefore G is reducible. If G splits in
three lines, then, since the points @3, Q4, @5, Qs are not contained in Lq, each of
the other two lines contains two of these five points. But since Q)5 is a singular
point of GG, it is contained in the intersection of two lines, so there is a line that
contains three of the @);. On the other hand, if G splits in L; and a smooth conic,
then, since Q5 is a singular point of G, it lies in the intersection of the conic and
L1, hence Lq contains ()1, Q2 and (J5. In both cases, the points (1, ..., Qs are not
in general position, leading to a contradiction. We conclude that there is a unique
cubic through Q1, @2, Q3, Q4, @5, Qs and P that is singular in Qs. (O)

Let D be the unique cubic through @1, Q2, @3, Q4, 5, Qs and P that is singular
in @5. By uniqueness, it must be equal to Cs5. Note that D intersects Ly in
Qs and in P. If Ly were contained in D, then by the same reasoning as used in
Claim there would be either three of the QQ; on Ly, or six of the @; on a
smooth conic, which is not possible. Therefore L, is not contained in D, so Q7
is the third point of intersection of L, with D. By Lemma the equation
expressing that Q7 is in D is given by det(L) = 0, where L is the matrix associated

to (R1, ..., Rg) = (Q1,Q2, @3, Q1, Q7, Qs, P, Q5). We have
det(L) =m(m —1)(c = v)(b —1)(a = 1)f,
where
f = (a—ac—bc+bm)v+bla—1)m? +b(c—2a)m + alb+c—1).

The first five factors of det(L) define subsets of Sy, hence do not correspond to
configurations where Q1, . .., Qg are in general position. Therefore, Cg 5 goes through
P if and only if f = 0. Define U = Z(a — ac — bc + bm).

Claim 4.22.2: U N Ay is contained in Sp.
Proof: Let (ag, bg, co, mo, ug,vg) € Ag be such that ag — agco — boco + bomo = 0.
Then, since f(ag, bo, co, Mo, uo, v9) = 0, we have also

bo(ap — 1)m% + bo(co — 2ag9)mo + ag(bo +¢co — 1) = 0.

But then f(a,b,c, m,u,v) = 0 for every v, so the whole line L, is contained in D.
As we have seen before, this implies that the points Q1,...,Qg are not in general
position. (0)

Analogously, the fact that C7g goes through P is expressed by det(L’), where
L’ is the matrix L associated to (Ry,...,Rs) = (Q1,Q2,Q3, Q4,Q5,Qs, P, Qs) in
Lemma .21l We have

det(L') = m(u — 1)(m — 1)(b— 1)(a — 1)g,
where g = Sfu + v with
B=bm>+ (1 —bc—c)m? + (> —2c+1)m+a(l —c)+ & —¢,
and

v = —abm?+(abc+ab+ac—a+b—2bc)m? 4 (ab—2abc+a+2bc* —b—ac® +2¢* —2¢)m
+ a(be — b+ 2¢* — 2¢) — b + be — 263 + 262,
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The first five factors of det(L’) correspond to configurations where the eight points
are not in general position, so C7g contains P if and only if g = 0. Define V' = Z(p).
By the same reasoning as in Claim we have V N Ay C 5.

Set
_ _ 2 _ _ _
o bla —1)m* 4+ b(c —2a)m +a(b+c—1) and o = =)
a— ac—bc+ bm 15}

Define A* to be the affine space with coordinate ring Ty = k[m,a,b,c|, and let
K, = Frac(T}y) be the field of rational fractions of elements in T;. Consider the ring
homomorphism Ty — K4 defined by

(m7 a’ b? C’ u? U) '_> (m7 a’? b7 C7 u/7 U,)'

This defines an injective rational map i : A* --» A% which is a section of the projec-
tion A — A?* on the first four coordinates. Let Aj = Ay \ ((Ag NU) U (AgNV)).
Showing that Ay C Sy is equivalent to showing that Ay C Sy. Note that, since i is
defined outside the subvarieties of A* defined by a — ac — bc 4+ bm and 3, we have
im1(Ap) = Af. Let A; = i~1(A}) and Sy = i1(Sp), then A C Sy is equivalent to
A C Sy

Let L” be the matrix L associated to (Ry, ..., Rs) = (Q1,Q2, @3, Q4, @5, Q¢, P, Q7)

in Lemma Similarly to C7g, the fact that Cgy contains P is expressed by
det(L"). We have

det(L") = —2abm(m — 1)*(b— 1)(a — 1)(a+b—1)f1 - fo - f3,

with

2

fi=ac—a+becm —bm —02+cm+c—m,

fa = abm? — 2abm + ab — ac® + 2ac — a — be? + 2bem — bm?,

and

f3 = abem? — 2abem + abe — abm?® 4 abm? + abm — ab — ac*m + 2ac*
+ acm? — 3ac — am?® + am + a + 2bc*m — be? — 3bem? + be + bm?

+bm? —bm — 263 + 3¢®m + 3¢2 — em? — dem — ¢ +m® + m.

