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Abstract

Counting the number of solutions of a homogeneous polynomial is one of the fundamental
unity of mathematics. Studying them will lead to the studying of zeta functions (a special
case of L-functions). Indeed, let’s begin by a simple example. Consider the curve C of
genus 3 with equation X3Y +Y3Z+ 73X = 0 defined over k = Fy. Let Ny be the number
of points with coordinates in Foq. By direct computing, we have that Ny = 2¢ + 1 if
3td, and Ng =29 +1 — ag if 3 | d, where the a; are found from a3 = —15,ag = 27 and
ask+6 + Dask+s + 8aszp = 0(k > 1).

Put
1 .
Z(Ct) = eacp( Z ;Nm).
i>1
Then in this example, it is easy to see that
1+ 5t3 + 8t°
Z(Ct) = ————
(€:1) (1—t)(1—2t)’

a simple rational function that encodes the values of all N;. Conversely, if we know that

1+ 5¢t3 4 88

BT )

we can easily implies the values of N;. In other words, the given expression of Z(C,t) is
equivalent to the given values of N;.

We can easily see that the zeta functions defined in the example is a rational function
and all of roots of 1 + 5t + 8t% have the norm 27'/2. In general, let X be a complete

smooth curve over F, with IV; points over F, and the zeta function of X be

Z(X,t) = exp( Z %Niti).
i>1

Then Hasse (for genus g = 1) and Weil (for the general case) showed that this function

is a rational function of the form

P(t)
(1=1)(1 —qt)

where P(t) is a polynomial in t of degree 2g. Moreover, by studying Weil cohomology,
he is also available to prove the the functional equation and the Riemann hypothesis
(see detail in the chapter 3). Besides, he gave the conjecture that they also hold for any
variety. The story of the Weil conjectures is really a marvelous example of mathematical
imagination, and one of the most striking instances exhibiting the fundamental unity of

mathematics. The essential ideas which led to their proof are due to six men: E. Artin,
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F.K.Schmidt, H. Hasse, A. Weil, A. Grothendieck, and P. Deligne, over a period of fifty
years (1923 - 1973). Firstly, Weil used the Weil cohomology to prove for the curves,
and Deligne used the étale cohomology defined the Grothendick to prove for the general
case.

The aim of this master thesis is to study the rationality of the Weil conjectures of Zeta
and L-functions of Algebraic Curves over finite fields by using the étale cohomology.
The development of étale cohomology was motivated by work of Weil. Grothendieck
had built the general theory of schemes that, following a remark of Serre, he was able to
generalize in a very original way both of concept ”topology” and the concept of ”sheaf”.
He also attached to every variety (or scheme) X a cohomology algebra H®(Xe, Q;),
where [ is a prime different from the characteristic of X. More precisely, he defined

H® (Xep, Q) = fim H*(Xey, Z/1"Z) @z, Q.

This cohomology satisfies:

e (Dimension) If X has dimension d, then H*(Xg, Q;) = 0 for every i > d.
e (Finiteness) H®(X¢, Q;) is a finite dimensional vector space over Q.

e (Duality) There exists a perfect pairing H? x H??~ — Q.

By using the étale cohomology, one can prove the Lefschetz trace formula which states
that if X is a complete nonsingular variety over an algebraically closed field k, and f :
X — X is a morphism of schemes which induces the linear morphism f* : H®(Xg, Q;) —
H*® (X, Q) of Q-vector spaces, then

(TyeA) =D (=1)'Tr(fIH"(X,Q))
'
where I'¢ is the graph of f, and A is the diagonal in X x X. Thus (I'f.A) is the number
of fixed points of f counted with multiplicities. And finally, since the definition of zeta
and L-functions, one can prove the Weil conjectures by rewriting the formulas of zeta

functions and L-functions in the terms of étale cohomology.
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Chapter 1

Algebraic Curves over finite fields

In this chapter, we will recall some basic knowledge of finite fields, schemes theory and

Algebraic curves.

1.1 Finite fields

For a prime number p, the residue class ring Z/pZ of the ring Z of integers forms a field.
We also denote Z/pZ by Fp. It is a prime field in the sense that there are no proper
subfields of IF,,. There are exactly p elements in this field. In general, a field is called a

finite field if it contains only a finite number of elements.

Proposition 1.1. Let k be a finite field with q elements. Then:

a. There exists a prime p such that F, C k;
b. q = p" for some integer n > 1;
c. ol =a for all a € k.

Theorem 1.2. For every prime number p and every integer n > 1, there exists a finite
field with p™ elements. Any finite field with ¢ = p™ elements is isomorphic to the splitting

field of the polynomial x9 — x over F,.

The above theorem shows that for given ¢ = p”, the finite field with ¢ elements is unique
in a fixed algebraic closure F,. We denote this field by F, and call it the finite field of
order g. It follows from the the above theorem that [F, : F,] is a Galois extension of

degree n. The following theorem yields the structure of the Galois group Gal(F,/F)).

Theorem 1.3. Let q be a prime power. Then:
3
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a. Fq is a subfield of Fgn for every integer n > 1.

b. Gal(Fgn /Fy) is a cyclic group of order n with generator o : a +— af.

c. Fygm is a subfield of Fyn if and only if m divides n.

d. The algebraic closure of Fy is the union Gl Fyn. Moreover, Gal(F,/F,) = Lim Gal(F i [F,)

n—=

A~

Z.

1.2 Scheme theory

1.2.1 First properties of schemes

Definition 1.4. A scheme X is locally noetherian if it can be covered by open affine
subsets SpecA;, where each A; is a noetherian ring. X is noetherian if it is locally
noetherian and quasi-compact. Equivalently, X is noetherian if it can be covered by a

finite number of open affine subsets SpecA;, with each A; a noetherian ring.

Proposition 1.5. 1. An affine scheme Spec(A) is noetherian if and only if A is
noetherian. In particular, if X is a noetherian scheme then the local ring Ox 4 s

noetherian for any point x € X.

2. Let X be a locally noetherian scheme (resp. moetherian scheme), then so is any

open subscheme of X.

3. For X a noetherian scheme, its underlying topological space is a noetherian topo-
logical space. In particular, any closed subset of X can be decomposed as a finite

union of its irreducible components.

Proof. 1. The latter condition is clearly sufficient. We show that it’s also necessary.
Let X = Spec(A) be an affine scheme which is noetherian. Since a localization of a
noetherian ring is again noetherian, X contains a topological basis B which consists
of open principal D(f) = Spec(Ay) with A noetherian. In particular, X can be
covered by finitely many principal open in B: X = UXi with X; = Spec(Ay,).
Now, as Ay, is noetherian, ay, C Ay, is an ideal of finite type. Let {ai;}; be a
family of generators of Iy,, we may assume that a;; € I. We claim that {a;; : 4,7}
gives then a family of generators of a. Indeed, for each a € I, and for each i, there

exists A\;; € A and e;; € Z>1 such that

\ij i
0=3 M50 e 4

j ]

[ad
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Up to replacement e;; by some bigger integer, we may assume that e;; = e is

independent of ¢, j. Moreover there exists m; € Z>q such that
fimi+ea _ Z fimi)\ijaij'
J

On the other hand, since X = |JD(f;) = UD(f™"°), one can find y; € A such

]

that 1 =" 7"+, So finally, we get
5

a= Zaﬂifirni+e = ZZNifimi)\ijaij-
i g

7
This gives (1)

2. As the localization of a noetherian ring is again noetherian, X contains then an
open basis consisting of noetherian affine schemes. This shows that any open
subscheme of a locally noetherian scheme is locally noetherian. If moreover, X
is noetherian, any open subset of X is quasi-compact, in particular, any open

subscheme is noetherian.
3. The proof of (3) is similar.
O

Definition 1.6. (a) Let X be a scheme. X is called connected (resp. irreducible, resp.
quasi-compact) if its underlying topological space is connected (resp. irreducible,

resp. quasi-compact).

(b) A scheme X is reduced if for every open subset U of X, the ring Ox(U) has
no nilpotent elements. Equivalently, X is reduced if and only if the local rings

Op(Ox,p) have no nilpotent elements for all P € X.

(c) A scheme X is integral if X is irreducible and the local rings Op is integral for all
P € X. Equivalently, X is integral if and only if the ring Ox(U) is an integral

domain, for every open subset U of X.

Proposition 1.7. [Liu02] A scheme is integral if and only if it is both reduced and

irreducible.

Definition 1.8. Let X be a topological space. Let x,y € X be points of X. We say
that y is a specialization of x, or that x specializes y if y € m We say that ¢ € X is a

generic point if x is the unique point of X that specializes to x.

Proposition 1.9. Let X be a scheme.
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1. Any irreducible closed subset of X contains a unique generic point.

2. For any generic point £ € X, @ s an irreducible component of X, In particular,

if X is wrreducible then there exists unique generic point & such that @ = X.

Proof. When X = Spec(A) is affine, a closed subset V' (I) C X is irreducible if and only
if VI = P with P C A a prime ideal. In this case, the point P is a generic point of
V(I) € X. Now, for X an arbitrary scheme, let Z C X be an irreducible subset. Let
x € X be a point contained in X, then x has a affine neighborhood U C X. Since Z
is irreducible, U N Z C Z is dense and irreducible. Moreover, U N Z C U is closed and
irreducible with U an affine scheme, so it contains a generic point, which gives also a
generic point of Z. The uniqueness follows from the fact that the underlying topological
space of a scheme if a Tp-space. This gives (1).

For (2), let Z C X be an irreducible component of X, and £ € Z be its generic point.
Then we claim that £ is a generic point of X, that is, no point being different from &
can specialize to &: indeed, if 7 specializes to &, then € € {5}, hence Z = {€} C {n}. As
Z is a maximal irreducible closed subset of X, we must have {¢} = {n}, hence & = 7.

This shows that £ € X is a generic point. The proposition is proved completely. ]

Proposition 1.10. Let X be an integral scheme with generic point £&. The followings
are hold

1. Let V be an affine open subset of X, then Ox (V) — Ox ¢ induces an isomorphism
FT’aC(Ox<V)) = OX,{-

2. For any open subset U of X, and any point x € U. The canonical morphism
Ox(U) = Oxe¢ and Ox, — Ox ¢ are injective.

3. By identifying Ox (U) and Ox . to subrings of Ox ¢, we have Ox(U) = [\ Ox.
zelU

Proof. The first assertion (1) is clear. Indeed, if V' = Spec(A), then Ox ¢ is exactly the
fraction field F'rac(A), and the canonical map Ox (V) — Ox¢ is then the natural map
A — Frac(A). Hence, the conclusion follows.

For (2), let f € Ox(U) be any element such that its image f, € Ox , is zero. Then there
exists an affine open neighborhood V' of x such that f|y = 0. In particular, the image
feOx ¢ is zero. Now by applying the first assertion, we see that for any affine open V'
of X, we have f|y» = 0. Hence, f = 0. This gives the injectivity of the first morphism.
For the second injectivity, we take any affine open neighborhood V' = Spec(A) of =z,
and suppose that = corresponds to the prime ideal p C A, then the canonical map
Ox,» = Ox¢ is just the canonical inclusion A, < Frac(A), where comes the desired

injectivity.
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For (3), we have clearly Ox(U) C (\,cy Ox,»- Conversely, by the sheaf condition and
the injectivity proved in (2), we may assume that U = Spec(A) is affine. Then we

are reduced to show that A = (| A, seen as subring of Frac(A). Indeed, for a
peSpec(A)
fraction f € Frac(A) which is contained in (e gpec(4) Ap, then for each p € Spec(A),

there exists s, € A —p, and ap € A such that f = ap/sy. As A is integral, we deduce
then f.s, € A. Now, if we take the family {s, : p € Spec(A)}, which generates the unit

ideals. Hence, one can find b, € A, almost all zero, such that 1 =) bys,. From where,
p
we find f =) bysyf =) bya, € A. This gives the result. O
p p

Definition 1.11. Let X be an integral scheme, with generic point £&. We denote the
field Ox ¢ by K(X). Sometimes, when X is an algebraic over a field k, we also denote
K(X) by k(X). An element of K(X) is called a rational function on X. We call K(X)
the field of rational functions or function field of X. We say that f € K(X) is regular
at v € X, if f € Ox,. A rational f is regular at any point of z € U is contained in
Ox(U).

Definition 1.12. Let X be a topological space, we define the (Krull) dimension of
X, which we denote by dim(X), to be the supremum of the lengths of the chains of
irreducible closed subsets of X. Dimension of a scheme X is the dimension of the

underlying topological space.

From the definition of dimension of a topological space. It is easy to deduce the following

Proposition 1.13. [Liu02] Let X be a topological space.

1. For any subset Y of X endowed with the induced topology, then dimY < dimX.

2. Suppose X 1is irreducible of finite dimension, and let Y C X be a closed subset.
Then Y = X if and only if dimY = dimX.

3. The dimension of X is the supremum of the dimensions of its irreducible compo-

nents.

4. Let’s denote dimyX = inf{dimU : U an open neighborhood of z} then dimX =
sup{dimzX : z € X}

Theorem 1.14. (Noether normalization lemma) Let A be a finitely generated algebra

over a field k. Then there exists an integer d > 0, and a finite injective homomorphism
]{}[Tl,TQ, s ,Td] — A.

Corollary 1.15. Let X be an integral scheme of finite type over a field k. Then for any
non-empty open subset U C X, we have dim(U) = dim(X) = tr.deg(K(X)/k).
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Proposition 1.16. [Liu02] Let A be a finitely generated integral domain over a field k.
Let p C A be a prime ideal.

1. ht(p) + dim(A/p) = dim(A).
2. If p is mazimal then dim(A) = dim(Ay).

Corollary 1.17. Let X be an irreducible finite type scheme over a field k. Let x € X
be a closed point. Then dim(X) = dim(Ox ).

1.2.2 Some global properties of schemes

Definition 1.18. Let S be a scheme, and let X, Y be two schemes over S. We define the
fibred product of X,Y over S to be an S-scheme X xg Y, together with two morphisms
of S-schemes p: X xgY — X, q: X xgY — Y (called the projections), verifying the
following universally property:

Let f:Z — X,g: Z — Y be two morphisms of S-schemes then there exists a unique
morphism of S-schemes v = (f,g) : Z — X xg Y making the following diagram com-

mutative:

Proposition 1.19. Let S be a scheme, and let X, Y be two S-schemes. Then the fibred
product (X xgY,p,q) exists, and is unique up to isomorphism. If XY, S are affine,
then X xgY = Spec(Spec(Ox(X) ®0g(S) Oy (Y))), and the projection morphisms are
induced by the canonical homomorphisms Ox(X), Oy (Y) = Ox(X) ®p(s) Oy (Y)

Definition 1.20. Let S be a scheme, and X be an S-scheme. For any S-scheme S’, the
second projection q : X xg 5" — §" endows X xg S’ with a structure of an S’-scheme.
Such a process is called the base change of X by S" — S. We sometimes denote the
S’-scheme X xg S’ by Xg/. For a morphism of S-schemes f : X — Y, its base change
by S/ — S is the morphism f xg1lg : X xg5" — Y xg 5, sometimes it is denoted by

fsr.

