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Introduction

In this thesis we will consider Galois closures for monogenic degree-4 ring
extensions. We will start by giving the definition of a G-closure for a degree-n
ring extension as in O. Biesel’s PhD thesis [1], where G < S,,. This definition
generalizes classical finite Galois Theory, with the property of having a G-closure
corresponding to having the Galois group contained in G. We will also recall
some properties of G-closures which will help us to give parametrizations in
the case of a monogenic degree-4 extension of a ring R, that is, an R-algebra
obtained by adjoining a variable z to R and quotienting by a degree-4 polynomial
f(x). To do this, we will consider 4-multivariate polynomial rings and try to
describe their invariants under certain subgroups of Sy as an algebra over the
symmetric polynomials. Finally, a counterexample will point out that it is not
possible to generalize the definition of Galois group (as the minimal subgroup
G < S, for which a G-closure exists), giving a negative answer to the first of
Questions 4.4.3 in [1].

First, we review the relevant facts from classical Galois Theory. Consider a
finite separable field extension K — L of degree n and fix a separable closure K
of K. Let N be the Galois closure of L/K, that is, the minimal subfield of K
containing all the images of the field homomorphisms L — K over K. We have
n field homomorphisms L — N fixing K, that we can call 7y, ..., m,, choosing
an order for them. Then the Galois group G = Gal(N/K) of the field extension
K — L acts on the left on {ry,...,m,} by composition. This is easily seen to be
a faithful action, so that we can consider G as a subgroup of S, via om; = 7).

This allows us to construct a K-algebra map

D % S N
1=1

Also, there is a left action of G < S,, on the K-algebra L®", defined by
ol @ @lp) =Llo1(1) @ D Lly-1(p)
which makes ® a G-map of K-algebras. Hence ® restricts to a K-algebra map

@ : (L®™")¢ — N¢ = K, giving the following commutative diagram:

(Lom° L K
Lo,
L¥" —> N

One can prove that this is a tensor product diagram, i.e. L&" Q(renyc K =N
via the induced map (this is a consequence, for example, of Theorem 1 from [1]).

To generalize this, we first point out some properties of the K-algebra
homomorphism ¢. For ¢ € L we denote

(V=19 010l1®---®1, je{l,...,n},

where the only ¢ in the simple tensor lies in the j-th position. We define
ex(l) == ep(¢M), ... M) the k-th elementary symmetric polynomial computed



in ¢, ..., 0" This element clearly lies in (L®™)%» C (L®)% and it is sent by
@ to s(£), the k-th symmetric polynomial in the n conjugates m1(¢),. .., m,(¢).
This happens to be the k-th signed coefficient of the characteristic polynomial
of ¢. That is, using ¢ to indicate a matrix of ¢- : L — L,

det(X-idy, — ¢) = H — () = A" — s (ON b (1) s, (4).

For example, ¢(e1(£)) = s1(£) = 3°7_, m;(¢), the trace of £ over K, and
p(en(l)) = sn(0) = [T, m;(€), the norm of £ over K.

Moving to the case of rings, we define a degree-n extension of R, an associative
commutative unital ring, to be a commutative R-algebra A which is locally free
of rank n, that is, A,, = R} as R, -modules, for some set {ri,...,rn} C R
generating the unit ideal. For a € A, the definition of ex(a) € A®™ is exactly the
same, and also the coeflicient si(a) € R can be defined, since the characteristic
polynomials on the free localizations can be glued together.

Instead of defining the Galois group for ring extensions, we adopt the following
approach: we fix a subgroup G < S,,, and define G-closures for the extension
R — A as tensor product diagrams like the one we obtain in the case of a degree-n
separable field extension. More precisely, a G-closure is a map ¢ : (A®™) — R
sending ex(a) — sg(a), for k =1,..., n, together with an R-algebra B realizing
a tensor product diagram

(A¥"¢ L5 R

l/ \L ie. B A" ®(aenyc R.
A®" — > B

An R-algebra map sending e (a) — si(a) like ¢ is called a normative map.
One can define morphisms of G-closure in the following way: there is a morphism
only if the normative maps are the same, and for each pair of G-closures (B, ¢),
(B’, ) a morphism consists of an A®"-algebra map B — B’. Then it is easily
seen that all such morphisms are actually isomorphisms, and that isomorphism
classes of G-closures are parametrized by normative maps (A®™)¢ — R. We
denote the set of such maps with Normp((A®™)%, R). For G = S,, there exists
a unique normative map g : (A®")% — R, called the Ferrand map. This is
proven in [1], Chapter 2. Hence we can view R as an (A®")%m-algebra via ¢y,
so that, for G < S, normative maps (A%")¢ — R are just (A®")%m-algebra
maps. For a finite separable field extension, it can be proven that the Galois
group of the extension is (up to conjugation) the minimal G < S,, for which a
G-closure for the field extension exists. In Section we will give more detailed
definitions and results of Galois closures for finite ring extensions.