Since char k& # 2, the determinant of L” equals zero if and only if at least one of
the non-constant factors equals zero. We can show that all non-constant factors
of det(L") define subvarieties of S7. If @ = 0, then Q2, Q3 and Q5 are contained
in the line x — z = 0. Similarly, b = 0 implies that @1, Q4 and @5 are on the
line y — 2z = 0, and a + b — 1 = 0 implies that Q2, @4, and @5 are on the line
z(a—1)—ay+2z=0. If m =0 then Ly = L9, and m = 1 implies Ly = L3, so in
both cases there are four points on a line. If a = 1 or b = 1, then two points would be
the same. Let (Ri,...,Rgs) = (Q3,...,Qs), and let N be the corresponding matrix
from Lemma We compute the determinant of N and find that fi fof3 divides
det(NN). This means that fi, fo, as well as f3 define subsets of S;. We conclude that
all irreducible components of A; are contained in S7, which finishes the proof. [
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We can now prove Theorem

PROOF OF THEOREM 1. First note that by Corollary the number of excep-
tional curves through any point in X is at most sixteen in all characteristics.
Now assume char k # 2. Consider the clique K = {ey,...,eg6,¢1,...,cq}, where

e1 = L — Ey — Ey;
€2 =L — FE3 — Ey;
e3 = L — E5 — Eg;
eq = L — E7 — Eg;
es =3L— F,—FEy— FE3— Ey— Ey — Eg — 2Eg;
e¢ =3L—F— FEy— FE3— Ey—2F5 — E7; — Eg,

and ¢; is the unique class in E such that e; - ¢; = 3, for all ¢ € {1,...,6}. By
Remark the classes eq,...,eq,c5 are the strict transforms of the four lines
through P; and P,y for i € {1,3,5,7}, and the unique cubics through P,..., Ps
and Pg respectively Py,..., P5, P; and Pg respectively Pi,..., Ps and Py, that are
singular in Pg respectively Ps5 respectively Ps.

Now let K’ be a clique in G consisting of at least six pairs, and let

{(f1,d1),--, (fe,ds)}

be a set of six pairs in K’. Since G acts transitively on the set of cliques of six
pairs in E by Proposition after changing the indexes and interchanging f;’s
and d;’s if necessary, there is an element g € G such that f; = g(e;) and d; = g(¢;)
for i € {1,...,6}. Let E! = g(E;). Then, since the E! are pairwise disjoint, by
Lemma we can blow down E},..., E} to points Q1,...,Qs € P? that are in
general position, such that X is the blow-up of P2 at Q1, ..., Qs, and E! is the class
in Pic X of the exceptional curve above Q; for all i. By the bijection in Remark [3.12]
the element f; is the class of the strict transform of the line through @9;—1 and Q;
for i € {1,...,4}, the elements f5 and fg are the classes of the strict transforms of
the unique cubics through Q1,...,Qs and Qg respectively Q1,...,Q5, Q7 and Qg,
that are singular in Qg respectively @5, and d; is the unique class in F intersecting
fi with multiplicity three for all i. From Proposition it follows that the curves
corresponding to fi,..., fg,ds and dg can not all go through one point.

We conclude that the curves corresponding to the classes in a clique containing
at least six pairs can not go through one point. Since any maximal number of
exceptional curves going through one point on the ramification curve forms a clique
consisting of only pairs, hence of even size, we conclude that this number is at most
ten. O

The following examples show that the upper bounds in Theorem [I] can be reached.

EXAMPLE 4.23. Define the following eight points in IP’(Z@.
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Qi=(0:1:1); Qs=(1:1:1);
Q2= (0:5:3); Qe = (4:4:5);
Qs3=(1:0:1); Qr=(-2:2:1);
Qq = (=1:0:1); Qs =(2:-2:1)

They are in general position, as can be checked by asserting that the determinants
of the appropriate matrices in Lemma [4.21] are all nonzero. Therefore, the blow-up
of P2 in (Q1,...,Qg) is a del Pezzo surface S. We have the following four lines in
P2.

The line Lq through Q1 and @2, which is given by x = 0;
the line Lo through @3 and @4, which is given by y = 0;
the line L3 through Q5 and Qg, which is given by = = y;
the line L4 through Q7 and Qg, which is given by z = —y.

On S, we define the four exceptional curves eq,...,e4 to be the strict transforms
of Ly,...,Ls. Let C7g be the unique cubic through Q1,...,Qs, Qs that is singu-
lar in Qg. Let (Ry,...,Rs) = (Q1,Q2,Q3,Q4,Q5,Qs, Q7,Qs), and let L be the
corresponding matrix from Lemma Fizﬂ Then the equation defining C7g is the
determinant of L', where L’ is equal to L after replacing the first row by Mons. We
compute this determinant and find

C778 : 333

— %:1:23; - %xyz + %xyz —z22 -y 4 %yzz - gyz2 = 0.
We define the singular cubic Cg 7 analogously and compute its defining equation,
which is

Csr: z3 + %:ﬁy + 44—3acy2 — ldxyz — x2% + 15y3 — 40y2z + 25y22 =0.

Let the exceptional curves es,c5 on S be the strict transforms of C7g and Cy 7,
respectively. Since Li,...,Ls,C78,Cg7 all go through the point (0 : 0 : 1), the
six exceptional curves e, ...,es, c5 go through one point P in S. Moreover, since
e5-c5 = 3, this point P lies on the ramification curve of ¢. Therefore, by Remark[4.15]
the unique exceptional curves cy,...,cq4 such that e; - ¢; = 3 for i € {1,...,4} go
through P, too. We conclude that the ten exceptional curves ej,...,e5,c1,...,¢C5
all go through P.