Definition 1.21. Let f : X — Y be a morphism of schemes. For any point y € Y,
we set Xy = X xy Spec(k(y)), where Spec(k(y)) — Y is the canonical map associated
to the point y € Y. We call X, be the fiber of f over y. Remark that the second
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projection X, = X xy Spec(k(y)) — Spec(k(y)) makes X, into a scheme over k(y). If
Y is irreducible with the generic point { € Y, we call the fiber product X¢ over £ the
generic fibre of f.

Definition 1.22. Let P be a property of a morphism of schemes f: X — Y

1. The property P is said to be local on the base Y if the following assertions are

equivalent:

(a) f verifies P;

(b) for any y € Y, there exists an affine neighborhood V' of y such that f|s—1(y

verifies P.

2. The property P is said to be stable under the base change if for any morphism
f : X — Y verifying P, and for any morphism Y’ — Y, the base change fy :
Xy — Y verifies again the property P.

Definition 1.23. An open subscheme of a scheme X is a scheme U, whose topological
space is an open subset of X, and whose structure sheaf Oy is isomorphic to the restric-
tion Ox |y of the structure of X. An open immersion is a morphism f : X — Y which

induces an isomorphism of X with an open subscheme of Y.

Definition 1.24. A morphism of schemes f : X — Y is called a closed immersion if for
any affine open U of Y, the inverse image f~1(U) C X is again affine, and the induced
map Oy (U) — Ox(f~H(U)) is surjective.

Definition 1.25. A morphism of schemes f : X — Y is called separated if the diagonal
morphism 0 : X — X Xy X is a closed immersion. We say that X is a separated Y-
scheme or X is separated over Y. A scheme X is said to be separated if X is separated

over Spec(Z).

Proposition 1.26. [Liu02] Let f : Y — X be a morphism of schemes with X = Spec(A)

affine. The following conditions are equivalent:

1. f is separated.

2. For any two affine opens U,V C Y, their intersection U NV C Y is again affine,

moreover, the canonical map Oy (U) @4 Oy (V) — Oy (U NV) is surjective.
3. There exists an open affine coveringY = |J U; such that U;NU; is affine, and that
i€l
the canonical map Oy (U;) ® Oy (U;) — Oy (U; NUj) is surjective for any i,j € I.

Proposition 1.27. [Liu02/
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1. Open and closed immersions are separated.

2. The composition of two separated morphisms is again separated. In particular,

immersions are separated.

3. Let f: X =Y, and g:Y — Z be two morphisms such that go f and f are both

separated, then f is separated.

4. Separated morphisms are stable under base change. 1i.e. any base change of a

separated morphism is again a separated morphism.

Definition 1.28. Let f: X — Y be a morphism of locally noetherian schemes.

1. f is said to be universally closed if for any morphism Y’ — Y, the base change
fy/ 2X/:X><yY/—>Y,

is a closed map between the underlying topological spaces.

2. f is said to be finite type if f is quasi-compact (that is, for any quasi-compact
open subset V C Y, the inverse image f~!(U) is quasi-compact) and locally of
finite-type (that is, for any affine opens U = Spec(A) C X and V = Spec(B) C Y
such that f(U) C V, then the induced map B = Oy (V) — Ox(U) = A makes A
into a B-algebra of finite type).

3. f is said to be proper if f is separated, of finite type, and universally closed.

Proposition 1.29. [Liu02] We have the following properties:

1. Closed immersions are proper.
2. The composition of two proper morphisms is proper.
3. The base change of a proper morphism is still proper.

4. If the composition of X =Y and Y — Z is proper, and if the second morphism
Y — Z is separated. Then the first morphism X — 'Y 1is also proper.

5. Let f: X =Y be a surjective morphism of S-schemes. Let us suppose that Y is
separated and of finite type over S, and that X is proper over S, then Y is proper

over S.
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1.2.3 Some local properties of schemes

Definition 1.30. Let (A, m) be a noetherian local ring with residue field k. Recall
that dim(A) < dimjm/m2. We call a noetherian local ring (A, m) regular if dim(A) =

dimgm/m?.

Theorem 1.31. Let (A,m) be a noetherian local ring of dimension d. The following

three statements are equivalent:

1. A is regular.
2. m C A can be generated by d elements.

oo
3. gru(A) := @ m"/m"* is isomorphic, as k-algebra, to the ring of polynomials in
n=0
d variables.
Proposition 1.32. Let (A, m) be a reqular noetherian local ring. Then A is an integral

domain.

Definition 1.33. Let X be a locally noetherian scheme, and let x € X be a point. We
say that X is regular at x € X, or x is regular point of X if Ox . is regular. We say
that X is regular if X is regular at all its points. A point z in X which is not regular is

called a singular point of X. A scheme that is not regular is said to be singular.

1.3 Algebraic Curves over finite fields

Definition 1.34. Let k be a field. An affine variety over k is the affine scheme associated
to a finitely generated algebra over k. An algebraic variety over k is a k-scheme X such
that there exists a covering by a finite number of affine open subschemes X; which are
affine varieties over k. A projective variety over k is a projective scheme over k. Projective
varieties are algebraic varieties. By definition, a morphism of algebraic varieties over k

is a morphism of k-schemes.

Definition 1.35. Let k£ be a field. An algebraic variety over k whose irreducible com-

ponents are of dimension 1 is called an algebraic curve over k (or curve over k).
Definition 1.36. A curve Y is said to be smooth if and only if Y = Y7 is regular.
Definition 1.37. A curve Y over a finite field k = I, is called complete smooth curve

if Y is a k -scheme of finite type, dimY =1, and Y is regular, proper, integral over k.

From now on, we assume all curves to be complete smooth curve (hence, projective).
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Proposition 1.38. [Liu02] Let Y be an algebraic variety over finite field F, then:

1. If Y is smooth then Y is regular.

2. dimY = dimY, for every U open in'Y then dimU = dimY . If V is a closed subset
of Y then V =Y if and only if dimV = dimY .

3. Closed subsets of an algebraic curve are 0, Y or finite union of closed points.

Next, we will state the Jacobian criterion for a projective curve. Let C =V (I) C P™ be

a curve with generators fi, fo, -+, fm € I. Then C is smooth at P € C if and only if
0 9
svpy L (P
rank : : =n-—1
Sfm 0fm
Fa(P) o H(P)

Example 1.1. The curves in P?

Cyi X+ X[+ X5=0
Cy: XgXl —|—X?X2 —i—XS’XO =0
Cs: X{Xo+ X1 X§ = x4

are all smooth.

Proposition 1.39. Let X be a scheme of finite-type over Fy and let x € X. The

following properties are equivalent:

a. {x} is closed in X.

b. The residue field k(x)is finite.

Proof. Use the Noether normalization lemma or Zariski’s theorem. O



Chapter 2
Etale morphisms and Cohomology

This chapter covers some basic notions about étale cohomology so that we can use in
the next chapter. We will prove that the category of sheaves of abelian groups on Xg;
is abelian and has enough injectives. Therefore, we can define the étale cohomology as
the right derived functor of global section. After considering a family of cohomology of
constant sheaf, we can give the definition of [-adic cohomology. The aim of this notion
is to state (without proof) of the Lefschetz fixed point formula which is the main tool

to study chapter 3.

2.1 Etale morphisms

2.1.1 Etale morphisms

Flat morphisms: A morphism ¢ : Y — X of schemes (or varieties) is said to be flat if
the local homomorphisms Ox ) — Oy, are flat for ally € Y.
We recall that a homomorphism of rings A — B is flat if one of the following equivalent

conditions holds:
e The functor M — B® oM from the A-modules category to the B-modules category
is exact.
e J®4 B — B is injective for every J C A ideal.
e The local homomorphism A1) — B is flat for every maximal ideal m in B.

Remark 2.1. If A is an integral domain, then any flat morphism A — B is injective.

Conversely, if A is a Dedekind domain then any injective morphism is flat.

13
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Theorem 2.2. [Mil80] Any flat morphism that is locally of finite-type is open. Moreover,
let f:Y — X be locally of finite type then the set of points y € Y such that O, is flat

over Oy, is open in'Y and it is non-empty if X is integral.

Unramified morphisms: A morphism ¢ : Y — X of schemes (or varieties) is said to be
unramified if it is of finite type and if the local homomorphisms Ox ) — Oy, are
unramified for all y € Y.

We recall that a local homomorphism A — B of local rings is unramified if one of the

following equivalent conditions holds:
e B/f(my)B is a finite separable field extension of A/my.

e f(my)B = mp and the field B/mp is finite and separable over A/my.

Remark 2.3. Tt suffices to check the condition of unramified morphism of schemes for

the closed points y in Y only.
Proposition 2.4. [Mil80] Let f : Y — X be a locally of finite-type. Then the following
are equivalent:

1. [ is unramified

it. Vo € X, Y, — Spec(k(z)) is unramified.

iti. All geometric fibres of f are unramified, that is, for every Spec(k) — X with k
separably closed, then Y x x Spec(k) — Spec(k) is unramified.

iv. Forallz € X, Y, has an open covering by spectra of finite separable k(x)-algebras.
v. Forallx € X, Y, is a disjoint sum of Spec(k;) where [k; : k(x)] is finite separable

extension.

Etale morphism: A morphism ¢ : Y — X of schemes is étale if it is flat and unramified
(hence, it is of finite type).
In particular, a homomorphism of rings f : A — B is étale if the corresponding morphism

Spec(B) — Spec(A) is étale. Equivalently, it is étale if
(a) B is a finitely generated A-algebra,

(b) B is a flat A-algebra,

(c) Bu/f(pBy) is a finite separable field extension of A,/pA, for all maximal ideals
nC Bandp=f"1(n).
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2.1.2 Properties of étale morphisms

In this section, we will study some basic properties of étale morphisms.
Proposition 2.5. 1. Any open immersion is étale.
2. Composition of two étale morphisms is an étale morphism.
3. Any base change of an étale morphism is an étale morphism.
4. If potp and ¢ are étale, then so also is 1.
Statement (1) says that if U is an open subscheme of X, then the inclusion U — X

is étale. The statements (2) and (3) also hold for flat morphisms and unramified mor-

phisms, hence, they do for étale morphisms.

Proposition 2.6. Let p: X — S and q : Y — S be morphisms of varieties over an
algebraically closed field. Assume that p is étale and that Y is connected. Let o, ¢’ be
morphisms Y — X such that poyp = q and po ¢’ = q. If ¢ and ¢’ agree at a single
point of Y, then they are equal on the whole of Y.

One of the important properties of étale morphisms is that if Y — X is étale, then Y
inherits many of the good properties of X. They comes from a ”nice” local property of

étale morphism which is called standard étale morphisms as follows

Theorem 2.7. [Mil80] A morphism f:Y — X is étale if and only if for everyy € Y,
there exist open affine neighborhoods V.= Spec(C) of y and U = Spec(A) of x = f(y)
such that

C=AT,T,,- -, T,/ (P, ,Ppn)

where det(6P;/0T}) is a unit in C.
An immediate property implied from the previous theorem is that Y — X étale and X
locally noetherian implies Y locally noetherian. Moreover, we can prove that

Proposition 2.8. If ¢ : Y — X is an étale morphism, then:

1. For ally €Y, Oy, and Ox , have the same Krull dimension.
2. The morphism ¢ is quasi-finite.

3. The morphism ¢ is open on the underlying topological spaces (however, it is not

necessarily an open immersion).
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4. If X is reduced (respectively, normal, or regular), then so also is Y .

Remark 2.9. In general, if X is integral, it is not necessary that Y is also integral. More

precisely, if X is irreducible, Y is not necessarily irreducible.

2.2 Sheaf theory

2.2.1 Presheaves and sheaves

We shall be concerned with classes E of morphisms of schemes satisfying the following
conditions:

(e1) All isomorphism are in E.

(e2) The composite of two morphisms in E is in E.

(e3) Any base change of a morphism in E is in E.

A morphism in such a class E will be referred to as an E — morphism. The full

subcategory of the category of X — schemes Sch/X whose structure morphism is an

E — morphism will be written E/X.

Example 2.1. The following examples of such classes will be particularly important:

1. the class E = (Zar) of all open immersions;
2. the class E = (ét) of all étale morphisms of finite-type;
3. the class E = (fl) of all flat morphisms that are locally of finite-type;

Definition 2.10. Fix a base scheme X and a class E as above. Let C'/X be a full sub-
category of Sch/X such that C'/X is closed under fiber products and for any morphism
Y — X in C/X and any E —morphism U — Y, then the composite U — X is in C'/X.

1. An E — covering of an object Y of C/X is a family (¢; : Uy — Y)er of E —
morphisms such that Y = |J ¢;(U;). The class of all such objects is called an
i€l
E — topology on C/X.
2. The category C'/X together with the FE — topology is called an E — site over X
and we denote it by (C'/X)g or simply as Xg
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3. The étale site (respectively, Zariski site, or flat site) on X is the full subcategory
(ét)/ X (respectively, (Zar)/X, or (f1)/X) of Sch/X together with the étale (re-
spectively, Zariski, or flat) topology, that is for every Y — X étale (respectively,
open immersion, or flat morphism that are locally of finite-type) then the étale

(respectively, Zariski, or flat) covering of Y is a family (U; — Y);cy of the class
(ét) (respectively, (Zar) or (fl)).

Remark 2.11. The étale site, (Zar)-site and (fl)-site sastify the following conditions:

1. if ¢ : U — U is an isomorphism in the corresponding site then it is a covering;

2. if (U; — U); is a covering, and (V;; — U); is a covering for every 4, then (V;; —

U)i; is also a covering;

3. if (U; — U); is a covering then the family of base changes (U; @y V — V) is also

a covering.

Definition 2.12. A presheaf P of abelian groups on a site (C/X)g is a contravariant
functor C/X — Ab.

Thus P associates with each U in C'/X an abelian group P(U), which we shall sometimes
write as I'(U, P) and whose elements we shall sometimes refer to as sections of P over

U. A morphism of presheaves ¢ : P — P’ is simply a morphism of functors P — P’.
Since the category of abelian groups is abelian, so is the category of presheaves of abelian
groups on Xp. We denote this category by PrS(Xg) or P(Xg).
Example 2.2. Let Xg be an E-site.
1. Constant presheaf: for any abelian group M, the constant presheaf Py on Xg is
defined to have Py (U) = M for every U # (0, and Py (f) = 1p for all f.