For n < 3 and G < §,,, parametrizations of G-closures for monogenic degree-
n extensions of rings, i.e. R-algebras of the form R — R[z]/(f(z)) (where f is a
monic degree-n polynomial, can be easily obtained using the results in [1]. This
is why in our thesis the aim is to consider monogenic degree-4 extensions of rings
R — R[z]/(f(x)), with f(z) = 2% — s12% + s22? — s37 + 54, and to give criteria
for when G-closures exist, for each subgroup G < S4. Up to conjugation, the
subgroups of Sy are laid out all together in Figure[ll In order to do this, we will
use some results for monogenic extensions from [1].
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24 5’4 A4 :<‘/4303>
/ | Dy =(o,(1 3))
12 Ay S3=((123),(13))
8 D4>< Vi ={1,0%,(12)(34),(14)(23)}
6| /I 53 Cu =(o)
4 Cy Vi So xSy ‘ S % 5,4 7<(1 3) (2 4)>
3 ‘ ‘ C 2 2 — 5
’ \C2 / 5, ’ Cs =((1 2 3))
| S, =((13))
1 1 Cy =(0?)

Figure 1: A diagram representing (up to conjugation) all the subgroups of S4, where o stands
for the 4-cycle (1 2 3 4) and the numbers on the left are the orders of the subgroups lying on
that line.

In Section [I.2] we will give a proof of Theorem [[.2.1] This theorem states
that if G = Sg, x -+ x Sq, < Sy, with di + -+ 4+ di, = n, then isomorphism
classes of G-closures are in one-to-one correspondence with factorizations of the
polynomial defining the monogenic extension into monic polynomials of degrees
di,...,d;. This allows us to describe the G-closure for a monogenic degree-4
extensions when G € {1, 55,53, 52 x So,S5,} in terms of factorizations of f.

In Section [I33] we will give an easier description of G-closures for monogenic
extensions in terms of invariant polynomials. Specifically, one can give to R an
R[x1,...,z,]°"-algebra structure via the R-algebra map R[z1,...,7,]%" — R
sending the k-th elementary symmetric polynomial, which we will denote by
ek, to the k-th signed coefficient of the polynomial defining the monogenic
extension. Recall that indeed we have R[z1,...,2z,]°" = Rlei,...,e,] by the
fundamental theorem of symmetric polynomials. Whenever the order of G is
not a zero-divisor in R, then G-closures are in one-to-one correspondence with

R[z1,...,2,]%-algebra maps R[xy,...,7,]¢ — R. We will explain how an
R[z1,...,x,]%"-algebra description of R[zy,...,z,]¢ can be given.

In [1], this is done to describe A,-closures for monogenic extensions. There
the following isomorphism of R[z1,...,x,] " -algebras is proven:

Rlzy, ...,z )" = Rlzy, ..., 2,)%" [z]/(z — T)(z — ),

where T' is the sum over the A,-orbit of the monomial 29z} ... 27! and I”
is the sum of the monomials on the complementary orbit (that is, the poly-
nomial T' acted on by any odd permutation of the variables z;). Then by
Theorem A, -closures for a monogenic degree-n extension of rings R —
A = R[z]/(f(z)) are in one-to-one correspondence with maps of R[zy, ..., x,]""-
algebra R[r1,...,7,]"" — R, hence with roots in R of the polynomial z? —
wo(I'+ I'")x + ¢o(T'T”), which are the possible images of I'. Here ¢y denotes the
map R[zi,...,2,]°" — R sending the k-th elementary symmetric polynomial
er to the k-th signed coefficient of f. This allows us to immediately parametrize
Ay-closures for monogenic degree-4 ring extensions, while in order to parametrize
(C3-closures one has to be a bit more careful.