EXAMPLE 4.24. Let f = 2° + 2° + 1 € Fa[z], and let F = Fa[z]/(f) be the finite
field of 32 elements defined by adjoining a root a of f to F5. Define the following
eight points in ]P’%.
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Again, we can easily check that the determinants of the appropriate matrices in
Lemma[4.2]]are all nonzero, such that these points are in general position. Therefore,
the blow-up of P? in (Q1,...,Qs) is a del Pezzo surface S. We have the following
four lines in P2.

The line L; through @; and @3, which is given by « = 0;
the line Ly through @3 and @4, which is given by y = 0;
the line L3 through Q)5 and )¢, which is given by =z = y;
the line L, through Q7 and Qg, which is given by = = o*%y.

Let C; ; the unique cubic through Q1,...,Qi—1,Qit1, ..., Qs that is singular in @);.
We compute the defining equations of C12, C34, Cs6, C7g and Cg 7 and obtain

C12 2 + a®* 2%y + a®2%2 + o™2y? + o%2yz + o022 + oy + Y22 = 0;

Cs4 23+ a?2%y + otzy? + oMty + ola2® 4+ 7 + oy + o'y = 0;
Cs6 2 +ate?y + a®2% + aPry? + oPayz + o022 + ol Tyd + o%y?s + aPyz? = 0;
Crg a2 4+ azy + o222 + o 2y? + a2y + 026222 + a5 + ady2z + a23y22 = 0;

Cs.z :a® + a®2%y + o222 + o212 + a'O2yz + a®22% + o183 + aBy?z + a®By22 = 0.

Let the exceptional curves eq,...,eg be the strict transforms of the curves
Ly, ..., L4,C12,C34,C56,Crg,

and let cg be the strict transform of Cg 7. Since L1, ..., L4, C12,C34,C56,C78,Cs 7
all go through the point (0 : 0 : 1), the exceptional curves ey, ..., eg, cg all go through
one point P on S. Moreover, since eg - cg = 3, this point P lies on the ramification

curve of ¢. Therefore, by Remark [£.15] the unique exceptional curves ¢, ..., ¢7 such
that e; - ¢; = 3 for ¢ € {1,...,7} go through P, too. We conclude that the sixteen
exceptional curves ey, ...,es,c1,...,cs all go through P.

4.2 Points outside the ramification curve

In this subsection we prove Theorem

LEMMA 4.25. For e, es € E with e| - e = 1, there are 138 elements e in E such
thate-e; > 1 and e-eg > 1.
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Proof. From Proposition it follows that it is enough to show this for e; = F;
and e =L —F; — FEsy. Let e = alL — Z§:1 E;b; € E. Then the conditions e-e; > 1,
e- ey > 1 are equivalent to by > 1 and a — by — bs > 1. By looking at the table in
Proposition 2.7 we find all possibilities.

a |2 3 4 5 6
number of possibilities for e ‘ 15 37 50 28 8

We find a total of 138 possibilities for e such that e intersects both e; and ey. [

LEMMA 4.26. The maximal size of a clique in G without any pairs is twelve. More-
over, for e1,eo € E with ey -eo = 1, there are 640 cliques of size twelve without pairs
that contain e; and es.

Proof. As
{L—Fy—FEy, L—Es—FEy, L—FE5—FEgs, L— E7— Eg}

is a clique of size four without pairs, the maximal size of a clique in G without pairs
is bigger than three. So by Proposition such a clique contains two exceptional
classes intersecting with multiplicity one. Let K be a maximal clique without pairs.
By Proposition[3:22] we can assume that K contains e; = Ey and eg = L—E;—Ej. By
Lemmal4.25] there are 138 exceptional classes that intersect both e; and ey positively.
But since K contains no pairs, the two exceptional classes that intersect e; or es with
multiplicity three are not in K. This leaves us with 136 possibilities for elements in
K. Since it is too tedious to compute all pairwise intersection multiplicities by hand,
we compute with MAGMA the maximal size of a clique in the graph on these 136
exceptional curves that does not contain any edges of weight three. This maximum
is ten, hence K has size twelve, and there are 640 such cliques. O

Lemma gives an upper bound for the number of exceptional curves going
through one point outside the ramification curve of ¢, which is twelve. We will
compute a sharp upper bound.

Let T be the clique consisting of the following twelve elements.

ty=L— Ey — Ey; tr=4L-2 > E - >  Ej
i€{1,6,8} 7€{2,34,5,7}

tQZL—E3—E4; t8:4L—2 Z Ei_ Z Ej;
i€{2,3,8} j€{1,4,5,6,7}

ty = L — E5 — Eg; to=4L—-2 > E— Y  Ej;
i€{3,6,7} j€{1,2,4,5,8}

ty = L — E7 — Ex;: tw=4L-2 > E - Y  Ej
i€{4,5,8} 7€{1,2,3,6,7}

ts=4L—2 >  E;— Y Ej tn=4L-2 Y E—- Y  Ej
i€{1,3,5} 7€{2,4,6,7,8} i€{2,4,6} 7€{1,3,5,7,8}

t6:4L—2 Z Ei_ Z Ej; t12:4L—2 Z Ei_ Z Ej.
1€{1,4,7} 7€{2,3,5,6,8} 1€{2,5,7} 7€{1,3,4,6,8}

Let Gp be the stabilizer of T in G.
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PROPOSITION 4.27. Let T be the set of all cliques in G of size twelve that do not
contain any pair. The following hold.