2. The presheaf G, satisfies Go(U) = T'(U, Oy) regarded as an additive group for all
U, and for any morphism U — U', Gq(f) is the map T'(U',Opy) — T'(U,Op)
induced by f.

3. The presheaf G, has G,,,(U) = T'(U, Oy)* for allU and for any morphism U — U’,
G (f) is the map T(U', Oy )* — T(U, Oy)* induced by f.

Definition 2.13. A presheaf P on X is a sheaf if it satisfies:

(S1) For every s € P(U), if there is a covering (U; — U);er of U such that Vi :
resy, v(s) =0 then s = 0.
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(S2) For every covering (U; — U);er and every family (s;)ier € (P(U;))ier with
resu,uU;U;i (8i) = Tesuepu;u; (s5) for all 4, 4
then there exists an s € P(U) such that resy, y(s) = s; for all .

In other words, a presheaf P is a sheaf if a section is determined (uniquely) by its
restriction to a covering, and a compatible family of sections on a covering always arises

from a global section. This means that the sequence
(8): PU) = [[ PW:) = [ P(U: @0 Uy)
i i
is exact for all coverings (U; — U).

Remark 2.14. If P is a sheaf then P(0)) = O.

In general, a sheaf of Xz, is not a sheaf of Xg. In the next theorem, we will give a

criterion for a sheaf of X

Theorem 2.15. Let P be a presheaf for the étale (or flat site) on X. Then P is a sheaf

if and only if it satisfies the following two conditions:

(a) for any U in the category then the restriction of P to the usual Zariski topology

on U is a sheaf;

(b) for any covering (U" — U) with U and U’ both affine, then
(8): P(U)— P(U) = PU &y U

1s exact.

Corollary 2.16. On the flat and étale topologies, both presheaves G, and G,, are

sheaves.

Remark 2.17. The constant presheaf defined as above is not a sheaf in general. We
define the constant sheaf as follows: let X be a variety or a quasi-compact scheme, and
for any abelian group M, define Fp;(U) = M m(U) - the product of copies of M indexed
by the set mo(U) of connected components of U. with the restriction map, it is a sheaf,

called the constant sheaf (associated to the constant presheaf) on X defined by M.

2.2.2 The category of (étale) sheaves of abelian groups

In this section, we study the category of sheaves of abelian groups on Xg. In particular,

we will show that this category is an abelian category with enough injective. We start
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with the notion of stalks. Let x be a point in a scheme X and k be a separably closed
field of residue field k(z). The embedding k(z) < k induces a morphism of schemes

T : Spec(k) — X. An étale neighborhood of T is a commutative diagram:

(k) — U
Nz

Then étale neighborhoods of a geometric point T form a filtered category. Recall that a

Spec

category .J is filtered if the following holds:

e it is not empty,

e for every two objects 7 and j' in J then there exist an object k and two arrows

j—k,j —kin J,

e for every two arrows u,v : 4 — j in J then there exists k and an arrow w: j — k

such that wu = wv.

A filtered colimit is a limit of a functor F': J — C.

Definition 2.18. Definition of stalks: Let F be a presheaf on X¢. We define its stalk

at the geometric point T to be the direct limit

where U runs through all étale neighborhoods of x.

Remark 2.19. With the above notions, we have:

1. The functor P + Fz from the category of presheaves of abelian group on Xg; to

the category of abelian groups is an exact functor.

2. Let U — X be an étale morphism such that the image of U contains the point
x. Then there are many different ways to make U become an étale neighborhood
of z. So, in general, there is no (unique) canonical map P(U) — Fz. Of course,
once U has been given a structure of étale neighborhood of z, we will have the

canonical map P(U) — pz which we often write as s — sz.

3. Since all separably closure of k(x) are isomorphic, Fz only depends on x. Hence,

Fz is also denoted by F.

Proposition 2.20. Let F be a sheaf on Xg. If s € F(U) is non-zero, then there is an

x € X and an étale neighborhood U of x such that sz is non-zero.
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Proof. key property: Let (Aj;, ¢;;) be a direct system of abelian groups over a direct
category I. Let ¢; : A = lZl;LAi — A; be the canonical morphism. If a € A; such that
¢i(a) = 0 then there exists i — k arrow in I such that ¢;;(z) = 0.

Proof of the proposition By contradiction, assume that for all x € X and for all étale
neighborhood U of z, we always have that sz = 0. For every u € U mapping to = € X,
then k(x) — k(u) is finite separable extension (since U — X is étale ). So k(u) must
be contained in the separably closed field k of k(x). So the étale neighborhood U of =
induces from the embeddings: k(z) — k(u) < k. By the key property, we have that
3V, — U étale such that s|y, = 0 for every u € U. The family (V;, — U)ycp is a étale
covering. By the definition of sheaf, we have that s = 0. O

Since the category of sheaves of abelian groups on Xg; is an additive category, we require
that a morphism of two sheaves is always an additive morphism of sheaves. A morphism
of sheaves (or presheaves) a : F — F' is said to be locally surjective if, for every U
and s € F'(U), there exists a covering (U; — U) such that s|y, is in the image of
F(U;) — F'(U;) for each i.

Lemma 2.21. Let a : F — F' be a morphism of sheaves on Xg. The following are
equivalent:

1. the sequence of sheaves F — F' — 0 is ezxact,

2. the map « s locally surjective,

3. for each geometric point T — X, the map oz : Fz — Fi is surjective.
Proof. We will prove that (2) = (1) = (3)

(2) = (1) Let B : F' — H be a morphism of sheaves such that S,ac = 0. We need to prove
that 8 = 0.
Let U — X be étale morphism and s € F'(U). Since « is locally surjective, there
exists a covering (U; — U); such that s|y, is in the image of F(U;) — F'(U;). This
implies B(U;)(s|u,) = 0.

Moreover, the diagram:

F'(Us)

F(U)

is commutative. So S(U)(s)|y, = 0 for very i, hence S(U)(s) = 0.
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1) =0

By contradiction, assume that az is not surjective for some x € X. Let A =

coker(Fz — F%). For U — X étale, we define a presheaf A™(U) = b A
Homx (z,U)
Then A? is a sheaf and

Hom(G,A%) =2 Hom(Gz, A) for every sheaf G.

In particular, Hom(F', A") = Hom(FL, \), so the coker morphism F'z — A cor-
responds to a non-zero morphism 3 : 7' — A®. In the equivalence Hom/(F,A%) =
Hom(FZ®,A), 8o« correspond to the morphism 0, so S,a = 0, but 3 # 0. Hence,

« is not surjective. (1)

Let U — X be étale, and let w — U be a geometric point of U, then w — U — X
is a geometric point of X. Let’s denote it by Z. A étale neighborhood of @ gives a

étale neighborhood of Z.

- U - X

/

Moreover, the étale neighborhood of T arising in this fashion are cofinal. Indeed,

let W be a neighborhood of Z, then W ® x U is an étale neighborhood of u:

g — <

W xxU - U - X

//

Therefore, F = Fz for every sheaf F on X¢. Thus, the hypothesis implies that

Fu — FI is surjective for every geometric point @ — U of U.

Let s € F/(U), for each u € U, we have u — U is a geometric point of U with
image w. Since Fy — F% is surjective, then there exists V' — U étale whose image
contains v and which is such that s|y is in the image of F(V) — F'(V) (We know
that 7z = | |F(V)/ «~ where « is a certain relation, so if 7z — F% then there
exist tz — sz, s € F(W),t € F(E), let V=W xy E). Apply this for all u € U,

we have that affine is locally surjective.

Proposition 2.22. Let

0—F —F—F"
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be a sequence of sheaves on Xg. The following are equivalent:

1. the sequence is exact in the category of sheaves;

2. the sequence:
0— F(U)— FU)— F"(U)

is exact for all étale U — X;

3. the sequence
0 — Fo— Fz — Fo

is exact for every geometric point T — X of X.
Proof. We know that direct limit is an exact functor in the category of abelian groups. So
we have that (2) = (3). (3) = (2) comes from the proposition 2.20. For the equivalence
between (1), and (2), we will prove (later) that the functor i : Sh(Xg ) — PreSh(Xg;)
has a left adjoint a, - the associated sheaf functor, hence 7 is left exact. O

From two previous propositions, we easily deduce the following

Proposition 2.23. Let
0->F > F—->F"=0

be a sequence of sheaves on Xg. The following are equivalent:

1. the sequence is exact in the category of sheaves;

2. the map F — F" is locally surjective and the sequence:
0— F(U)— FU)— F"(U)

is exact for all étale U — X;

3. the sequence
0— Fr— Fz— Fou—0

is exact for every geometric point T — X of X.

To finish the proof of proposition 2.22, we need to construct a functor associating a
presheaf to a sheaf which is exact. If so, we can define the kernel, cokernel, image,
cotmage... of a morphism by taking the corresponding associated sheaf.

The sheaf associated with a presheaf
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Definition 2.24. Let P — aP be a morphism from a presheaf P to a sheaf; then
aP is said to be the sheaf associated with P (or to be the sheafification of P) if all
other morphism from P to a sheaf factor uniquely through P — aP, i.e. Hom(P,F) =
Hom(aP, F) for all sheaves F, i.e. the functor a : PreSh(X¢ ) — Sh(Xg;) is the left
adjoint of the functor i : Sh(X¢ ) — PreSh(Xgt).

Clearly, aP endowed with the map P — aP, is unique up to isomorphism if it exists. In

the following, we will construct explicitly aP for a given presheaf P.

Lemma 2.25. (key lemma) Let P be a presheaf of abelian groups on Xg. If i :
Sh(Xg ) = PreSh(Xe) exists then the sections of P to have the same image in F(U)
are those that are locally equal, i.e. for allU — X étale and for all s1,s9 € P(U) such
that i(s1) = i(s2) then sy and sg are locally equal, i.e. such s, sa satisfies 1|y, = s2|u,

for some covering (U; — U);cr.

Proof. For each z € X, let i : T — X be a geometric point of X. For any étale map
¢: U — X, we define
ANU)= P A
Homx (z,U)
where A is the constant sheaf of the abelian group A. Then it is easy to prove that A
is a sheaf and satisfies Hom(F,A%) & Hom(Fz, A). For P a presheaf on X , define

P* = T] (Pz)®. Then P* is a sheaf and the natural map P — P* satisfies the condition
zeX
of lemma. Since P — P* can be factored through P — aP, we are done. O

Lemma 2.26. Let i : P — F be a morphism from presheaf P to a sheaf F. Assume
that:

1. the only sections of P to have the same image in F(U) are those that are locally

equal,

2. 1 s locally surjective.
Then (F,i) is the sheaf associated with P.

Proof. Let i’ : P — F' be any morphism from P into a sheaf F'. Let s € F(U) with
U — X étale. We must construct an image of s in ¢/(P(U)).

Since i is locally surjective, ds; € P(U;) such that i(s;) = s|y, for some covering (U; —
U)icr of U. Because of (1), and property of sheaf F’ then i'(s;) € F'(U;) is independent

of the choice of s;, and moreover that the restrictions of #’(s;) and ¢'(s;) to F'(U; @y Uj)
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agree. We define a(s) to be the unique element of F'(U) that restricts to i’(s;) for all 4.

Then we have the commutative diagram:

P—' S F

NS

O]

Lemma 2.27. Let P be a subpresheaf of a sheaf F. For each U, let P'(U) be the set
of s € F(U) that are locally in P in the sense that there exists a covering (U; — U);er
such that s|y, € P(U;) for each i, i.e.

P'(U) = {s € F(U)|3a covering (U; = U);er s.t. sy, € P(U;)Vi € I}.

Then P’ is a subsheaf of F, and P — P’ is locally surjective. We call P' the subsheaf
of F generated by P.

Proof. The locally surjective property of P — P’ is clear from the definition of P'(U).
It suffices to prove that P’ is a sheaf. Let (U; — U);ecs be a covering of U — X étale,

we need to prove that the sequence

<—>H7> )= [P (UieuU))

:.7

is exact. Since P’ is a subpresheaf of F, it suffices to prove that
V(si) € HP' ) 8.t silv,epu; = Sjluieyu; then 3s € P'(U) such that s, = s;.
Because F is a sheaf then
ds € F(U) such that s|,, = s;.

We need to prove that s € P'(U) Indeed, by definition of P’, we know that there exists
a covering (V;; — U;); such that s;|y;, € P(Vj;) for each i. So s|y;; = s4|v;; € P(Vi;) and
(Vij = U) is an étale covering of U. Hence, s € P'(U). O

Lemma 2.28. Ifi: P — F satisfies conditions (1) and (2) of lemma 3, then
iz: Pz — Fz

is an isomorphism for all geometric points T of X.
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Proof. 1t suffices to prove that iz is injective and surjective for all geometric points
T of X.

e Fix a geometric point T of X, we will prove that
is injective.

Indeed, let sz in Pz be such that iz(sz) = 0 where s € P(U) for some étale
neighborhood U of Z. Consider the diagram

PU) : F(U)
Py Fr

This implies that i(s)z = 0, so there is V' such that

étale N

|/

Since i is locally equal (in the sense of lemma 2.25), there exists W such that

U - X

commutes and i(s)|y =0

étale

W —V
xT
commutes and sl = 0. Hence sz = 0 or iz is injective.

e Similarly, we will prove that iz : Py — F7 is surjective.
Indeed, let tz € Fz where t € P(U) for some étale neighborhood U of Z. Consider
the diagram

P(U) : F(U)
Ps = Fr
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Since i is locally surjective, there exists a covering (U; — U); such that ty, is in

the image of Py, — Fy,. Consider the diagram

=3dsePU) :s|ly, = s

= tlu, = i(slv;) = i(s)]v,

This means that iz is surjective.

O]

Theorem 2.29. For any presheaf P on X, there exists an associated sheafi : P — aP.
Moreover, the map i induces isomorphisms Pz — (aPz) on the stalks. The functor
a: PreSh(Xg ) = Sh(X4) is exact.

Proof. Define the sheaf P* as in lemma 2.2.19 (key lemma). Then P* is a sheaf and
the natural map P — P* satisfies conditions (1) and (2) of lemma 3. Take aP to be the
subsheaf of P* generated by i(P). Then i : P — aP satisfies the conditions (1) and (2)
of Lemma 3. So ¢ : P — aP is the sheafification of P.