In Chapter [2] we will give explicit parametrizations of G-closures for monogenic
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degree-4 extensions R — A = R[z]/(f(z)), focusing on the subgroups for
which there was no previous immediate or explicit description, that is, G €
{Vi, Cy, Cy, C5}. To make things simpler, we will suppose that 2 € R is not a zero-
divisor. While Dy-closures (as stated in [1]) are in one-to-one correspondence with
roots of f’s resolvent cubic g(x) = 2% — s92? + (5153 —484)x — (83 — 48254 + 5754),
we will see that Vj-closures are in one-to-one correspondence with ¢’s splittings
into monic linear factors, agreeing with classical Galois theory (see Chapter 4
in [4]). Next, we will find explicit polynomial equations parametrizing Cy-closures
when 2 € R, after giving a free basis for the Z [1] [x1, 2, 3, 24]%*-module
Z (%] [x1, w2, 23, 4], After that, we will deal with Cy-closures, which can be
easily parametrized by presenting Z[x1, o, x3, 24]? as an Z[xy, xo, T3, 24]5252-
algebra.

Finally, in Section [2.5] we will apply the criteria for G-closures on some
particular monogenic degree-4 ring extensions, and we will also lay out a coun-
terexample which gives a negative answer to the first of Questions 4.4.3 in [1].
Specifically, this counterexample establishes that it is not possible to define the
Galois group of a ring extension as the minimal subgroup up to conjugation
G < S, such that a G-closure exists, since there are such minimal subgroups
which are not conjugate.

Notation & Conventions

e 0eN.
e All rings considered are commutative, associative and with an identity.
e For n € N we denote [n] = {1,...,n}.

e When working with a degree-n extension of rings, we denote R[x]| :=
R[x1,...,2z,]. Moreover, each time we are working with a polynomial ring
Rlx1,...,xz,], we denote by e, the r-th elementary symmetric polynomial
in the n variables z1, ..., z,.

e If G is a group, we write H < GG to mean that H is a subgroup of G, and
H <G to mean that H is a normal subgroup of G. For any group G acting
on a set I we denote I¢ := {t € [ : Vo € G, ot =t}.

e For any R-algebra A and finite set D we denote A®®P the tensor product
over R of copies of the R-algebra A indexed by D. We denote it shortly
as A®P if it is clear for the context that A is regarded as an R-algebra.
For n € N, we consider A®" := A®l", (For n = 0, A®% = R, the initial
object in the category of R-algebras.) For j € D and a € A, we denote by
al) € A®P the simple tensor with @ in the position indexed by j and 1
everywhere else.

e For any set I, we denote by S; the symmetric group Bij(I,I) of I. For
n € N, we write S, := S},,. Given s € Z~ distinct elements k1, ..., ks € I,
we use the cycle notation (k1 ko --- k) for the permutation in S; sending
ki~ ki for i € [s — 1], ks — ki, and fixing all the rest of I. For a,b € I,
we denote by 74 := (a b) the permutation in S interchanging a <+ b and
fixing all the rest of I. Since permutations are functions, for o1, 09 € Sy,
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we denote by o105 the composition of the two permutations, where oy is
applied after os.
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Chapter 1

(G-closures for monogenic
extensions

1.1 Galois closures for finite ring extensions

In this section we will define finite ring extensions and their Galois closures.
We will also state some important facts about them before moving to the case
of monogenic ring extensions.

Definition 1.1.1. Let R be a ring and n € N. An R-module M is said
to be locally free of rank n if there exist elements rq,...,7r, € R such that
(r1,...,mm)r = Rand M,, = R as R,,-modules for all i € {1,...,m}.

Definition 1.1.2. Let R be a ring and n € N. A degree-n ring extension of R
is an R-algebra A such that A is locally free of rank n as an R-module.

To define normative maps, we need to prove that it makes sense to define the
characteristic polynomial of an element a € A, for R — A a degree-n extension.
This is done in the following lemma. Recall that for any R-algebra A which is
finite free as an R-module we can define the characteristic polynomial of each
element a € A, that is, f,(A) = det(\-id4 — a), where a also denotes any matrix
associated to the R-linear map a-: A — A. It is well defined, in the sense that
it does not depend on the R-basis of A used to define the matrix a.