(i) The group G acts transitively on T ;
(ii) we have T* N W = T*NY, and Gr acts transitively on T* NY;
(iii) we have |T| = 179200.

Proof.

(i) Consider the two sets
A={{e1,ex} | e1,e2 € E; e1-e9 =1},

and
C={(a,K)e AxT|aCK}.

We have |A| = %;26 = 15120. To compute the cardinality of C, note that by
Lemma [4:26] for every element a € A there are 640 elements K € T such that
(a,K) € C. We conclude that |C| = |A|-640 = 9676800. We will show that G
acts transitively on C. Define the set

D:{((€1,€2,€3,€4),K) EYXT’el,...,&;EK}.

It is an easy check that the clique T" is an element in 7. Let F' = G(y,T') be
the orbit of (y,T") under the action of G on D. We have a map

A F— C, ((e1,e2,e3,64), K) — ({e1,e2}, K).

The group G acts transitively on F, and we will show that A is surjective,
which implies that G acts transitively on C.

First we compute the cardinality of F. We have a projection v : F' — Y on
the first coordinate. Let y = (t1,t2,t3,t4) € Y. Since G acts transitively on F
the stabilizer G, of y in G acts transitively on the fiber v~ !(y). Therefore, we

have [y~ L(y)| = |Gy (y, T)| = \gjil The stabilizer G, of y in G has cardinality

|Gy| = % = % = 16, since G acts transitively on Y. Note that the stabilizer
of y in G contains all permutations of (F1,..., Fg) that are generated by the
permutations of F; and F;1 for i € {1,3,5,7}. There are 16 of these, so that
means that G, consists exactly of these permutations. For every permutation g

in Gy, we have gT" # T, except for the identity and the permutation permuting

all E;, E;1 for i € {1,3,5,7}. Therefore we have |‘GC:”J<| =16 — 8 50y 1(y)
has size eight. Since G acts transitively on Y, all fibers of ~ have size eight,
and |F| = 8- |Y| = 348364800.

Now consider the element ¢ = ({L — Ey — Ey, L — E3 — E4},T) in C. We
compute the cardinality of A=!(c). By looking at T we see that for the elements
e1=L— E; — Ey and e9 = L — E3 — E, there are six elements ez in 1" such
that e; - e3 = eg - e3 = 1, and for each of those six eg there are three elements
eq in T such that (ej,...,eq) € W. Since we can interchange e; and ey, it

follows that the fiber above ¢ has cardinality at most 2-6-3 = 36. Since G acts
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transitively on F', it follows that all non empty fibers of A have cardinality at
most 36. But then we have |A(F)| > % = 9676800 = |C, so we conclude that
there is equality everywhere, and A is surjective.

Finally, we have a projection d : C — T on the second coordinate, which is
surjective since every element in 7 contains an element in A by Lemma
Therefore, G acts transitively on 7.

(ii) From the fact that the fibers of A have cardinality 36 it follows that all
elements in 74N are elements in Y, so T4NW =T*NY. Let K : F — T be
the composition Ao d, then k is surjective since both A and § are. Since G acts
transitively on F, the stabilizer G of T acts transitively on the fiber x=1(T)
above T. We have a projection x~1(T) — T*NY on the first coordinate,
which is injective. By surjectivity of k, we have

. IF| 348364800
_ 1D 2RO g4,
K D= 17 = 70200

By looking at the intersection multiplicities in T" we have
IT'NY| = |T*NW|=12-9-6-3 = 1944.

We conclude that the projection is a bijection, hence G acts transitively on
T'NnY.

(iii) There are 640 elements in 7 containing e; and ey by Lemma By
looking at the elements in T we see that for a fixed element ¢; € T there are
9 elements ¢y in T such that ¢; - co = 1. Since G acts transitively on T this
holds for all elements in T, so we have |T| = $40218126 — 179200,

O

COROLLARY 4.28. G acts transitively on T'.

Proof. We have a surjective map Y4 N'Y — T projecting on the first coordinate,
so this follows from the previous proposition. O

From the following result, which is again purely geometrical, we will deduce Theo-
rem [21

Let Q1,. .., Qs be eight points in general position in P2. Define the following curves:

Ly
Lo
Cy
Co
Cs
Cy
Dy

is the line through @1 and Qs;

is the line through Q3 and Qy;

is the conic through @1, Q3, Q5, Q¢ and Q7;

is the conic through @1, Q4, @5, Qs and Qg;

is the conic through @2, @3, @5, @7 and Qs;

is the conic through @2, Q4, Qg, @7 and Qs;

is the quartic through all eight points with singular points in )1, Q7 and Qg;
is the quartic through all eight points with singular points in ()2, @5 and Qg;
is the quartic through all eight points with singular points in (03, Q¢ and Qg;
is the quartic through all eight points with singular points in Q4, @5 and Q7.
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PROPOSITION 4.29. Assume that char k = 0. Then L1, Lo, C1,...Cy, D1,...,Dy
do not all go through one point.