For the second statement, let

P =P =P

is an exact sequence of abelian groups, then
Pi — Pz — Py
is exact for all x € X (because direct limit is an exact functor).
= (aP')z — (aP)z — (aP)%
is also an exact sequence. Which shows that
aP’ — aP — aP”

is exact. O
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Finally, by considering the sheafification of a presheaf we have that the category of

sheaves of abelian groups on Xg; is abelian.

Theorem 2.30. Since the functor i : PreSh(Xg ) — Sh(Xa) is left exact, and its left
adjoint functor a : PreSh(Xeg ) — Sh(X¢) is exact, the kernel (resp., cokernel, image
and co-image) of a morphism in the category of sheaf Sh(Xg) is the associated sheaves
of the kernel (resp., cokernel, image and co-image) of the morphism in the category of
presheaf PreSh(Xeg). In particular, the map from the co-image of a morphism to its
image is an isomorphism because it is on stalks. Hence, the category of sheaves of abelian

groups Sh(Xg) is abelian.

Example 2.3. A group A defines a constant presheaf Pp such that Py(U) = A for all
U # 0. Then the sheaf associated with Py is Fa defined by Fp(U) = A™WU) where mo(U)

is the number of connected components of U.

In the proof of the above theorems, we see that if (F;);cs is a family of sheaves of abelian
groups on X¢;. Then the presheaf defined by P(U) = [ Fi(U) for all U — X étale and
the obvious restriction maps is a sheaf. Moreover, itfei[s the product of (F;)ier in the
category. But, in general, the presheaf defined by P(U) = EBI Fi(U) is not a sheaf.

ic
Direct and inverse images of sheaves
Direct images: Let m : Y — X be a morphism of schemes, and let P be a presheaf on

Y. For U — X étale, define
mPU)=PU®xY).

With the obvious restriction maps, 7P becomes a presheaf on Xg. Moreover, we can

m U

easily obtain that if we have the diagram of morphisms Z ~-Y . X then

(7" o m)y = 7, 0 Ty

Lemma 2.31. If F is a sheaf then so also is mF. Moreover, since the functor my :
PreSh(Ys ) — PreSh(Xeg ) defined as above is exact, the functor m, : Sh(Ye ) —
Sh(Xg ) is left exact.

Proof. For a morphism V' — X, we denote Vy the fibre product V ®x Y over Y. Then
V — Vy is a functor taking the étale maps to étale maps, sujective families of maps to
sujective families, and the fibre products over Y.

Let (U; — U); be a surjective family of étale maps in X¢. Then Uy — Uy is a surjective

family of étale maps in Yy, and so

F(Uy) — H]:(Uiy) = [[F U @y Ujy)

]
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is exact. Hence,
(mF)U) = [ [ F) W) = [[(mF) (U @x Uy)
i i,

is exact. This means that 7, F is a sheaf.
The functor the functor m, : PreSh(Ys ) — PreSh(Xg ) is exact by definition.

Let 0 - F' — F — F” — 0 be an exact sequence of sheaf. Then
0= F'(Uy) —» F(Uy) = F'(Uy)
is exact for every U — X étale. Hence
0 — (mF)(U) = (mF)(U) — (mF")(U)
is exact for every U. Hence,
0 — T F — mF — mF"

is exact.

Proposition 2.32. [Mil80]

1. Let m:V — X be an open immersion,i.e. the inclusion of an open subscheme into
X. Then

2. Letw:V — X be an open immersion,i.e. the inclusion of a closed subscheme into

X. Then
Fj zeV

(meF)z = { 0 x ¢V

3. Let m:Y — X be a finite map. Then

(mF)z = @ Fo

Yy—x

where d(y) is the separable degree of k(y) over k(x). For example, if w is a finite

étale map of degree d of varieties over an algebraically closed field, then

Corollary 2.33. The functor w, is exact if w is finite or closed immersion.
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Next, we will prove that there exists a left adjoint functor to the functor direct image,

and we call it inverse image functor

Inverse images: Again, let m : Y — X be a morphism of schemes on Xg. For V — Y
étale, define

P'(V) = limP(U)

where the direct limit is over the commutative diagrams

\%4 U
étale
Y X

It’s easy to prove that the category of such objects U and the morphism defined by the
étale morphism is a filtered category, and so, we can take the direct limit.
Moreover, since the universal property of the fibre product, one can see easily that, for

any presheaf Q on Ygq, there are natural one-to-one correspondences between

e morphisms P’ — Q,
e families of maps {P' (V) — Q(V)}v_yeétale indexed by V — Y étale,

e families of maps {li_r>n73(U ) = Q(V)}voy étale Where the limit is taken over the

above commutative diagrams,

o families of maps {{P(U) — Q(V)}U—>X étale, commutative, compatible,}V—)Y étale » where

the families P'(U) — Q(V) is indexed by commutative diagrams as above such

that they are compatible with restriction maps,

e families of maps {{P(U) — Q(V)}V—>Y étale, commutative, compatible}U—)X étale , where
the families {P'(U) — Q(V)}v_y is indexed by commutative diagrams as above

such that they are compatible with restriction maps,

{P(U) — Q(U Kx Y)}U—)X étale -
This means that there is natural one-to-one correspondences between

e morphisms P’ — Q,

e morphisms P — m, Q.

Thus,
Homy, (P, Q) = Homx,, (P, 7. Q),
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functorially in P and Q.
Unfortunately, P’ need not be a sheaf even when P is. Therefore, for F a sheaf on X,
we define

m*F = a(F') the associated sheaf of F'.

Then, for any sheaf G on Yg, we have that
Homy, (7. F,G) = Homy, (F',7.G) = Homx,, (F,mG).

This means that 7* is a left adjoint to m, : Sh(Ys) — Sh(Xet).

We know that for a diagram of morphisms 7 ——— Y i X then (7’ om), =

7, o 7,. Since 7* is a left adjoint to m,, it is easy to prove that (7’ o 7)* = 7* o 7'*.

Example 2.4. Inverse images of étale constant sheaves are étale constant sheaves. That

means f*(A) = A for every abelian group A.

We have proved some properties of exactness of some special functors. In the next
proposition, we will state again the exactness of some special functors. Moreover, in
category theory, we know that if a functor R admits an exact left adjoint then it preserves

injectives (if they exist).

Proposition 2.34. Let X be a scheme, and w:Y — X a morphism of schemes. Then

1. The functori : Sh(Xg) — PreSh(Xg) has a left adjoint functor a : PreSh(X«) —
Sh(Xe¢:), hence i is left exact and a is right exact. Moreover, the functor a :

PreSh(Xe¢) — Sh(Xg) is exact. So, the functor i preserves injectives.

2. The functor m. : Sh(Ys) — Sh(Xg) has left adjoint functor ©* : Sh(Xg) —
Sh(Yg), hence, my is left exact, and ©* is right exact. Moreover, the functor

7 Sh(Xg) — Sh(Ye) is exact. So, the functor m,. preserves injectives.

3. Letj:U — X be an étale morphism, and F be a sheaf on Ug. Forany ¢V — X
étale, define

A(V)=FWv)

where the sum is over the morphism o : V. — U such that j o a = ¢. Denote jiF
the sheaf associated with the presheaf Fi.
Then the functor jy is a left adjoint to j* : Sh(Xg) — Sh(Ug). Moreover the

functor j1 is exact; hence, j* is exact and preserves injectives.

Proof. The assertion (1) is proved in the previous propositions.

For (2), let i : T — X be a geometric point of X and F be any sheaf on X, then
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by definition (*F)(z) = aF'(T) = F'(T) = limF(U) where the direct limit is over the

commutative diagrams:

T U
étale
x X

This means that the direct limit is over the étale neighborhood of Z. So (i*F)(Z) = Fz.

Therefore, for any geometric point ¢ : § — Y of Y, we have that
(7" Fg =" (7" F)(Y) = F=

where T is the geometric point 7 — Y — X of X.

Since this is true for all geometric point of Y, we see that 7* is exact and therefore that
T, preserves injectives.

For (3), we need to prove that Homx,, (1 F,G) = Homy,, (F, j*G). Indeed, by the defini-
tion of sheafification, we have Homx,, (1F,G) = Homx,, (F1,G) and Homy,, (F,j*G) =
Homy,, (F,G|v). By the universal property of direct sum, there are one to one corre-

spondence between:

e morphisms ¢ : Fy — G,

families of maps {o(V) : F(V) = G(V)}v— x étale »

families of maps {p(V): @ F(V) = G(V) }v—x étale , Where the sum is taken over
all of o= V — U such that joa =V — X,

families of maps {o(V) : F(V) = G(V) v Su—X étale

families of maps {¢(V) : F(V) = G(V) }v=u étale

o: F—=Glu.

To prove the second statement, it suffices to prove that

(j!f)x:{ Fr ifz € j(U)

0 otherwise.
Indeed,
. y . . Fz itz e j(U)
Flg=Um(HFV)) =lim F(V) = limF (V) = Fz =
(071~ i3 27 = i@ R - i) = @ £om{ 77N

O]
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Remark 2.35. In particular, if ¢ : U — X is an open immersion, then jJF is the

associated sheaf of the presheaf

AW FV) ifeV)cU
' p—
' 0 otherwise.

Theorem 2.36. Let X be a scheme, then every sheaf F on Sh(Xeg) can be embedded

into an injective sheaf.

Proof. For each point « € X, choose a geometric point i, : T — X with image x . Since
the category of abelian groups has enough injective, we can choose an injective group
I(x) such that Fz < I(z). Since iz preserves injectives, Z% := iz (I(x)) is injective.
On the other hand, a product of injective objects is injective, so Z := [[Z* will be an

injective sheaf. Let F* = [] (Fz)* be the sheaf defined as before, then we have the
zeX
canonical embedding

F—=F =1

(the second canonical embedding comes from the fact that 7, is left exact). This proves

the theorem. O

Theorem 2.37. Some important exact sequences of sheaves:

1. Let j : U — X be an open immersion, Z be the complement of U in X and
denote the inclusion Z — X by i. Let F be any sheaf on Xg, there is a canonical
morphism jij*F — F, corresponding by adjointness to the identity map on j*F
and a canonical morphism F — i,i* F, corresponding by adjointness to the identity

map on i*F. Then the sequence
0= jij" F = F = i, i* F =0

1s exact.

2. (Kummer sequence) Let n be an integer that is not divisible by the characteristic
of any residue field of X (if so, we say that n is invertible in X.) For example,
if X is a variety over a field k of characteristic p # 0, then we require that p not

divide n. Then the sequence of sheaves:

15 exact.



Chapter 2. Etale morphisms and Cohomology 33

Proof. 1. It suffices to prove the exact sequences on stalks. For x € U, the sequence

of stalks is
0 > .Fj id

‘./_'.f - 0 ‘0,

and for = ¢ U, the sequence of stalks is

0 >~ 0 > Fj
Both are exact.

2. Firstly, I remark that n is invertible in X if and only if n is invertible in Ox (X).
Indeed, by the property of sheaf, it suffices to prove the statement for X = Spec(A)
affine. From the assumption, we have n ¢ pA, for allp C A prime = n Anp¥Vp =
n is invertible in A. The converse is clear.

For the proof of exactness of the Kummer sequence, it is easy to see that

0 - [in - G, 2 G,

is exact. So, it suffices to prove that G,, inLi Gm » O is exact. We will
prove that the morphism ¢ + t™ is locally surjective.
Let U — X étale, a € G, (U) = Oy (U)*. Assume that U = |J Spec(A;). Let

i€l

Ui = Spec(Al[T]/(Tn - a‘Spec(Ai)))a

Since n is invertible in X, n is also invertible in U (hence, in A;), then T"—a is sepa-
rable. Therefore, (U; — U);er is an étale covering of U. The map Gy, totr, G,

becomes

Spec( AT/ (T" = alspeeiar))) =2 Spec(AlT]/(T" = algpeciar))
And so a]spec(Ai) is in the image of the map ¢ — t" above.

O

Remark 2.38. 1. If ¢ : 1ij*F — F is the canonical morphism corresponding by ad-
jointness to the identity map on j*F then, for every x € U, for every étale neighbor-
hood V of x, we can choose V small such that V' — X factors through U. And so,
the mapping ¢z = idz. And similarly, let f : X — Y be a morphism of scheme and
a: f*foF = F € Homx,, (f* f«F,F) corresponding by adjointness to the identity
map fi.F — fiF then for every z € X such that Oy ¢ /M) = Oxz/m; is a
separable extension (hence, the geometric point T — X is also a geometric point

of V), we have az = idz. Similarly, if 8 : F — f.f*F is the canonical morphism
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corresponding to the identity f*F — f*JF then for every y € Y such that y — Y
factors through X then 3, = idy.

2. In fact, to define j; and have the exact sequence, we don’t need U — X open
immersion, we just need U — X étale, and so we can take Z = X\ j(U). Moreover,
in the situation of the exact sequence, we only need that j satisfies the following
condition: if ¢ = j o «v is étale then « is étale. Hence, we only need to assume j
is unramified, and the stalk doesn’t change (note that an unramified morphism is
not an open map, in general, so we must change the situation of Z in the exact

sequence).

2.3 Etale Cohomology

In the last section, we showed that the category of sheaves of abelian groups Sh(Xg) is
an abelian category with enough injectives.

The functor of global section
(X, —): Sh(Xg) — Adb

is left exact, and so we can define H" (X, —) to be its r-th right derived functor. Ex-

plicitly, for a sheaf F, choose an injective resolution
0F -2 -1t 5712 — .|
and apply the functor I'(X, —) to obtain a complex
0-T(X,I°) - T(X,I") - (X, T%) — ---

This is no longer exact in general, and H" (X, —) is defined to be its r-th cohomology

group.
The theory of derived functors shows that:

e for any sheaf F, then HO( Xy, F) = T'(X, F),
e if 7 is injective, then H"(X¢,Z) = 0 for every r > 0,

e a short exact sequence of sheaves

0=F - F—=F" =0
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gives rise to long exact sequence

0 — H°(Xg, F') = H°(Xet, F) — H*(Xe, F') = H (X, F') = -+,
and the association of the long exact sequence with the short exact sequence is
functorial.

Remark 2.39. The functors H" (X, —) are uniquely determined (up to a unique isomor-

phism) by above properties (universal property of derived functors).

Example 2.5. Some basic examples of étale cohomology.

1. Let ¢ : U — X be an étale morphism. Then ¢* : Sh(X¢) — Sh(Ug) is exact and
preserves injectives (propsition 2.2.22). Moreover ¢* is just the restriction, we see

that the composite

F(U7_)

Sh(Xer) —— Sh(Ug) Ab

is I'(U,—). So the right derived functors of F — F(U) : Sh(X&) — Ab are F —
H"(Ug, Flu). We often denote H" (U, Fluy) by H" (Ug, F).