Lemma 1.1.3. Let R — A be a degree-n extension of rings, with free localiza-
tions A,, = R} (as R, ,-modules), where (r1,...,rm) =1, and take a € A. Then
there exist unique elements s(a), for k € [n] such that \™ — sy (a)A\""1 + -+ +
(=1)"syn(a) is the characteristic polynomial of the R, -linear map a- : A,, — A,
for each i € [m]. Moreover, this polynomial vanishes at A\ = a.

We call A" — s1(a)A""! + -+ (=1)"s,(a) the characteristic polynomial of
a € A, and si(a) its k-th signed coefficient.

Proof. For each r € R we have R, = Ogpec(r)(Uy), where U, = {p € Spec(R) :
r & p}. Then U, NUs = Uy, so that Ry = Ogspec(r) (Ur N Us), where the
restriction map R, — R,s is the canonical one. Whenever r and s realize
free localizations, we want to show that the coefficients of the characteristic

3



CHAPTER 1. G-CLOSURES FOR MONOGENIC EXTENSIONS

polynomials of the R,-linear map A, — A, and the Rs-linear map A, — A,
sending x — a - x are the same on the intersection, that is, in R,s. Then the
coefficients glue and become elements of R, because Ogpec(r) is a sheaf and the
opens U,, cover Spec(R), as (71, ...,7m) = 1. This can be done by showing that
the characteristic polynomial of a- : A, — A, is also the characteristic polynomial
of a-: A, — A,s, which is unique (the same holding for the localization over s).
As passing from A, to A,; means just tensoring with R,, each free R,-basis
for A, is also a free R,s-basis for A,s;. Then any matrix with coefficients in R,
representing the R,.-linear map A, — A, represents also the map A,; — A, so
that the characteristic polynomial of a- : A, — A, becomes the characteristic
polynomial of a- : A, — A,s in R,,.

Finally, a is a root of its characteristic polynomial on each free localization by
the Cayley-Hamilton theorem, so that it is (globally) a root of the characteristic
polynomial, again because Ogpec(r) is a sheaf and {U,} an open cover. O]

Then we can give the definitions:

Definition 1.1.4. Let R — A be a degree-n ring extension and G < S,,. For
a € A and k € [n] we denote ex(a) := ex(aV,...,a™) € (A®")5 and with
si(a) € R we denote the k-th signed coefficient of the characteristic polynomial
of a. We say that an R-algebra map (A®")¢ — R is normative if it maps
er(a) — si(a) for all a € A and k € [n].

Remark 1.1.5. Adjoining a variable y to the ring (A®™)%, for all a € A we
have the identity [[}_,(y — a)® = 37 _,(=1)*ex(a)y™* (where eg(a) = 1), so
that an R-algebra map (A®")¢ — R is normative if and only if the induced
R-algebra map (A%™)%[y] — R[y] (mapping y — y) sends [[/_,(y — a)® to the
characteristic polynomial of a in the variable y.

Definition 1.1.6. Let R — A be a degree-n ring extension and G < S,,. We call
a G-closure for the ring extension R — A the data (¢, B), where ¢ : (A®")¢ — R
is a normative map and B is an A®"-algebra realizing a tensor product diagram

(4°MC L5 R

\L J/ ie. B A®" Baen)c R.
A®" s B

We define a morphism of G-closures (¢, B) — (¢, B’) to be an equality of the
normative maps together with a map of A®"-algebras B — B’.

The tensor product diagram makes it clear that two G-closures with same
normative map are isomorphic, so that we will mostly be interested in the set of
normative maps Norm((A®™)% R). Indeed, this set parametrizes isomorphism
classes of G-closures. As said in the introduction, we have the following theorem:

Theorem 1.1.7. Let R be a ring, and let A be a degree-n extension of R. Then
there exists a unique isomorphism class of S, -closures for R — A, i.e., there
exists exactly one normative map g : (A®™)% — R. We call o the Ferrand
map associated to the ring extension R — A. O

This is proven in [1], Chapter 2. The proof proceeds by constructing such a
map ¢ of R-modules, and then it is proven to be an R-algebra homomorphism.

4



1.1. Galois closures for finite ring extensions

Uniqueness is established by showing that (A®™)%" is generated as R-algebra by
the set {er(a) :a € A,k € [n]}.