Proof. We assume that these ten curves go through a common point P. First note
that if P were equal to one of the ();, then one of the conics would contain six of the
eight ;, which would contradict the fact that Qq,...,Qs are in general position.
We conclude that P is not equal to one of the Q;.

Let (z : y : 2) be the coordinates in P2. Without loss of generality we can choose
four points in general position in P?, and we set

Q1 =(1:0:1); Qs=(0:-1:1);
Qs =(0:1:1); P=(-1:0:1).

Since L contains @)1 and P, it is given by y = 0, so we can set Q2 = (a1 : 0 : a3)
for some a1, ag € k. Let by, bs, b3, c1,co,c3,d1,da,ds, e1,€e9,e3 € k be such that

Q3 = (b1 : by : b3); Q7 = (dy : da : d3);
Qs = (c1:c2:¢3); Qs = (e1: €2 : €3).

Since the four points 01, @5, Q¢ and P are in general position, the linear system of
quadrics through @1, @5, Qg and P is two-dimensional. Therefore it is generated
by two linearly independent quadrics, and we take these to be 22 + % — 22 and xy.
Let [,m € k be such that

C, is given by 22 + y? — 22 = 2xy;
Cs is given by 22 + y? — 22 = 2may.

Since @3, Q4, @7, and Qg are not contained in L1, there are s,t,u € k such that

Lo is given by sy =z + z;
The line L through P and Q7 is given by ty = z + z;
The line L4 through P and Qg is given by uy = = + z.

We define A to be the affine space with coordinate ring
T19 = kU? m,s, ta u, ay, as, bla b2> b37 c1,C2,C3, d17 d27 d37 €1, €2, 63]-

Points in A" correspond to configurations of the points Q1,...,Qg. The fact that
all ten curves go through P gives polynomial equations in these 19 variables, hence
defines an algebraic set Ag in A'®. We define Sy to be the algebraic set of all points
in A" that correspond to the configurations where three of the points Q1, ..., Qs lie
on a line, or six of the points lie on a conic. We want to show that Ay is contained
in Sy, which would mean that all possibilities for the ten curves to go through P
imply that @Q1,...,Qs are not in general position, giving a contradiction and thus
proving our statement. Since the equations defining Ag are very big, we do a couple
of reduction steps to obtain something that we can actually compute.

Step 1
Let b} = sby — b3, ¢} = sca — c3, d} = tda — ds and €| = ues — e3. The fact that the
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points @3 and 4 lie on the line Lo, the point (J7 lies on the line L3, and Qg lies on
Ly implies by = b}, ¢; = ¢}, di = df, and e; = €. Define A'® to be the affine space
with coordinate ring

Tis = k[l,m, s,t,u, a1, a3, ba, b3, c2, c3,da, d3, €2, €3],

and consider the ring homomorphism 719 — 115 defined by

(I,m,s,t,u,a1,as3,b1,ba,b3,c1,c,c3,d1,da,d3, e1,e2,€3)
— (la m,s, ta u,ay, as, b{h b27 b37 Cllv C2,C3, dlla d27 d37 6/17 €2, 63)-
This corresponds to an embedding i; : A® < A and Ag lies in i1 (A'5). Let A;
be il_l(Ao) and S1 = il_l(So), then Ag C Sy is equivalent to A; C 5.

Step 2
Since Q3 and @4 are in the intersection of Lo with C; and Cs, respectively, we have

(sbo — b3)? + b3 — b2 — 21(sby — b3)by = 0; (1)
(sca — c3)> 4¢3 — 3 — 2m(sca — c3)ca = 0. (2)

Since P is also in the intersection of Ly with C, we can divide (1) by be and obtain
the equation

(52 —2ls + 1)by +2(1 — s)b3 = 0. (3)
Similarly, we can divide (2) by c2 and obtain
(s> —2ms + 1)y + 2(1 — s)e3 = 0. (4)

Let V1, Vs be the subvarieties of A'® defined by s —2ls+1 = 0 and s> —2ms+1 =0,
respectively.

Claim 4.29.1: Vi N A7 and Vo N A;p lie in S;.
Proof: Let (I,m,s,t,u,a1,as, by, bs, c1,cs,da,ds, e2,e3) be a point in A; and assume
that s> —2ls +1 = 0. Then, by , we have 2(l — s)bs = 0, which implies that
C contains the whole line Ly. But then ()4 € C1, which means that the six points
Q1, Q3, Q4, Qs, Q¢ and Q7 lie on a conic. Since S; consists of all points in A'®
that correspond to configurations of the points ()1, ..., Qs where three of the points
lie on a line or six of the points lie on a conic, we conclude that V3 N A; lies in Sy.
The proof for Vo N A; goes analogously. (O)
Let

b — —2(l — s)bs —2(l — s)cs '

s2—2ls+1 $2—2ms+1

Define A3 to be the affine space with coordinate ring

and | =

T13 - k[l7m7 87t7 u, a1, as, b37c37 d27 d3a €2, 63]7

and let K3 = Frac(7T13) be the field of rational fractions of elements in T;3. Consider
the ring homomorphism 715 — K13 defined by

(lu m, 57t7u7a1)a3) b17 b37017 03)d27 d37 €2, 63)

/ /
<l7m7 Satauv ai,as, b17 b37 Cc1,C3, d27d37 €2, 63)'
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This defines an injective rational map i : A3 —-» A%, Let
All = A \ ((Al N Vl) U (Al N ‘/2))

By Claim 4.29.1] showing that A; C S is equivalent to showing that A} C 5.