2. Let ¢ :' Y — X be a morphism. We know that ©* is exact, and therefore a short
exact sequence
0F =-F—=F =0

of sheaves on X gives rise to a long exact sequence
0= H (Yo, p*F') = -+ == H' (Yer, o*F') = H*(Yer, 0*F) = H* (Yo, ' F') — -

of cohomology groups.
By the universal property of derived functors, the natural map H°(Xg, F) —
HO(Yy, p* F) extends uniquely to a family of natural maps H™ (X g, F) — H" (Y, ¢* F)

compatible with the boundary maps.

3. (Cohomology of a geometric point) Let x be a geometric point of X then H" (x, F) =
0 forr >0

4. For a fized sheaf Fy, the functor F — Homx (Fo, F) is left exact, and we denote its
r—th right derived functor by Ext"(Fy,—). Because Homx (Fo, —) is functorial in
Fo, so also is Ext’y (Fo,—). In particular, if Z is denoted the constant sheaf on X.

Then for any sheaf F on X, the map a — «(1) is an isomorphism Homx (Z, F) —
F(X). Thus Homx(Z,—) = I'(X,—), and so Ext(Z,—) = H"(Xg,—). Beside
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the normal long exact sequence of cohomology, we also have that: a short exact
sequence
0— Fo—Fo—F)—0

of sheaves on X ggives rise to a long exact sequence
oo = Bat (F), F) — Exty (Fo, F) = Bat's (F), F) — -+

for any sheaf F.

5. Let Z be a closed subscheme of X, and let U = X \ Z. For any sheaf F on Xg ,
define
Iz(X,F) = Ker(I'(X,F) = I'(U,F)).

Then the functor F — T'z(X,F) is obviously left exact, and we denote its r — th
right derived functor by H,(X,—) (cohomology of F with support on Z). Then

for any sheaf F on Xgand closed Z — X, there is a long exact sequence
o= Hy(X,F) —» H'(X,F) = H(U,F) » H} " (X, F) — -

And the sequence is functorial in the pair (X, X \ Z) and F.

Next, we would like to compute the cohomology H"(Xgt, ftn). For this, by Kummer
sequence, it suffices to compute the cohomology H" (X, Gr,). Let X be an integral
and quasi-compact scheme (hence, U — X étale implies U integral and quasi-compact),
g : Spec(K) — x be the inclusion of the generic point. Denote Gy, i the sheaf G, on
Spec(K)etale; 1-€. G x(U) =T(Oy,U)* for every U — Spec(K) étale.

Claim: For U — X étale, then ¢.Gy, x(U) = I'(U ®x Spec(K),Gy,) = k(U)* where
k(U) is the rational field of U.

For every U — X étale, we define morphism
o(U) : G (U) = g«Gr .k (U)

as the injective morphism Oy (U) < k(U)*. Then we obtain an injective morphism of
sheaves: ¢ : Gy, — gxGm K-

Assume in addition, X is regular. We can define the Weil divisor sheaf as follows: let X3
be the set of points = in X of codimension 1 (i.e. codimension of {z} is 1, equivalently,
Ox , has dimension 1, hence Ox ; is a discrete valuation ring). The sheaf Divy of Weil

divisors on Xgis defined as the sum of direct image of constant sheaves on {x}:

Divx = @P iwZ,
reX
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where i, : {x} < X the closed immersion. Remark that this sheaf is the associated sheaf

of the presheaf defined by € (iz«Z(U)), more precisely, Divx(U) is the free abelian
zeX)
group generated by prime divisors of U (a prime divisors of U is a closed integral

subscheme Z of codimension 1).

Moreover, we have the following 1-1 correspondence:
{X; = set of points € X of codimension 1} —— {prime divisors of X} .

This correspondence comes from the correspondence between a closed integral subscheme
and its generic point.

Similarly, for every non-empty ¢ : U — X étale, a prime divisor Z of X is said to meet
U if intersection of Z and image of U is non-empty. Then the map Z — ¢~ 1(Z) define

a bijection:
{set of prime divisors of X meeting U} —— {set of prime divisors of U}

where the inverse map sends a prime divisor of U to closure of ¢(U).
If U is an open affine subscheme of X, with I'(U, Ox) = A say, then the map p — V(p)

is a bijection:
{set of prime ideals of A of height one} —— {set of prime divisors of U}

where the inverse map sends a prime divisor Z of U to the ideal I(Z).

In particular, every prime divisor Z on X defines a discrete valuation ordz on K, namely,
that corresponding the ideal I(Z) C I'(U, Oy) where U is an open affine meeting Z.
So, for if f € k(U)* we can associate a map f — > ordz(f) where the sum is taken
over all prime divisors of U. From a well-know result, we know that there are only finite
prime divisors Z of U such that ordz(f) # 0, hence > ordz(f) € Divx(U).

Theorem 2.40. Then the sequence of sheaves
0—=Gm — g+sGm,xk = Divxy =0

18 exact.

Proof. 1t suffices to prove that for every x € X, the corresponding sequence of stalks
at the geometric point T is exact. Since X is regular (hence, U — X étale implies U

regular), we have that the sequence

0= Oxz — Frac(Oxz) — @ Z— 0
ht(p)=1
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where the sum is taken over all prime ideal of Ox z of height 1. So, it suffices to calculus

the stalks of all sheaves in the sequence at any geometric point 7 € X.

e The stalk of G,,, at §is Ox 5 := li_>(’)U(U ) where the direct limit is taken over all

étale neighborhood of 7.

e The stalk of g.G,, ik at ¥ is (FracOX@) *, Indeed,

(9+Gm i)y = LimG (U ®@x {y}) = limk(U)* = lim(FracOy(U))”

= (Frac(li_>mOU(U)))X = (F?“CLCOX,@)X

e The stalk of Divx at 7: Since i, : {} < X is a closed immersion,

Divxg= Y (izsZ);= > I

reX veXyyela}

Let Spec(A) C X be an open neighborhood of y, then from the third correspon-

dence, we have that
{reX:ye{a}} —— {pCOxy:ht(p) =1} .

Hence, Divxy = @ Z.
ht(p)=1

2.3.1 Cohomology of curves

In this subsection, we will compute explicitly some cohomology groups of curves. More

precisely, we will compute H" (X¢;, Gy,) and H" (X, fin)-

Theorem 2.41. For a connected nonsingular curve X over an algebraically closed field,

N(X,0%) ifr=0
H"(X&,Gm) =< Pic(X) ifr=1
0 ifr > 2.
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Theorem 2.42. Let X be a complete connected nonsingular curve over an algebraically

closed field k. For any n prime to the characteristic of k, we have

/Ln(kj) ifr=20

., (Z/nZ)?9  ifr=1
H Xéa n) —

(Xet in) Z/nZ ifr=2

0 if r > 2.

where g is the genus of X.

By considering the long exact sequence of Kummer sequence, and use the first theorem,

we can easily prove the second theorem from the following lemma

Lemma 2.43. Let X be a complete connected nonsingular curve over an algebraically
closed field k. Then the sequence

0 — Pic’(X) — Pic(X) = Z — 0

is exact where the morphism Pic(X) — Z is the degree morphism and Pic’(X) is the
quotient of the group of divisors of degree 0 Div®(X) by the subgroup of principal divisors.

Moreover, for any integer n relatively prime to the characteristic of k, then the morphism
Pic®(X) — Pic®(X)

defined by z — nz is surjective such that its kernel equals to a free Z/nZ-module of rank

2g with g genus of X.

Proof. The first point of the lemma is easy. The proof of the second statement is more
difficult. And so, we just consider an easy case g = 1 (i.e. elliptic curve over C). For
this, let £ be an elliptic curve over C then Pic’(X) = E = C/L where L is the lattice

corresponding to E. So, the kernel is isomorphic to
1
~L/L=7/nZ.
n

For an arbitrary algebraic closed field, the proof is similar (see [Mil80]). O

For curve, we only need the second theorem, but for general variety of dimension d, we
also have that H" (X, A) = 0 for every r > 2d and A the constant sheaf. (see [Mil80]).
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2.3.2 l-adic Cohomology

In the previous section, we have computed the cohomology of Z/I"7Z. However, it will

be important for us to consider
Hl(Xét, Zy) = mHl(Xétv ZJ"Z).

Definition 2.44. A sheaf of Z; - modules on X (or an l-adic sheaf) is a family (M,,, fr41 :
M1 — M,,) such that

(a) for each n, M,, is a constructible sheaf of Z/I"7Z - modules,

(b) for each n, the map fr+1 : Myp4+1 — M, induces an isomorphism M, 41 /1" M +1 —
M, where M, 41 /1" My, 41 is the sheafification of the presheaf defined by M, 41 /1" Mp+1(U) =
Mys1(U) 1" Mp41(U). Remark that Mo, 41/1" My = Myy1 @ Z/1MZ.

Let (Mo, fn)nen be a sheaf of Z;- modules on X. By induction, we obtain a canonical
isomorphism M, 4s/I" My 1s = M,,.

On the other hand, we have a sequence of constant sheaves:

7)°7 L 7177 — 71T
(it is exact since the correspondent sequence of stalks is exact). On tensoring this

sequence with M, s, we obtain a sequence:

lTL

O%Msg’Mnﬁ-s;’Mn

0

We say that M is flat if this sequence is exact for all n and s. Remark that by definition
of associated sheaf, we imply that the morphism [" is the scalar multiplication with "

for every U — X étale.

For a sheaf M = (M,,) of Z;-modules, we have a canonical morphism H" (Xg, Myp11) —
H"(X¢, M,;,) induced by the morphismm f,, 1. So, we can define the l-adic cohomology
by

H"(Xg, M) = LimH' (Xee, My,).

For example, if we let Z;denote the sheaf of Z;-modules with M,, the constant sheaf
Z/I"Z and the obvious f,,, then

H" (Xer, 1) = limH" (Xer, Z)1I"Z).

In module theory, we know that to give a finitely generated Z;-module M is the same as

to give a family (My, fnt1 : Mpt1 — My)nen such that



Chapter 2. Etale morphisms and Cohomology 41

(a) for all n, M, is a finite Z/I"Z- module,
(b) for all n, the map fn41 : Mypt1 — M, induces an isomorphism M, 41 /1" M, +1 —

M,

We recall the finiteness theorem

Theorem 2.45. Let X be a variety over a separably closed field k, and let F be a
constructible sheaf on Xg. The groups H" (X g, F) are finite in each of the following two
cases:

(a) X is complete, or

(b) F has no p-torsion, where p is the characteristic of k.

Hence, we can prove that the [ — adic cohomology is a finitely generated Z;-module.

Theorem 2.46. Let M = (M,,) be a flat sheaf of Z;-modules on a variety X over a
field k. Assume k is separably closed, and that either X is complete of that | # char(k).
Then each H" (X g, M) is finitely generated, and there is an exact sequence of cohomology

groups
o= H' (Xgy M) = H (X gy M) — H (X g, My,) — H X gy M) — -+
Proof. For each s > 0, we ge an exact sequence
0— M, = Mpys = My — 0.

These are compatible in the sense that

ln

0 MS+1 Mn+s+1 > Mn -0
id
0 > Ms & > Mn+s > Mn ~ 0

commutes. On forming the cohomology sequence for each n and passing to the inverse

limit over all n, we obtain an exact sequence
i > H"(M) = H' (M) = H"(M,,) = H (M) — ---

where the first morphism is the " morphism.

This gives an exact sequence

0— H"(M)/I"H"(M) — H"(M,) = H 1 (M)pm — 0.
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Since H"(M) is an inverse limit of finite groups killed by some ", imH (M) =0,

hence
@HT(M)/Z"HT(M) = H"(M).
Therefore, H" (M) is finitely generated as Z; - module. O

Sheaves of (Q;-modules

A sheaf of Q-vector spaces is just a Z;-sheaf M = (M,,), except that we define

H"(Xg, M) = (limH" (Xeg, My)) @z, Qu.

For example,
H"(Xe, Q) = (limH" (Xe, Z/1"Z)) ®z, Q = H' (Xe&t, Zr) @7, Q-

By the previous theorem, we have that H" (X, M) is a Q;-vector spaces of finite di-

mension.

2.3.3 Action of a morphism on cohomology

Let f : X — Y be a morphism of schemes. Then it induces the direct image f, :
Sh(X¢) — Sh(Yy) and inverse image f* : Sh(Ys) — Sh(Xg) where fo(F)(U) =
F(U xy X) for every U — X étale, F sheaf on Xg, and f*(F) is the associated sheaf
of presheaf U — _ F (V') defined in the previous chapter.

Proposition 2.47. Let f : X — Y be a morphism of schemes. Then for any sheaf F

on'Y, we get a natural map
f*H*Y,F)— H*(X, f*F).

Proof. Choose an injective resolution 0 — F — Z°® of F. Applying the functor f*, which
is exact, we obtain a resolution (not necessary injective) of f*F. Let 0 — f*F — j® be

an injective resolution of f*F, then we have the diagram

O - f*f > f*z'.
id
0 — f*F - J°

By the definition of f*, we induce morphisms

NYy,7°) - I'(X, f*I*) - T'(X,J°*)
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which give rise to the desired map in cohomology. O

Remark 2.48. 1. Similarly, if F is a sheaf of X there is a map
H(Y, . F) = H*(X, F)
obtained as the composition
H*(Y, fo.F) = H*(X, [* [« F) = H*(X, F)

where the second map comes from the adjunction map f*f,.F — F.

2. If f: X =Y is a morphism of schemes and A is a constant sheaf, since f*A = A,

we get a map
f*H (Ya, A) = H*(Xe, A)

in cohomology. In particular, if A = Z/I"Z, we obtain a compatible families of
maps

Fo 1 H* (Yo, Z)1"Z) — H*(Xey, 71" 7).

They induce a map of [ — adic cohomology

o H® (Y, Q) = H®(Xer, Qi)

2.4 Frobenius morphism and Lefschetz formula in étale

cohomology

In this section, I will discuss some more or less related issues revolving around the
main idea relating (étale) cohomology via the Lefschetz trace formula, studying the zeta
and L-function amounts to studying the representation of the Frobenius on morphism

cohomology. Let’s start by studying the Frobenius morphism in some generality.

2.4.1 The Frobeniuses on X

Definition 2.49. A scheme X is said to be of characteristic p if pOx = O.