Now suppose G < H < S,,. Then the inclusion (A®")# — (A®")¢ induces
a map:

YH,G NormR((A®”)G,R) — NormR((A®”)H,R)

P = @\(A@n)H

(1.1)

This allows, given a G-closure (¢, B) to induce canonically the isomorphism class
of H-closures represented by (<p|(A®n)H,A®” ®(aenyu R). Hence a G-closure
gives a canonical H-closure. We recall that considering this for H = S, allows
us to consider normative maps just as (A®")% -algebra maps (4%")¢ — R.

In the case of a separable degree-n field extension K — L, Theorem 1 in [1]
states that, for every H < S,,, an H-closure for K — L exists if and only if H
contains the Galois group G of N over K for some identification of [n] with the set
Hompg (L, N), where N is the Galois closure of the field extension in the classical
sense. As we said in the introduction, by some basic Galois theory Homg (L, N)
has n elements, and the left action of G on Homg (L, N) by composition is
transitive, so that any bijection 7 : [n] — Homg (L, N) allows us to see G < S,
via o — 7 1o (0-) o7, where o is the bijection Homg (L, N) — Homg (L, N)
defined by o. This theorem assures that the definition of G-closure given is a
generalization of the classical Galois theory. Morally, this theorem suggests that
the Galois group of a finite ring extension R — A should be regarded as the
minimal subgroup G < S,,, up to conjugation, such that there exists a G-closure
for the extension R — A, if it exists (but we will see that this is not always the
case). The fact that we can work up to conjugation can be explained with the
following lemma:

Lemma 1.1.8. Suppose that R — A is an algebra and G1,G2 < S, are conju-
gates subgroups. Then there exists a natural isomorphism of (A®™)% -algebras

Proof. Suppose that G5 = 0G0~ for some o € S,,. Then we have the isomor-
phism of R-algebras y : A®" — A®" sending a? — a(°()). The map x turns
out to be a Gi-map by defining, for 7 € G1, 7-a® = a"®) in the domain
and 7 - a = a7 ") in the codomain. Hence the image of (A®")%! is the
subring of A®" fixed by G in the codomain via the “conjugated action”, which
is just (A®™)%2. Hence (A®™)%1 = (A®™)C2 via y, which is an isomorphism of
(A®™)Sn_algebras since the symmetric tensors are fixed by o. O

Another important property of G-closures is that they are preserved via base
change R — R’. The following appears as Lemma 3.1.1 and Theorem 3.1.3 in [1]:

Theorem 1.1.9. Let R — A be a degree-n ring extension of R, R — R’

an R-algebra and define A = R’ ® A. Let G < S, and take a normative

map ¢ : (A®™)¢ — R. Then R' — A’ is a degree-n extension and the map
d /

¢ (A®r™ME = R g (A®")C ®8° R’ is normative. The G-closure of the

extension R' — A’ corresponding to ¢’ is isomorphic to

Aerm Q) R

(A/®R/n)G



CHAPTER 1. G-CLOSURES FOR MONOGENIC EXTENSIONS

In the next two sections, we will consider the specific case of a monogenic
extension of rings. Let us first define what monogenic algebras are, and then see
what they are like in the case of a degree-n ring extension.

Definition 1.1.10. Let A be an R-algebra. We call it monogenic if it is
generated by a single element o € A, that is, the R-algebra map R[z] — A
sending x — « is surjective.

We will now prove that all monogenic degree-n ring extensions are actually
of the form R — R[z]/(f(x)):

Lemma 1.1.11. Let R — A be a degree-n extension of rings, with A a monogenic
R-algebra. Then A is isomorphic to R[z]/(f(x)) as an R-algebra, for some monic
degree-n polynomial f.

Proof. Let a be a single generator of A as an R-algebra, and consider the
surjective R-algebra map m : R[z] — A sending z — «. By Lemma
which we can apply as R — A is a degree-n extension, « has a degree-n monic
characteristic polynomial f(x), and f(a) = 0. In particular, (f(z)) C ker 7, so
that 7 factors as

R[z] > Rlz] g> A.

(f (=)

To conclude, we prove that 7 is an isomorphism of R-modules. It is enough
to prove this on the free localizations. Notice that, for A, = R}, the map

T ((?([g)) — A, is still surjective. Then, given an R,.-basis 0y, ..., Bn_1 of

A, we can consider the isomorphism of R,-modules ¢ : A, — (%) sending

B; + 27, and 7, is an isomorphism if and only if the onto map 7, 09 : 4, — A,
is an isomorphism, which is the case by Theorem 1 in [5]. O

Hence, given a ring R, a monogenic degree-n extension of R is just an R-
algebra of the form A = R[z|/(f(z)), for f(x) € R[z] a monic polynomial of
degree n. It is a free R-module with free basis {1,x,...,2" 1}, and since x
has to satisfy its characteristic polynomial, this turns out to be equal to f(x).
We will set so = 1 and write down f(z) =Y ;_(=1)Fspa™F =am — sy2n~1 +
592" 2 — ..+ (—1)"s,, so that sp = si(z).