Note that, since 45 is defined outside the subvarieties of A'® defined by s —2ls+1 =0
and s2 — 2ms + 1 = 0, we have iy ' (A}) = A}. Let Ay = i5 '(A}) and S = i5'(S1),
then A} C S is equivalent to Ay C So.

Step 3
Since Q7 and Qg are in the intersection of Ls with C'y and L4 with Cs, respectively,

we have
(tdy — ds)* + d5 — dj — 2ldy(tdy — d3) = 0; (5)
=0. (6)

Since P is also in the intersection of Ls with C7 and in the intersection of L4 with
Cy, we can divide (5) by ds and obtain the equation

(uez — e3)? + €3 — €3 — 2meg(ues — e3)

(t2 — 21t 4 1)dy + 2ld3 — 2td3 = 0. (7)
Similarly, we can divide (6) by es and obtain

(u? — 2mu + 1)ey + 2me3 — 2uez = 0. (8)

Let Uy, Us be the subvarieties of A'® defined by t>—2{t+1 = 0 and v —2mu+1 =0,
respectively.

Claim 4.29.2: U3 N Ay and Uy N Ay lie in Ss.

Proof: Analogously to the proof of Claim [£.229.1] U; N As and Uz N As consist of
points in A'® corresponding to configurations where L3 is contained in C}, and Ly is
contained in Cs, respectively. If Lg is contained in Cy then C is reducible, so three
of the points Q1, @3, @5, Qg and Q7 are on a line. Equivalently, Ly C C5 implies
that three of the @; are on a line. Since Sy contains all points in A corresponding
to configurations of the (); where three of them lie on a line, we conclude that U;NAs

and Uy N Ay are both in Ss. (0)
Let 2ds — 21d Qg — 2
dy = 328 and ey = Ues — £Mes

2 —2t+1 u2 —2mu+1°

Define A'! to be the affine space with coordinate ring
Tll = k[la m,s, t7 u,ay,as, b37 Cc3, d37 63]7

and let K11 be the function field of A;1, consisting of rational fractions of elements
in T11. Consider the ring homomorphism Ti3 — K71 defined by

/ /
(l,m,s,t,u,al,a3,63,03,d2,d3,eg,eg) ? (l7m757t7u7a17a37b37037d2ad37627e3)'
This defines an injective rational map i3 : A ——» A3, Let

Al2 = Ay \ ((AQ N Ul) U (A2 N UQ))
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By Claim 4.29.2) showing that As C Sy is equivalent to showing that A5 C Ss.

Since 43 is defined outside the subvarieties of A'! defined by ¢ — 2t +1 = 0 and
u? —2mu+1 =0, we have iz ' (A}) = A}. Let Az = iz '(A}) and Sz = i3 '(S), then
Al C S5 is equivalent to Az C Ss.

Step 4

Since no four of the points Qs, @5, Q7,Qs and P are on a line, there is a unique
conic C through these five points. Note that C' intersects L; in P, and L; is not
contained in C since then C' would contain six of the @);. Since C5 contains all of the
five points, we conclude that C' = ('3, and the second intersection point of C' and Ly
is Q2. Let (Ry,...,Rs) = (Q2,Q3,Q5,Q7,Qs, P), and let N be the corresponding
matrix from Lemma [£27]l We have

det(N) = 3e*d®b* (a1 + as)(u—1)(t — 1) (s — 1) (s — t)(m — u)(I — t)(I — s)(cas + B),
with

a = Psu+1%s — Imsu— Ilms — %lstu — %lst + %lsu2 + lsu + %ls — %lu — %l
+ %mst — msu — %ms + %SUQ + %t + %mt + %m — %u — %stu,
and

ﬂ:%ag (lstu—i—lst—lsuZ—l—ls+lu+l—mst—ms—mt—m+stu—su2—t+u).

All factors of det(IN) except for aa; + 3 define a subset of S3, hence correspond to
configurations where the points are not in general position. Therefore, C's contains
P if and only cwa; 4+ = 0. By the same reasoning as before, we have Z(a)NAs C Ss.
Define A9 to be the affine space with coordinate ring

TIO = k[lvmv Syt u,as, b3a C37d37 63]7

and let K19 = Frac(Typ). Consider the ring homomorphism 777 — K7 defined by
(I,m,s,t,u,a1,as3,bs3,c3,ds, e3) — <l,m78,t7U, _5#3,53,63,613,63) :
«

This defines an injective rational map 4 : A® -—» A, Let A5 = A3\ (Z(a) N A3).
Showing that Az C Ss is equivalent to showing that A5 C Ss.

Since i4 is defined everywhere outside the subvariety of A'? defined by a = 0, we
have i, 1 (A}) = A}, Let Ay = iy (A4) and Sy = iy '(S3), then A4 C S3 is equivalent
to Ay C Sy.