Of course, a non-trivial scheme cannot have two distinct prime characteristics. Remark
that saying that X is of characteristic p is the same thing as saying that it may be

viewed as a scheme over [F),.
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Definition 2.50. Let X be a scheme of characteristic p. We define the (absolute)
Frobenius endomorphism of X
FX/FP X — X

as the morphism which is the identity on the underlying topological space |X| and the
ph-power map on Ox. (we also can drop the F), from the notation of Frobenius morphism

when this causes no ambiguity)

Remark 2.51. Let’s keep the notations as the above definition.

1. The morphism defined in the definition is really a morphism of sheaves of rings

since pOx = 0.

2. If X is a scheme over F, , where ¢ = p", then it may also be viewed as a scheme
over [}, , so it has a Frobenius morphism Fly/r, and Fy/p, (or F) (which raises

functions to the ¢'*-power) is a morphism of X as a scheme over F, .

3. The Frobenius morphism behaves functionally, in the sense that for each morphism
Y — X (which automatically makes Y into a scheme over I, provided X is one),

the following diagram commutes:

Y

X X

Fx

In order to simplify the notation, let & denote the field F, of ¢ elements and fix an
algebraic closure k < k of k. If X is a scheme over k, we can extend the scalars to get
a scheme X over k,

X =X X k.

It appears that on X, there coexists four different Frobenius morphisms:
1. The absolute Frobenius morphism
F=F;: X —X

which we discussed in the previous section.

2. The relative Frobenius morphism
Fr = FX Xk 1@

obtained by base change of the Frobenius morphism of X (it is also sometimes

called the k-linear Frobenius morphism of X).
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3. The arithmetic Frobenius morphism

Fa = 1X Xk FSpecE

obtained by base change the Frobenius morphism of Speck.

4. The geometrical Frobenius morphism

- -1
Fg = 1X Xk FSpecE

which is the inverse of the arithmetical Frobenius morphism.

Example 2.6. In the case X = Spec(A) where A = k[t1,ta, -+ ,tyn] is a finitely gener-
ated k -algebra, then

X = Spec(k @y A) = Spec(k[t1, -+ ,tn]).

Then on an element of k[t1,- -+ ,t,], which is a polynomial in the t;’s with coefficient in
k:

1. The relative Frobenius morphism F,. corresponds to raising the t;’s to the power of

p.

2. The arithmetical Frobenius morphism F, corresponds to raising the coefficients to

the power of p.

3. The geometrical Frobenius morphism Fy corresponds to taking p" roots of the

coefficients.

4. The absolute Frobenius morphism F corresponds to raising both the t;’s and the
coefficients to the power of p, which is the same thing as raising the element to the

power of p.

Remark 2.52. 1. By universal property of base change, we have F' = F,oF, = F,oF,.

2. Since F is the identity on |X|, the continuous maps F;., F, induce on the étale site
of X are inverse one to the other. This means that F, is an homeomorphism of
X with inverse F,, i.e. the relative Frobenius F, and the geometrical Frobenius

F, = F, ! induce the same continuous function
F Yét — Yét

which we may call the geometrical Frobenius correspondence on X g;.
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3. Since the continuous map F' : X4 — Xg induced by the absolute Frobenius
morphism F': X — X is identity, the relative Frobenius morphism and arithmetic

Frobenius morphism induce the same map in cohomology.

2.4.2 The Lefschetz trace formula

One of the most important results in étale cohomology is the so called Lefschetz trace
formula (or Lefschetz fixed point formula). With this formula applying to Frobenius
morphism we can give a formula for the number of rational points of a variety. So, it is

very important tool to prove the Weil conjectures.

Theorem 2.53. Let X be a complete nonsingular variety over an algebraically closed
field k, and let f : X — X be a morphism of schemes which a linear morphism f* :
H* (X4, Q) — H*(Xe, Qi) of Qp-vector spaces, then

(TpeA) =D (=1)'Tr(fIH"(X,Q))
where I'y is the graph of f, and A is the diagonal in X x X. Thus (I'y.A) is the number
of fixed points of f counted with multiplicities.

Let consider a very basic example.

Example 2.7. (Lefschetz trace formula for 0-dimensional scheme)

Let X be a scheme of dimension 0. We know that H"(Xg,A) = 0 for every r > 0
and HY(X g, A) = A™X) where mo(X) is the set of its connected components. The
morphism f induces the linear morphism fO : HO(X g, A) — H(X g, A) where mo(f) :
m0(X) — 7o(X) sends the connected component of a point x to the connected component
of f(x). So its trace is the number of connected components stabilized by f, i.e. the
number of fived points of mo(f) : mo(X) — mo(X). In particular, the trace of f° :
H°(X,Q) — HY(X,Q) is the number of connected components of X stabilized by f
(since trace(f ® g) = trace(f)-trace(g)). On the other hand, because X is of dimension
0, we have the connected components of X are just its points, so that Number of fized
points of f L(f,X) is the number of fized points of mo(f) and so

L(f,X) = Tr(f°|H(X, Q).

We obtain the Lefschetz fixed point formula for 0-dimensional scheme (remark that in

this case every fized point of f has multiplicity 1).



Chapter 3

Zeta functions and L-functions

according to Grothendieck

In this chapter, I would like to define the zeta functions and L - functions of any varieties,
for instance, curves over finite fields. By using the Lefschetz fixed point formula, we are
able to prove the rationality of the functions. In some examples, we will also discuss a

little bit about the Riemann hypothesis.

3.1 Zeta functions and Weil conjectures

Suppose that X is a variety over a finite field £ = F,. For every m > 1, let N,, =

| X (Fgm )| be the number of points on X with coordinates in Fym, i.e. the cardinality of
X (Fgm) := Homgpeck(SpecFgm, X)

= |_| Homk—alg(k(x)qum) = |_| Homk—alg(k(x)qum)'
zeX deg(z)|m

It is also equal to the number of points of X X Fym of degree 1. We define the (Hasse-
Weil) zeta function of X to be

tm tm 1 t™. o
Z(X,t)=exp( Y Np—) =1+ Np—+ oLt > Np—)"+ - €Q[[H].
m>1 m m>1 m T om>1 m
Note that

d
—logZ (X, t) = N, ™1

Remark 3.1. If X is a scheme over SpecZ, then for any prime number p, we are able

to compute the zeta function Z(Xp,t) of X, := X xz SpecF, as a scheme over F,, and

47
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then multiply them all together to obtain

((X,s) = H Z(Xp,p"")

p

- the global zeta function of X.

3.1.1 The statements of the Weil conjectures

Suppose that X is a smooth, geometrically connected, projective variety of dimension n
over a finite field k = F,.
Congecture 3.2. (Rationality). Z(X,t) is a rational function, i.e. it lies in Q(¢).
Conjecture 3.3. (Functional equation). If E = (A e A) is the self-intersection of the
diagonal A — X x X, then
1
Z(X,—) = +¢"PP 7(X 1).
qt
Especially, if X is a curve of genus g then

1

=)= q' I Z(X ).
q

Z2(X

Conjecture 3.4. (Analogue of the Riemann hypothesis). One can write

Pi(t) - P3(t) - Pop—1(t)

2 = R O PaD) - Ponll)

with Py(t) = 1—t, Pa,(t) = 1—¢"t and for 1 < i < 2n—1, we have P;(t) € Z[t] : Pi(t) =

[1(1 — a4jt) with ay; algebraic integers satisfying |a;;| = ¢'/2. Especially, if X is a curve

J
of genus g then

P(t
2(x,) = — PO
(1 —¢)(1 —qt)
where P(t) is a polynomial satisfying that
29
P(t) =] - ait)
i=0

with || = qz.
Example 3.1. Since, P"(Fgr) = ¢ + ¢ 4o g" 4+ 1, the zeta function of the

projective space 18

0 _ 1 . A 1
Z (P, 1) —efﬁp(;rjoq]) T (-t —gt)-(1—qnt)
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3.1.2 Some properties of the zeta functions

Theorem 3.5. The zeta function

tm tm 1 moo
Z(X,t):e:cp(ZNm—) ::1+2Nm—+§(ZNm7) 4.
m>1 m m>1 m T om>1 m

converges for |t| < g~ @mX,

Proof. First, assume that X = SpecF,[T1,T5, - ,T;] to be the spectrum of a polyno-
mial ring. By the definition of the zeta function, we have

2 Nppt™

logZ(X,t) = .

m
m=1

Since N,;, = | X (Fym )| is the number of points in X with coordinates in Fym, N, < ¢4™mX.

If |t| < ¢~ %™X there exists € > 0 such that |t| < ¢~ %mX g

N m em 1
= | < s
m m maqem
o0
= Z(X,t) converges since »_ . For the general case, we will reduce to the first case by
m=1
the following lemma. O

Lemma 3.6. Let X be the finite union of subschemes X;. If the theorem holds for all
X, then so it does for X. Moreover, if f : X — Y is finite and the theorem is valid for
Y then it is valid for X.

Proof. Indeed, by the definition of X (K) we have that | X (K)| < >  X;(K). Since

finite

Npt™
m

o

logZ(X,t) =Y

m=1

and dim(X) > dim(X;) for every i, we obtain the first statement. For the second, we
remark that a finite morphism is a closed map of underlying topological spaces. O

Proposition 3.7. For every variety X over F,, we have

Z(X, )= ] (1—tdeos@)~",

zeX

Proof. By definition,
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SO

75mdeg(:p)
log(1 — t%9@)y = —
m
m>1

Hence,

] ( H (1 tdeg(‘r))_l) Z Z gm deg(z) Z Z deg(z)t™

0 — = = —_—

g m m
r€Xy TEX m>1 m=1 deg(xﬂm

To prove the above proposition, it suffices to prove the following lemma. ]

Lemma 3.8. If X is a variety over the finite field F,, then

X(Fgm) =Y e-[{z € Xo : deg(z) = e}|.
elr
Proof.

X (Fgm) = |_| Hoqu,alg(Fq(x),IE‘qm).
deg(z)|m

If deg(x) = elm, then G(F,(z),F,) = Z/eZ and G(Fym,F,) are Galois. So Fy(x) = F4(a)
where « is a root of an minimal irreducible polynomial in F,[T] of degree e. Since the

extensions are separable,

X(Fgm) = Z deg(x) = Ze -z € Xy : deg(z) = e}
deg(x)|m elr

O]

Corollary 3.9. If X is a disjoint union (which may be infinite) of subschemes X;, then

Z(X,t) =[] 2(Xi.1).

3.1.3 Rationality

Theorem 3.10. For any complete nonsingular variety X of dimension d over F,, we

have
Pi(X,t) - Pyg—1(X,1)

Py(X,t) - Poa(X,t)
where Pr(X,1) = det(1 — Ft|gr(x,0))-

Z(X,t) =

In particular, if X is an algebraic curve of genus g then

- Pi(X,1) _ P(Xt)
D= xR a0 -

where Py(t) is a polynomial of degree 2g.
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Proof. Firstly, we will prove that N,, is the number of fixed points of F™ on X = Xz
Indeed, for m = 1, X(F;) = {z € X : deg(xz) = 1}. Then for each z € X(F,),
we can consider an affine neighbourhood of the form SpecF,[X1,---,X,]. Assume
r=(X;—a1,Xs—as, -, X, —a,) where a; € F,. On the other hand, the Frobenius
morphism at locally is (X1, , X,) — (X{, -+, Xi). So,

deg(z) = 1iff a? = a1,--- ,al = al iff z € XT.

Similarly for arbitrary m.

Hence, by the Lefschetz trace formula, we have

2d
N =Y (=1 Tr(F™| g (x,q0)-
r=0
Therefore,
tm 2d m
2060 = eap(3_ N0) = eop( D D (GO Tr(F™ i (xa) )
m m r=0
2d iy 2d »
=[] (ean(}_ Tr(F™|arxo)) )" T =TI P
r=0 m r—0

O]

Corollary 3.11. The power series Z(X,t) is a rational function with coefficients in Q,
i.e. it lies in Q(t).

This corollary is proved easily from the fact that if k¥ C K are fields, and f(t) € k[[t]]
such that f(t) € K(t) then f(t) € k(t).

Remark 3.12. The corollary doesn’t imply that the polynomial P,(X,¢) must have ratio-
nal coefficients. It says that, once any common factors have been removed, the numerator
and denominator of the expression will be polynomials with coefficients in Q, and will

be independent of [.

Theorem 3.13. Let o
P(t
2(X,t) =
X0 =50)
where P(t),Q(t) € Q[t] are relatively prime. When P and Q) are chosen to have constant

terms 1, they have coefficients in Z.

Proof. By proposition 3.1.7, we have

1
250 = 1 s

z€X
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hence Z(X,t) € 1+ tZ][[t]]. So, to prove the theorem, it suffices to prove that if

t
f(t) = igLEt; € 1+ tZ[[t]] where g(t), h(t) € 1 + tQy[t] relative prime,
then g, h both have coefficients in Z;. For this, after possibly replacing Q; with a finite
extension field, we may assume h(t) splits, say h(t) = [](1 — ¢t). If |¢|; > 1 then

|cil; < 1, and the power series f(c; ') converges. But then

F)-n(t) = g(t) = fc;) - hleih) = gle; ).

Since h(c; ') =0, g(c;') = 0,= f and g are not relative prime (contradiction). There-
fore, for all i: |c;|; < 1i.e. h(t) € Z[t]. Similarly, since f(t)~ € 1+t - Z[[t]], we have
g(t) € Zat]. [

3.2 L-functions and Weil conjectures

3.2.1 Quotients by finite group actions

Definition 3.14. Let X be a scheme, G a finite group acting (on the right) on X
by algebraic automorphism corresponding to g € G (i.e. G is endowed with a group
homomorphism G — Aut(X)). A quotient of X by G consists of a scheme (Y, Oy) and
a morphism (of schemes) 7 : X — Y (called quotient morphism), verifying the following

universal property:

i. mis G -invariant, that is 7 o o, = 7 for every o, € G. (sometimes, we can denote

o4 by g).

ii. 7 is universal with this property: for every scheme Z |, and every G -invariant
morphism f : X — Z, there exists a unique morphism h : Y — Z such that
hom = f.

The quotient scheme of X by the action of G is denoted by X/G.

Remark 3.15. 1. We can define the quotient space of a ringed topological space
(X, Ox) by the same universal property.

2. In the case of category of ringed spaces, the quotient space always exists. If
(X,0x) is a ringed space, then the quotient space of X over a finite group G
is the ringed space (Y, Oy) consisting of Y = X/G as the quotient set with the
quotient topology, 7 the canonical projection and Oy (V) = Ox (7~ (V) for
every open subset V of Y.
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3. In the category of schemes, the quotient scheme does not, in general, exist. Even
if the quotient scheme exists, it does not always coincide with the quotient as a

ringed topological space.