The following lemma tells us how it is possible to generate (4%")%» as an
R-algebra starting by a few symmetric tensor powers. It will be useful to give a
proof of next session’s main theorem.

Lemma 1.1.12. Let R be a ring, and consider a monogenic degree-n extension
R — A= R[x]/(f(z)). Then (A®™)5" is generated as an R-algebra by {ex(x) :
k€ [n]}. O

Proof. Lemma 2.2.5 in [1] states that {ex(w) : k € [n],w € Q} generates (A®™)5n
as an R-algebra whenever the powers of elements of {2 generate A as an R-module.

As {1,z,...,2" 1} generates A as an R-module, we can apply that lemma with
O = {z}. O
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1.2 []; Sq;-closures for monogenic extensions

In this section, we will prove that given a monogenic degree-n ring extension
R — A= R[z]/f(z) and G = Sy, X --xSg, < S,, normative maps (A®")¢ — R
are in one-to-one correspondence with decompositions of f into monic polynomials
of degrees dy, ..., d,,. Asthe subgroups of S,, can be considered up to conjugation,
it is not important to distinguish how the embedding Sg4, x --- x Sg,, < 9,
is realized. Hence, without loss of generality, we can assume that Sy, acts on
Dj = {d1+~'~+dj_1—|—1,...,d1—|—'~'—|—dj_1 +d]} - [’fl]

Theorem 1.2.1. Let R — A = R[z]/(f(x)) be a monogenic degree-n extension
of rings. Take a partition of n into m positive integers di, . ..,dy,, and view
Hj Sa; as a subgroup of S,,. Then the following are in one-to-one correspondence:

o isomorphism classes of [[; Sa;-closures for R — R[z]/(f(z));
e factorizations into monic polynomials f(x) = []; f;(x), with deg f; = d;.

The [; Sa,-closure corresponding to the factorization f(z) = []; f;i(x) is iso-
morphic to the tensor product of the Sq;-closures for the ring extensions R —

Aj = Rlal/(f;(x)).

Proof. For a € A, let us denote by Ej; ;(a) € A®™ the k-th elementary symmetric
polynomial on the d; elements a) € A% with | € D;. Dealing with any ring
map 6, we will denote with abuse of notation still by # the map between the
two rings with an adjoined variable. As in the statement, we will not write
everywhere explicitly that j ranges over [m]. We want to define a correspondence

deg f; = d; ¢ .
{ (fj)] ‘ fng{(J)nic, ?f _ Hj fj } % NOI‘mR((A®TL)HjS JvR)-

For each factorization f =[] ; f3 we consider the monogenic ring extensions

R — A; = R[z]/(f;(z)) and denote by ¢; : (A;@d")sdj — R their Ferrand map.
We then define C((f;);) = ¢ as the following composite, where 7 is the tensoring
of canonical projections A — A;:

o (eIl = @) (azhysn 1 (@ (a¥) YH R (1)

Jjelm] jelm]
The isomorphism is the one from Remark [A.2.6] For each j € [m] and k € [d;],
we have that E; () € A®™ corresponds via the isomorphism to ey (2)), which
is mapped to s;; via ®;p; om, so that the resulting ¢ is normative. Indeed, the
polynomial 3°,_ (—=1)*ex(2)y"* € A®"[y] is equal to [[[_,(y — V), which
can be factorized as the product over j € [m] of the polynomials [[;cp (v — @),

Since those are mapped via ¢; to f;(y), we get that ¢ maps >__,(—1)%e(z)y"*

to f(y).