Step 5

The equation expressing that P is contained in CYy, is the determinant of the matrix

N in Lemma corresponding to (Ry,...,Rs) = (Q2,Q4, s, Q7,Qs, P). This
determinant is given by

ie%dgcgag(u + Dt +D)(s+ 1) (s—u)(m—u)(m—s)(l—t)(I—m)f,
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where

f=@F-1D(s=Du2+m?*=1)(s+ 1)t —=2s(m — 1)1+ 1) (tu+t —u) — 1%s + 12

+ 2lms — 2ls — m%s — m? + 2ms.

All factors except for f define subsets of Sy, so P is contained in Cy if and only if
f = 0. Since f is quadratic in ¢ and u and does not depend on ag, b3, c3, ds, e3, it
defines a conic D in the affine plane over k(l,m,s) with coordinates ¢ and u. One
point on this conic is given by (¢,u) = (I,m). Let l1, lo be the tangent lines at P

to Cq and Oy, respectively. Note that dg;z;ll [ and Ex/z) L3 = t, and both lines
contain P. Therefore t = [ implies [y = L3, and this means that P is equal to Q7.
Similarly, v = m implies P = Qg. Therefore the point (¢,u) = (I, m) corresponds
to a subvariety of Sy, so we can assume t —1 # 0 and v — m # 0. So we can
parametrize D by intersecting D with a line M through (I, m), where M is given by

v(t — 1) = (u — m) for a parameter v. Intersecting D with M gives

(av? + cv + b)t* + (2mv — 2021 — cvl + m — cv + et
+am? — 2mul +v*1* —em 4+ cvl — (a + b+ ¢) = 0.
Since t = [ is a solution, we can divide by ¢ — [ and obtain
(av? + cv —b)t — l(av® +cv —b) +2((1* = 1)(ms — Dv+m? —1) =0.  (9)

Let v = av?+cv—b. As before, v = 0 implies that all ¢ satisfy @, which means that
M is contained in D, so D is reducible. But then, by the same reasoning as before,

the points @1, ..., Qs would not be in general position, giving a contradiction. We
conclude that v # 0.

Let AY be the affine space with coordinate ring Ty = k[l, m, s, as, b3, c3, d3, e3, v], and

let K9 = Frac(Ty). Let

(12 —=1)(ms —1)v+m? -1
av?+cv—b

and consider the ring homomorphism 779 — Ky defined by

t=-2

+1,

(la m,s,t,u,as, b37 C3, d37 63) — (la m,s, t,a t/U +m — ’Ul, as, b37 C3, d37 63) .
This defines an injective rational map i5 : A2 --» A0, Let
Ap = Ag \ (A 0 Z() ).
Showing that A4 C Sy is equivalent to showing that A, C Sy.
We have iz '(A)) = A}. Let A5 = is (A’) and S5 = iz '(Sy), then A} C Sy is
equivalent to A5 C Ss.
Finishing the proof
For i in {1,2,3,4}, the expression stating that P is contained in D; is given by
det(H;) = 0, where H; is the matrix H Lemma with
Hl is the matrix associated to (R17 . ) (QQa Q3a Q4a Q57 Q67 Ql Q77 QB),
Hj is the matrix associated to (Ry,...,Rg) = (Q1,Q3, Q4, Q7, Qs, Q2, D5, Qs);
Hjs is the matrix associated to (Ry, .. ,Rg) = (Q1,Q2,Q4,Qs5,Q7,Q3,Qs, Qs);
( ) (Q17Q27Q37Q67Q87Q47Q57Q7)

)

H, is the matrix associated to (Rq,..., Ry
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With MAGMA, we compute these determinants. For i € {1,2,3,4}, we have
det(H;) = X\igi, where \; defines a subset of S5, and g; is irreducible. The al-
gebraic set As is the zero set of the radical of the ideal (g1,...,94) C Ty. Let
§=v*(Is—l—-ms—m+28)2(—m)(+1)(m—1)(I—1)(m+1) € Ty. With MAGMA
we can compute the Grobner basis of I, and then it is a relatively easy check that
0 is contained in I. Therefore, A5 is contained in the union of the varieties defined
by the factors of §. As these are all subsets of S5, we conclude that As is contained
in S5. This finishes the proof. O

LEMMA 4.30. All maximal cliques of size eleven contain a pair.

Proof. By Lemma [£.5] it is sufficient to prove this statement for all cliques of size
eleven containing the two elements ey = L — Fhy — E3 and eo = L — E3 — E4. From
Lemma [4.25| we know that there are 138 exceptional curves intersecting both e; and
eo positively. Since it is too tedious to compute all maximal cliques of size nine in
the graph on these 138 exceptional curves by hand, we use MAGMA to compute
them, and check that they all contain at least one pair. O

LEMMA 4.31. Let K be a clique of size eleven without pairs. Then K is contained
in a clique of size twelve without pairs.