Proposition 3.16. Let A be a ring, G be a finite group of automorphisms of A , and
AC the subring of elements of A which are invariant under G . Then 7 : Spec A —
Spec A is the quotient scheme of Spec A over G and this is also the quotient as a
ringed topological space. Moreover, if U is an open subscheme of Spec A that is stable

under G then G acts on U and the quotient scheme U/G is isomorphic to w(U).

Proof. 1. Firstly, it is easy to see that the ring extension A® < A is a integral ex-

tension. Indeed, for every a € A, put P(T) = [] (T — g(a)) then T'(a) = 0.
ceG
Moreover, the group G acts transitively on the set of prime ideals of A above

a given prime ideal p € Spec AC. ie. for every qi,q2 C A primes such that
q1 N A% = g2 N A% then 3o € G such that q; = oqo. Indeed, let 2 € q; then

II aaceqlﬂAG:HaeGaxqu:ﬂaeG:axqu,henceq1g U oqe.
o€l ceqG
By the prime avoidance lemma, we have 3o € G : q1 C oqo; similarly, we have

Jo' € G : qe € U,qz, SO (1 = 0q2.

2. Consider the following diagram:

Spec A —"— Spec AC

N, A

where p is any G-invariant morphism of schemes. And f = (f, f¥) is defined as
follows
f:SpecA—Y

such that p — f(p) := p(q) where q is above p.

This map is well-defined and continuous. Let U C Y closed then p~1(U) = V(I)
for some ideal I C A. Tt suffices to show that f~1(U) = V(I N A%). f~1(U) C
V(I N A%) is clear, and the converse V(I N A%) C f~Y(U) comes from the fact
that the extension A% /I N A® < A/I is also integral.

Let any U C Y open, then the map f(U) : Oy (U) — Ospecac (f7H(U)) where
p Y (U) = SpecA —V(I) and f~H(U) = SepcA® — V(I N A%) is canonical induced
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from the diagram:

Oy(U) u OSpecA(SpeCA - V(I))

\/

(’)SpecAc(SpecAG — V(I N A%

(remark that 7! (SpecA® — V(I N AY) = SpecA — V(I)).
Similarly for subscheme U C SpecA which is stable under G, we have that U/G

exists and is isomorphic to 7w(U).
O

Remark 3.17. 7 : Spec A — Spec AS defined as above is an open map of underlying
topological spaces.
Proof. Tt suffices to prove that Va € A then n(D(a)) = GD(bi) where b; are the coeffi-
cients of '
[[(T-0ca)=T"+0,T"" + - + b,
ceG

Firstly, we will prove that 7(D(a)) C |J D(b;). Indeed, let x € w(D(a)) then there exists

y € D(a) such that = = 7(y). ie. there exists a ¢ y such that z = 7(y) = y N AY.
n

Assume that ¢ |J D(b;),then
=1

2

x¢ D) Vi=becx VYi=beY Vi

On the other hand, a” +bja" 1 +--- +b,=0,s0a" €yoracy (1)

Secondly, let x € D(b;) for some i, then b; ¢ x. By contradiction, assume that x ¢

7(D(a)) then Vy s.t. y N AS = zie. 2 = 7(y) we havey ¢ D(a)ora € Y. So, a €

yYy above z, from the proof of the theorem, we know that G acts transitively on {y :

ylx}; hence, o(a) € Y Vo € G. This implies that by = Y ca €Y, -+ b, = [[ ca €Y
oeG oeG

(n).

This contradiction implies that 7« is an open map. O

By gluing schemes, we can easily see that:

Proposition 3.18. Let G be a finite group acting on a scheme X. We suppose that
every point x € X has an affine open neighborhood that is stable under G then the

quotient scheme X /G exists.
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For example, if Y is quasi-projective scheme, then for each point y € Y, the finite
point {o(y) : ¢ € G} lie in a finite number of affine open subschemes of Y. Hence,
{o(y) : 0 € G} is contained in the intersection of a finite number of affine schemes,

which is also affine, since Y is separable.

Corollary 3.19. Let X be a quasi-projective scheme over a scheme S, and let G be a
finite group acting on the S-scheme X. Then the quotient scheme X /G exits and G acts
transitively on the fibres of X — X/G. Moreover, the canonical morphism X — X/G

is a finite morphism if S is locally noetherian.

Proposition 3.20. Let X be a quasi-projective scheme over a locally noetherian scheme
S. Let G be a finite group acting on X. Then the quotient morphism = : X — Y

commutes with flat base change.

Proof. We can deduce to the affine case. Let A be a ring, B an A -algebra and C be a
flat A -algebra. Suppose that G is a finite group acting on B (i.e. G is endowed with

a homomorphism G — Aut4(B)) then each element in G induces an automorphisms

B®sC — B®yC:
B g

B

Id
Bo,C0 22, Be,C

It suffices to prove that if Spec B — Spec A is quotient of scheme then (B®4 C)% = C.
In general, we will prove that (B ®4 C)¢ = B® ®4 C. For every ¢ € G, consider

a, : B— B
defined by a,(b) = ob — b for every b € B. Since C is flat and the sequence
O — kerayg — B — Imay — O

is exact,

O — kerag@,C — By C — Imag @4 C — O

is also exact. This implies that ker a, ® 4 C' = ker(a, ® Idc). Since G is finite, we
only need to prove that Vo,o’ € G then ker(a, ® Idc) () ker(ay, @ Idc) = (ker ay N
ker a,) ® C. Once again, it comes from the fact that if C' is flat then the sequence

O — (kerasNkeray, )4 C — B4 C — Im(ay,ay) @4 C — O

is exact and (ag, @) @4 Ido = (0 ® Ide, agr @ Ide). d
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By [Har92], we will give a more precise description of the quotient scheme of a projective
scheme over finite group. To begin with, observe that any action of a finite group on
a projective variety X C P" can be made projective, i.e. after embedding X into a
suitable projective scheme PV, we may assume that G acts on PV carrying X into
itself. Now let S(X) be the homogeneous coordinate ring of X in P” and consider the
subring B = S(X)¢ C S(X) invariant under the action of G. B is again a graded ring,
though it may not be generated by its first graded piece By (since By may be zero or

not homogeneous). Put
oo
BO = ) B
n=0

where B,,; are the homogeneous ring. Since B is finitely generated, for some i, S(Y') =

B will be generated by its first graded piece. Thus we can write
S(Y) = K[207217 T 7Zm]/(F1(Z)7‘ T 7FZ(Z))

where the Fj are homogeneous polynomials. Finally, we claim that Y = V(Fy,--- , F}) C
P™ is the quotient of X by G. Remark that m,! may be different from n, but dim X =

dim (X/@G). For detail examples, see the examples of L - functions.

Definition 3.21. Let X be a quasi-projective scheme over a the finite field F, and G a
finite group acting on X. We know that the quotient scheme Y = X /G exists.

1. Fix a point z € X then the subgroup G, = {go € Glox = =z} is called the

decomposition group of x.

2. By definition, the decomposition group G acts canonically on Ox ;. Hence, this
induces a group homomorphism G, — Gal(k(y)/k(z)) where y = f(z). The
inertia group I, of x is the kernel of this homomorphism. (remark that [k(y) : k(z)]

is finite since A® < A is integral and finitely generated.)

Proposition 3.22. [Liu02] Let X be a complete smooth variety over the finite field F,
and G a finite subgroup of automorphism of Fy -scheme X. Put Y = X/G the quotient

scheme of X over G, then for every x € X the sequence of groups
1= I - Gy — Gal(k(z)/k(y)) — 1

is exact where y = (x).

Proof. Since X is complete smooth variety, there exists an affine neighborhood of z
which is fixed by G,. So, we may choose x € SpecA — Y affine open neighborhood
of z. Assume first that G = G,,Y = X/G = Spec A® = Spec A%. Since k(x), k(y)
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are finite extension of F,, k(z) = k(y)(#) with § € A (remark that for x closed point,
Ox o/my = Alx).

Since G, = G, we can consider f(T) := [] (T — o ()) € k(y)[T]. Let g(T) € k(y)[T] be
oeG
the minimal polynomial of § then g(T')|f(T).

Hence, for every 6 € Gal(k(z)/k(y)), we have f(§6) = 0. This means that there exists
o € G such that o(0) = 6(0), i.e. o = 4.

For the general case, we need to prove that the residue field of each closed point u €
Spec A +— x € Spec AY then their residue fields are equal, i.e. A% /u = A/z. And

so, we deduce to the first case. ]

3.2.2 L-functions

Definition 3.23. Let Y be a complete smooth curve (or more general, variety) over the
finite field k = Fy; let G be a finite group of k-automorphisms of Y, and X =Y/G. For
any y € YV (i.e. y is a closed point of Y), Denote Gy, I, to be the decomposition and

inertia groups at y respectively, so there is an exact sequence:

1— 1, — Gy — Gal(k(y)/k(z)) — 1.

Write Y := Y ®; k where k is the algebraic closure of k, Then G acts on Y and
Y /G = X = X®k. Let Q2 be a field containing Q; where (I,q) = 1, and p : G — Autq(V)
be a finite-dimensional representation of G. Write f, for the canonical generator of
Gal(k(y)/k(z)), that is, fy(a) = a?""™: we may identify fy with an element of G, /I,.

Then the Artin L-series of p is the formal power series

1

LY, p,t) =
erxo det(1 — tdea(@) p(f,)|V1v)

where, for each € X, a choice is made of a y € Y° mapping to .

Remark 3.24. The term corresponding to = in L(Y, p,t) is independent of the choice
of y. Indeed, let another y’ above x then there exists o in G such that v = oy, so
Gy = 0Gyo~ ' and I,y = 0l 0. This implies that G /I, = 0(Gy/1,)o~"; moreover f,
is the canonical generator of Gal(k(y)/k(x)) = G /I, and f, is the canonical generator
of Gal(k(y')/k(z)) = Gy /I,. Hence f, = of,ot, so det(l — 9@ p(f)|VIv) =
det(1 — 199) p( )|V

In the next proposition, we will give some basic properties of L-functions

Proposition 3.25. Let p : G — Autq(V),p1 : G = Autq(V) and py : G — Autq(V)

be finite-dimensional representations of G then:
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1. L(Y, p1 ® p2,t) = L(Y, p1, t) L(Y, p2, 1);

2. L(Y,p,t) = Z(X,t) the zeta-function of X if p is trivial representation;

3. L(Y,p,t) = Z(Y,t) the zeta-function of Y if p is reqular representation;

4. Z(Y,t) = Z(X,t) ([1 L(Y, p, t)4™P) where the product is over the non-trivial, irre-

ducible representations p of G.

Proof. (1), (2) are clear from the definition of L(Y, p,t). For (3), let
p:G— GLq(V)

be the regular representation where V' = QG. Then p induces p : G, /I, — GLq (V).
Firstly, we will prove that

(dim V) |1, = dimV = |G| = |71 (2)| - |G, |.

Indeed, by the transitivity of the actions of G on the set 7~1(z), we have the canonical
bijective morphism of sets G/G, — 7~ !(z) defined by g -Gy — g -y = |G| = |7~ ()] -
|Gy|. To prove (dim V1v).|I,| = dimV = |G|, we can prove that Vv is a Q - vector
space generated by |G|/|I,| vectors. For example, if G = Z/8Z and I, = 0,2,4,6 then
Vv is generated by {1-0+1-2+1-4+1-6,1-14+1-3+1-5+1-7}.

Put m to be the order of Gal(k(y)/k(x)), since Gy /I, = Gal(k(y)/k(z)) = (f,) then we
can choose a suitable base of Vv as follows: {g, fy g1, ,f;”_l “g1,92,- - } so that
gi €495, fy- 95, - ,f;"il -gj} Vi# j and the matrix of p has the form

A
0

where A is the following matrix of order m

0 0 1
1 0 0
0 1 0

On the other hand, for each z € X0 det(1 — t4¢9% . A) = (1 — t?9Y). Hence, we have
L(Y,p,t) = Z(Y,1).
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(4) comes from the decomposition of the regular representation to irreducible represen-

tations. n

Theorem 3.26. If Y is a curve and p is irreducible, non-trivial; then
L(Y, pt) = det(1 — F{H(V,V*)C) i= det(1 — Ft|(H"(V, Q) @ V*)©)

where F :'Y — Y is the relative Frobenius morphism obtained by base change of the
Frobenius morphism of X , F : X — X. and (V*, p*) is the contragredient representation,
that is, p*(g) = p(g~')! as matrices. In particular, L(Y,p,t) is a polynomial in t that
divides the numerator of Z(Y,t).

In order to prove this theorem, we need some lemmas:

Lemma 3.27. We keep the notations and hypotheses of the previous definition, let

geGy—fy
then
1
LY, p,t) =
en=11  det(1 — t4e9@@) pov (£,) V)

rzeX

Proof. 1t suffices to show that
det(1 — t19E) p2 (f,)|V) = det(1 — 179 p(f,)[V'1¥)

Indeed, we have

Let

then P is the projection V — Vv and

p(g)P = Pp(g) = p™(fy)-

(20)

So the matrix of p®’(f,) is
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where A is the matrix of p(f,)|V . Hence

det(1 — 790 p (f,)[V) = det(1 — 179 p(f,) V1),

Let a be an endomorphism of a finite-dimensional vector space V', then

log(det(1 — at|V)™ ZT’F "]V

Indeed, if V is vector space of dimension 1 and « acts as multiplication by a, then the

formula is simply the identity

ntn

log(1 —at) = —Z -

In the general case, we choose a suitable basis of V such that the matrix of « is triangular,

then the general formula is a sum of dim(V') such above identities.

Therefore, we have that
tndeg m

logL(Y,p,t)= Y > Tr(p(f;)IV) =D > Tr(p™ (")) deg(x).

zeX0n>1 m>1deg(x)|m

Let x be the character of p, and for any z € X (Fy») (that is, point of X ® Fyn of degree

1), write

@)= 3 )
1,

geGy—fy

where y € Y ® Fg» maps to . Then it is easy to see that x(z) = Tr(p™(fy)|V). We
will show that

LY, 1) = erp( 3 L0

n
n>1

where va(Y,) = 3 x(@).
ZEX(Fqn)

We also know that Vz' € X (Fgn) mapping to x then fm/deg = fy and I, = I,,G, =
G, So, it suffices to prove the corresponding between X (Fyn) and {z € X° : degz|n}.