Conversely, suppose we have a normative map ¢ : ( A®")HJ Sa; — R. Since
E;i(x) € (A®”)HJ‘ de, for all j we can define

d;

) = S0 elB ey = o [T -a).
k

=0 i€D;



CHAPTER 1. G-CLOSURES FOR MONOGENIC EXTENSIONS

Then []; f;(y) = ¢ (ITi—1 (y — 29)) = f(z) and we can define

d;
()t =");.
k=0
We now prove that the two associations C and D are each others’ inverses.
For ¢ € NormR((A®)HJ 54; , R), we define the maps

(AP 5 ep(a) & 550 = 9(Ejn(x)) € R,

Then (C o D)(¢p) is precisely the composition of (®;¢;) o m after the isomorphism
(A®")Hj Sa; o ®je[m] (A®dj)5d

Hence for all j € [m] and k € [d;] we get (C o D)(¢)(Ejr(z)) = ¢(E;k(x)).
() H S4; o

And since the elements E j, correspond to e;”’ via the isomorphism (A®") g
Qe pm) (AZH )54 | they generate the whole (A®")HJ’ 545 because {ex(z) 1 k €

[d;]} generates (A®9)54; a5 an R-algebra for all j € [m] by Lemma [1.1.12
This gives (C o D)(p) = ¢. Conversely, for any decomposition f = [], f; we

consider A; = A/(f;), take the Ferrand maps ¢; : (A;@d )%% — R which send
er(z) — s, and define ¢ as in (1.2). This gives

P01 = (-0 e(Br@)a*) = (£

k=0

Hence we have a one-to-one correspondence. Given a factorization into monic
polynomials f =[] j fj, the I] j Sa,-closure given by the corresponding normative
map ¢ = C((f;);) is

Byy,), = A®" QR = A¥" /(E; 1(z) — sjk : j € [m], k € [d;])
(A®")Hj 5,

o~ ®A®di /(ex(z) — sk : k € [dj]).

Since over A®% /(e (z) — sj i : k € [d;]) we have f;(x) = [epa, (= — z(k),
one has fj(z(*)) =0, so that

By, = ®A®df/fj ), ex(@) — s : k € [d;])
g@Aj?df/(ek( — sjx k€ [d)]) = ®A®d®R

j ®d Sa;

)

and the corresponding [ j Sa,-closure is isomorphic to the tensor product of the
Sa,-closures for the extensions R — Rlx]/(f;(x)). O

An easy particular case is the following corollary for G = S,,_1 x 5.

8
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Corollary 1.2.2. Let R — A = R[z]/(f(x)) be a monogenic degree-n extension
of rings. Then isomorphism classes of S,_1 x Si-closures for R — A are
in one-to-one correspondence with roots of f in R. For r € R a root of f,
the corresponding S,_1 x Si-closure of R — A is isomorphic to the unique

Snp—1-closure of the monogenic extension R — R[x]/(%)

Proof. Tt is an immediate application of Theorem together with the
following well-known lemma, which allows us to define f(x)/(x —r), for r a root
of f. O

Lemma 1.2.3 (Factorization lemma). Let R be a ring and p € R[z] be a non-
constant polynomial such that p(r) = 0. Then there exists a unique polynomial
pr € R[] such that p = (x —1)p,.

Proof. Let n = degp > 0 and write p = agz™ + a12" ' + ... + ap_12 + a,. Then
such a factorization can only occur if p, has degree n — 1, because the leading
coefficient of p = (z — r)p, is equal to the leading coefficient of p,, hence it
must be the coefficient of the monomial of degree n — 1. Then we write down
pr=b1a"t + .. +b,_12 + by, and p = (z — r)p, is equivalent to the system of
equations (defining by = 0)

{bj—rbj1=aj171§j§n {bjzaj1+7“bj171§j§n

an = —byr 0=—(an+an_17+ ... + apr™)
where the first row uniquely defines by, ..., b,, and the second row is true by
hypothesis (since it states that —p(r) = 0). This implies that there exist uniquely
determined coefficients b4, ..., b, for p,, hence the existence and uniqueness of
pr such that p = (z — r)p,. O

1.3 G-closures for monogenic extensions via poly-
nomials

In [1], O. Biesel uses invariants of multivariate polynomials to give a descrip-
tion of G-closures for monogenic extensions. We will now explain how this can be
done. For R — A = R[z]/(f(z)) a monogenic degree-n ring extension, tensoring
the canonical surjection R[z] — A with itself we get a map R[z]®" — A®"™.
Notice that R[z]®" = R[x] := R[z1,...,,] via 2) s z;. The left action of S,
on the tensor factors of R[z]®" induces the left action of S,, on the R-algebra
R[x] defined by o - z; = x,(;) (since o - () = z(e@)) or more explicitly via
(0 -P) (@150 T0) = P(To(1)s -+ Tor(n))-