Proof. The clique K is not maximal by the previous lemma, so it is contained in a
clique of size twelve. Let ey = L — B4 — Es, and e = L — By — E5. With MAGMA,
we compute all (not necessarily maximal) cliques of size twelve in the graph on these
138 curves. There are no cliques of size twelve with only one pair. Therefore, if K
were contained in a clique of size twelve that has a pair, K would contain a pair too,
which is a contradiction. O

PROPOSITION 4.32. Assume that char k = 0. Then the number of exceptional
curves that go through one point outside the ramification curve of ¢ is at most ten.

Proof. By Lemmal[4.26] we know that it is at most twelve. Consider the twelve classes

e1 =L — Ey — Ey;

€2 = L — E3 — Ey;

e3 = 2L — By — B3 — By — Eg — Er:

¢4 = 2L — E) — By — Es — Eg — Fg;

es = 2L — By — F3 — Es — Ey — Fg;

e6 = 2L — By — By — Eg — Ey — Fy;

e =4L — 2K — FEy — E3s— Ey — B — Eg — 2E7 — 2Ey;
es=4L — F1 —2FEy — E3 — By — 2FE5 — 2FEg — By — Eg;
eg=4L — F1 — Fy —2FE3 — Ey — B — 2Eg — E7 — 2E5g;
elo=4L — FE1 — Ey — F3 —2FE, — 2FE5 — B — 2E7 — Eg;
e11 =bL — 2k —2FEy — 2FE3 — 2FE4 — 2E5 — Eg — Ey — 2E5;
€19 = 5L — 2F) — 2Fy — 23 — 2F, — Es — 2E¢ — 2B, — E.

It is straightforward to check that they form a clique without pairs. By Remark [2.9]
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we know that ey, ..., ejg are the classes in Pic X of the strict transforms of the curves
Li,Ls,Ch,...,Cyq,D1,..., Dy, defined with respect to Q; = P; for i € {1,...,8}.
Let T = {ci1,...,c12} be a clique of size twelve that does not contain any pairs.
By Proposition [£:27] after changing the indexes if necessary, there is an element
g € G such that ¢; = g(e;) for i € {1,...,12}. Let E. = g(E;). Then, since
the E/ are pairwise disjoint, by Lemma we can blow down EY,..., E§ to points
Ry,...,Rg € P? that are in general position, such that X is the blow-up of P?
at Ri,...,Rs, and E/ is the class in Pic X of the exceptional curve above R; for
all 7. By the bijection in Remark the elements cy, ..., c1o are the classes of the
strict transforms of L1, Lo, C4,...,Cy4, D1,..., Dy defined with respect to Q; = R;
for i € {1,...,8}. From Proposition it follows that the curves corresponding to
c1,-..,c10 can not all go through one point.

Since every set of twelve exceptional curves without pairs corresponds to a clique of
size twelve without pairs, we conclude that the number of exceptional curves going
through one point outside the ramification curve of ¢ is less than twelve.

Let K be a clique of size eleven without pairs. By Lemma K is contained
in a clique of size twelve without pairs, say H. As we just showed, the clique H
contains a set of ten classes {dj,...,djo} such that the corresponding curves do
not all go trough one point. By Corollary there is an element ¢ in Gy such
that K contains g(dy),...,g(d1p). But then, as we did above, we can blow down
g(F1),...,9(Es), such that g(dy), ..., g(dp) are the classes of the strict transforms of
Ly,Ls,Ch,...,Cq,Dy,..., Dy defined with respect to Q; = g(E;) for i € {1,...,8},
which can not all go through one point. We conclude that the elements in K can
not all go through one point, so the maximum is less than eleven. O

PROOF OF THEOREM 2.
By Lemma the number of exceptional curves that go through one point outside
the branch curve of X is at most twelve. If char £k = 0, it is at most ten by

Proposition O
The following example is in [SvL14].

EXAMPLE 4.33. Assume that the characteristic of k£ is unequal to 2,3 and 5. Let
B,0 € k*, and let S be the surface in P(2,3,1,1) given by

y? =2+ f(z,w)z + g(z,w),
where
f=—27(8*+ 1283 + 148 — 126 + 1)w*,
and
g = 025w+ 54(8% 4 1)(B* + 188% + 7452 — 188 + 1)w®.

Assume that S is smooth, so it is a del Pezzo surface of degree one. Consider the
point Q = (z0:%0:0:1) € S with 29 = 3(8% +68+ 1), and yo = 1083. Note
that @ is outside that ramification curve of ¢, since yy # 0.

Let a,¢ be in a field extension of k such that a®> = a+ 1 and § = —6(3 + a’)e’.
Since char k # 2,3, 5, there are ten such pairs (a,e). Now consider the curve Cy o
in P(2,3,1,1) defined by

z =22 4+ 6aeczw + xow?,
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y = —e32° +3(8 4 2a + 3)e?2%w + 18a(B + 1)ezw? + yow?.

Let 4 be the restriction to U = P(2,3,1,1) — {z = w = 0} of the projection
P(2,3,1,1) --» Pi(a’e) on the last two coordinates. By Lemma 2.1 in [SvI.14],
the curve C, . is a section of . Moreover, it is a quick check that C, . is contained
in S, so from Lemma 2.2 in [SvL.14] it follows that C, . is an exceptional curve in S
over k(a,e). It is easy to see that @ is contained in C, .. Since there are ten pairs
(a, €), we conclude there are ten exceptional curves through @ over a field extension
of k.
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