Lemma 3.28. Let X ® Fyn be the fibre product of X and SpecFg over SpecF,

X ®@Fgn SpecF 4n
a B
X SpeclF,
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Then

1. For all x € X° such that deg(x)|n then o~ (x) C X(Fyn),
2. For all ' € X(Fyn) then a(z') € XY and deg a(2')|n,

3. For all x € X such that deg(x)|n then |a~'(z)| = deg(x)

Proof. Before proving this lemma, I remark that « is closed map since 3 is universally

closed and we can reduce to the affine case X = SpecA

1. Let = be in X% and 2’ be an inverse image of x in X ® Fyn then 2’ is a closed

point. So
k(2') = (A®w, Fgn)w /2" (A®F, Fgn)) = A®r, Fgn /2’ = [A)z @5, Fgn] /2.

Moreover A/z = Fym with m a divisor of n. Since every finite extension of a finite
field is Galois extension. Therefore, A/x =TF,/(f(T')) where deg(f) =m

= k(z) = (Fqr [T1/(f(T))) /g

where g is a irreducible factor of f in Fgn[T]. On the other hand, Fym C Fyn,
hence g is a linear factor of f = k(z') = (Fn[T]/(f(T))),/ g = Fygn, this means
that deg(z') =1 or 2/ € X(Fgn).

2. Let 2’ € X(F4n) be such that deg(z') =1, i.e.
A®p, Fgn /o' = Fyn.
Assume that A/z = Fym then
Afw =F,[T1/(f(T)) with deg(f) = m

= (A®p, Fgn)/2' = (A)z Qp, Fgn) /2" = Fyn.

where ¢(T) is the irreducible factor of f corresponding to the maximal ideal z’.
This implies that g is a linear factor of f in Fyn [T for every 2’ above z. So, every

irreducible factor of f is linear in Fy»[T]. In the other words, Fgm C Fgn = m|n.
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3. We have a~!(x) is finite set of closed points. Moreover,
Alz @r, Fon = Fn[T]/(f(T)) = Fgr @ Fgn @ -+ - @ Fgn (deg(z) times).

So, |{close points of A/x @ Fyn}| = deg(z).
Therefore, it suffices to prove that the cardinality of a~!(z) = the cardinality
of {close points of A/x ® Fyn}. We will prove a general result as following: Let
A and B be two k - algebras (k is any field), denote P, C A, P, C B prime
ideals, T = A® B, I' = {Q € Specl' : QNA = P,QNB = B}, k(P) =
Ap,/P1Ap,,k(P2) = Bp,/PaBp,,T' = k(P1) ® k(P2). Then #I" = §Spec(T").
Indeed, denote

A=A/PB=B/P,,T=A®,B

and

T={Je Spec(T): JNA=(0),JNB=(0)}.

Since A — A/P; and B — B/P, then we have the surjective map T — T with
kernel Py @ B+ A® P, = Pi\T + P,T. Hence, we have the canonical injective map:

f4Spec(T) — SpecT and f*(T) =T.
Moreover, we also have that
A/P, — Ap, /Py Ap, and B/Ps —s B/Py/P,Bp,
induces the canonical map T — T". Since T’ =2 T's where
S={ri®7rs|r1 € A— {0}, € B—{0}}.

— gti . Spec(T') s SpecT is injective and %(gﬁ) =T.

— fﬂgjj is injective and Im(fﬁfgﬁ) =TI

Return to the our case, I remark that we only need the morphism f# and more-
over the mapping A ® Fgn — (A/x) ® Fyn is surjective (hence integral). Hence,
la=t(z)| = |{close points of A/z @ Fyn}|.

O

From these lemmas, we are able to express the L - functions in the terms of the fixed

points formula. Let’s study the following lemma
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Lemma 3.29.

(Y, x) x(o _1 L(oF™)
P>

where L(aF™) is the number of fized points of cF™ on'Y .

Proof. Let
Ly(cF):=|{H €Y :y~ xand oF(y) =7}

Since every points y — x have the same degree, we have

L.(cF) =|{geY gy~ nmz)and o F(y) =7}
=7 Y2)| - {geY gy~ yrxand oF(y) =7y} (for some y+— ) .
= |7~ (2)] - deg(y)

Indeed, since k is separable, there are deg(y) distinct points ¥ mapping to y for each
y — x. So, we only need to prove that, for each point y + =, if {7 € Y : 7 —
yand oF(y) = y}| # 0, i.e. 3y — y : oF(y) — 7 then all of points ¥ — y are in
{y €Y :y+— y and o F(y) = y}. On the other hand, we may assume that F(y) # v (if
not, then 7 = y, and there is nothing to prove). Put u = o~!(%) then u +— y. Since o
and F commutes, o F(u) = u. Similarly, for v = 0= !(u), then ¢ F(v) = v--- Remark
that oy = ¥, hence all of points 7 — are {7, 1(%), - -- }. Therefore,

g €Y gy aand oF(7) = G} = deg(y).

Moreover, to have {7 € Y : § + y — z and o F(y) = y}| different from 0 is equivalent
to have o - f, € I,. So,

|7~ (z)| - |deg(y)| if o - fy €1y

0 otherwise

Ly(ocF)= {
From the proof of above proposition, we have

|G| = |77 (2)]| - |Gyl = |77 ()] - Ly| - deg(y)/deg().

This implies that

—1
\G! Z X(c7 )Ly (o F).
oceG
Hence,
1 — n
vn(Y,x) = Gl > x(o7hL(eF")
ceG
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Proof of the theorem By the Lefschetz fixed point formula for ¢ F'™, we have

n(Vox) =y 5 Tr(plo™ ) S TroF @)

= STr( S (0 ©0) 0 (10 F)lv-og o]

Moreover ﬁ S p*(0) ® o is a projection V* @ H™ — (V* @ H")%. But p is irreducible
g
and H(X,Q;) = H?(X,Q;) = Q; then (V*)¢ = 0. Hence

L(Y, p,t) = det(1 — Ft|H (Y, V*)%) = det(1 — Ft|(H (Y, Q) @ V*)).

Remark 3.30. Similarly to the properties of zeta functions, we can prove some properties
of L-functions easily. For example, the L-function L(X, p,t) converges absolutely when
|t| < q—dimX )

3.3 Some examples

3.3.1 Zeta functions of Grassmannians

Definition 3.31. The Grassmannian G(d,n): Let V be a vector space of dimension
n > 2 over the field k = F;. Let 1 < d < n be any integer. Then the Grassmannian
G(d,n) is defined to be the set of all d-dimensional subspaces of V| i.e.

G(d,n) ={W : W C V as subspace of dimension d}.

Theorem 3.32. The Grassmannian G(d,n) is a smooth projective variety of dim G(d,n) =

d(n — d) which can be considered as a variety over any finite field F,,.

In order to compute the zeta function of the Grassmannian G(d,n), we need to compute
the number of points of G(d,n) over any finite extension of F,. For this, we consider
the action of Gal(k/k) on G(d,n)(k) C PN (k). For each ¢ € T' = Gal(k/k) and (ay :
ai:---:ayn) € PNV(k), we define

olag:ay:---:an) = (o(ag):o(ar) : -+ :o(an)).

It is easy to see that this action is well defined and o103(ag : -+ : an) = o1(o2(ag : -+ - :

ay)).

Moreover one can prove the following lemma:
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Lemma 3.33. The Galois group I' = Gal(k/k) acts on PN (k) and the fived points are
precisely the points in PN (k), i.e.

{fu=(ap: - :ay) ePY(E)o(u) =u VYo eT}=P(k).

Hence, we can consider the action of Galois group I' = Gal(k/k) on G(d,n) and we have
|G (d,n) (k)| = [[G(d, n) (R)]"]

which is the number of d - dimensional subspaces of k" which are I' invariant.
Without loss of generality, suppose that the n-dimensional vector space V is k" and
G(d,n) is the collection of all d dimensional subspaces of k" and I' acts on it as follows:

for U € G(d,n) and o € T, the action of o induces
J(U) = {G(x17$27 T ,xn) = (G($1)7' o 70(1')”)) : (xlv T ,xn) S U}

It is easy to see that if U has a basis {wi,ws, - ,wg} such that w; € k™ then U is T
invariant, i.e. o(U) = U Vo € I'. In fact the converse is also hold. And this gives a

way to calculate |[G(d, n)(k)]"|.

Lemma 3.34. U € G(d,n) is T invariant if and only if U has a basis {wy,wa, - ,wq}
with each w; € k™.

By the lemma, we have that G(d,n)(F,) is the number of vector spaces with bases

{v1,v2, -+ ,v4} such that v; € k™. Let J denote the collection of all bases {vi, v, -+ ,vq}
such that v; € k™, then
/|
G(d,n)(Fy) = ==
T |GL(d)(Fy)]

For calculating J, we choose the base as follows: v1 € Fy \ {0}, then ve € Fy \ F,v1 and
vz € Fy \ Fqui + Fqva - -+ So there are

@ =1)("—q) (" —q" )

such vector bases {vy, vy, -+ ,v4}. Similarly, the number of invertible matrices of GL(d)
is also the number of linearly independent vector spaces in IFf]l. Hence
R G VI et  EER (st

G(d,n)(F;) = |GL(d)(F))| = (ld _ 1)(ld_1 —1)---(1-1)
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where | = ¢q".

This is the usual Gaussian Binomial coefficient

n\ (=1t —1).. (- 1)
d ) @-DEt-1--0-1)

By [And98], we know that it can be interpreted as a polynomial in [. More precisely,
n d(n—d) '
= > bl
d l =0

4
<2> =1+14+22+1+1*
l

For example

Hence
1

Z(G(d7 n)’ t) = (1 _ t)b()(l _ qt)ln ce (1 — qd(n_d))bd("*d) ’

3.3.2 L - functions with group of order 2

Weighted Projective Spaces: Probably the most basic examples of quotients of
projective varieties by finite groups are quotients of projective space by the action of
abelian groups acting diagonally, weighted projective spaces. To have a finite abelian
subgroup of the group of automorphisms of schemes, we can find the group of order 2.
For example, consider the group G = {1,0} where o : P! — P! is the morphism defined
by

o(z0:21) = (20: —21).

Remark that if f(zo, z1) is a homogeneous polynomial then f(zg, z1) is a product of linear
factors in k then o(u) is the product of o of the linear factors. It is easy to see that o is
really a morphism of schemes P!(k) over any field k. The subring of the homogeneous
coordinate ring of P! invariant under the action of G, say X is thus generated by the
monomials zg, z%. Put wy = 28, wy = z% with no relation among them. So, we have that
X = Projklwg,w] = P(k).

Consider the L-function of the regular action of G:
p:G— GL(QG).

It is easy to see that p is decomposed to p; = id and py such that p;, ps are representation

of dimension 1 and p2(0) = —1. We have:

Z(Plat) = L(Pl,p’t) = Z(th)LaPl?vat)'
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Since

1
2050 = =g 20 T T pa =

and L(P*, p,t) is a polynomial, hence we should have L(P!, ps,t) = 1. Since |G| < 2
then [k(y) : k(z)] < 2. If [k(y) : k(z)] = 1 and |Go| = 2 then x(P!,z) = 0. If
[k(y) : k(z)] = 1 and |Ga| = 1 then x(P!,z) = 1 and if [k(y) : k(z)] = 2 and |Ga| = 2
then x(P!,z) = —1. So, we should have the number of points x in X such that deg(y) =
deg(x) is equal to the number of points z in X such that deg(y) = 2deg(x).

Klein Quartic: Consider the curve C := X3Y + Y37 + Z3X of genus 3 over k = Fy.

We know that
1+ 5t3 + 86

(1—-t)(1—2t)°
Consider group G = {1,0} where 0(X,Y,Z) = (=X, —-Y,—Z) then G acts on C. More-

over the coordinate ring of C' is

Z(C) =

S(C) =k[X,Y,Z)/(X3Y +Y3Z + Z3X).

Hence S(X)€ is generated by {X2, Y2, 72, XY, XZ, Y Z}.
Therefore, C/G is generated by

(T'Ty + ToTs + TsTe, T — T3, ThTs — T2, ToTs — T2, ThTs — TuTs, ToTs — TAT,
T3Ty — T5Te, ThTs — TyTe, ToTs — TuTs5, 15Ty — T5T6)

- a projective curve in P5.

Hence its zeta functions is of the form

ft)

20160 = 75—

Consider the regular representation p : G — GL(Q; G) then

Since 1 + 5t + 85 is irreducible. Then C/G is a curve of genus 3, L(C,pa,t) =
1, Z(C/G,t) = Z(C,t). By taking the derivative of the same zeta function, we have
that NZ(C) = Nz(C/G)

3.4 Application of zeta and L-functions

For an application of Weil conjectures, we want to use the Weil conjectures to describe

more explicit about the zeta functions of an elliptic curve. Precisely, we would like to
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under stand P(t) in
P(t)

(1=1)(1—qt)

where C' C P?(k) is an elliptic curve over k = F,, finite field.

Z(C,t) =

Recall that elliptic curve is curve of genus 1, hence, by the Riemann hypothesis, we have
that
P(t) = 1+ at + bt*.

By the functional equation, we have that

1
(qt?) - P(%) = P(t).

Hence, b = q, P(t) = 1+ at + qt%. Since

d
Ny =—7 t) =
1= (C,t)|=0

then
a; +q+1= Ny,

soar =Ny —q—1.
Theorem 3.35. If C C P?(F,) is an elliptic curve then

1+ (Ni—g—Dt+gqt Nit

Z(C,t) = (1—1)(1—qt) o m

where N1 = C(F,) the number of points of X with coordinates in Fy.

Let us consider a special case when ¢ = p a prime number. By using the Riemann

hypothesis we have that

Theorem 3.36. If C C P*(F,) is an elliptic curve then
Ni=2a+p+1
with |a| < 2./p.

Proof. Put A= Ny —p — 1, we know that P(t) = 1+ At + pt? = (1 — at)(1 — 3t) where
|a|? = |3]? = p. This implies that

a-B=p
a+pB=A
o> =187 =p



Chapter 3. Zeta functions and L-functions according to Grothendieck 69

Let a = a + bi, 8 = ¢+ di then

a+c=A

b+d=0
ac—bd=0p

ad+bc =10

a2+ =c+d*=p

Since p is prime then:

a=c=M\/2
=4q b=—-d#0
a’+b=p
The theorem is proved completely. O

Remark 3.37. In the small case of this theorem - elliptic curve, then it is easy to see
that P(t) = 1 + aT + pt? has two roots of absolute values p/2, ie. for every root «,f3
of P(t) then |a|? = |B|* = p, if and only if |a| = [Ny —p — 1| < 2,/p. This is one way
to prove the Riemann hypothesis on curve. In fact, one can prove that if p # 2,3, then

there is an elliptic curve over F), with Ny = p+ 1+ 2a if and only if a = 0 (see [Xin07])
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