Example 1.3.1. The S,-action on R[x| can be surprisingly confusing, so here
is an example. Suppose n = 4, and consider 7,0 € Sy with # = (1 3) and
0 =1(124). Then 7o = (1 3)(1 24) = (1 24 3). For a polynomial p €
Rlx1,29,3,24], we have (w(op))(z1,x2,23,24) = (op)(x3,22,21,24). Since
(op)(y1,---,y4) = P(Y2,Ya,Y3,91), we can let (y1,y2,Y3,y1) = (3,72, 71,74)
and get

(m(op)) (w1, ..., 24) = P(Y2,Ya, Y3, Y1) = P(2, 24, 21, 23) = ((70)p) (21, - - -, 24)).

which is what we expect from a left action. The action of S,, on R[x] should not be
regarded as the permutation of the arguments of a polynomial p, which is actually
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a right action. In fact, if we permute the arguments according to ¢ and then
according to w, we get p(x1,x2,x3,24) — p(T2,T4,T3,21) — (T3, 24, T2, T1),
which is exactly what we get by permuting the argument of p according to
omr=(1324).

We recall that e, € R[x]" is the r-th elementary symmetric polynomial in
the n variables x1, ..., x,.

Remark 1.3.2. Given a G-closure ¢ : (A®")¢ — R of the monogenic degree
n extension R — A, we can compose it with (R[x])¢ — (A®")Y to get an
R-algebra map (R[x])® — R sending ej, +— s,. Under reasonable conditions
on R, one can prove that each such map (R[x])¢ — R comes from a unique
normative map, as stated in the following Theorem from [1]:

Theorem 1.3.3. Let R — A = R[z]/(f(x)) be the monogenic degree-n extension
of rings given by f(z) = Y ¢_o(—1)*spa""*, where sy = 1. Let G < S,, and
suppose that |G| is not a zero-divisor in R. Then isomorphism classes of G-
closures for R — A are in one-to-one correspondence with R-algebra maps
X : R[x]Y — R sending ey > si. Given such a map X, the corresponding
normative map ¢y : (A¥™)¢ — R is the composition of x after the R-algebra
maps (A®™)G — R[x]¢ sending £() v ;. O

To apply this theorem, one can try to find free R[x]**-module generators
for R[x]“ (if possible) and, finding out algebraic relations among them, present
R[x]% as an R[x]%"-algebra. For this reason, we will point out some useful facts
about polynomial invariants. Over the complex numbers, we have this result,
appearing as part of Theorem 2.7.6 in [6]:

Theorem 1.3.4. Let G < S,,. Then C[x]% is a free C[x]*"-module of rank
n!/|G|, and it has a free basis consisting of homogeneous polynomials. The
degrees of such homogeneous generators do not depend on the choice of basis.

Using this theorem we can prove the following slight generalization:

Lemma 1.3.5. Let G < H < S,. If Z[x|® is a finite free Z[x]™-module
generated by homogeneous polynomials, then it has rank |H : G| over Z[x]".
The degrees of such homogeneous generators don’t depend on choice of basis.

Proof. Suppose that B is a free Z[x]"-basis for Z[x] consisting of non-zero
homogeneous polynomials. Then tensoring with C we get C[x]® = €, 5 C[x]"b,

and applying Theorem we get

(Cxj* )51 2 ()51,
beB

This implies that |B| < oo, and more precisely |B| = |S,, : G||S, : H|"! = |H : G|.
Moreover, the degrees of the homogeneous polynomial in B are uniquely deter-
mined by the degrees of any homogeneous C[x]*"-bases G for C[x]¢ and H for
C[x]#. Indeed, for a finite set of homogeneous polynomials S C C[x] one can
define Ds(t) = Y, gt8* € Z[t]. It is easily seen, as C[x] is a domain, that
Ds.s» = DsDg/, denoting S-S8" = {s-s' : s € S, s’ € §’}. Then, since G and B-H
are both free C[x]5»-bases for C[x]%, Theorem [1.3.4 gives Dg = Dp.3 = DDy
which, Z[t] being a UFD, uniquely determines Dg, and hence the degrees of the
polynomials in B. O

10
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We now explain a way to recover the degrees of homogeneous free generators.
We denote Ng 4 := dimc(C[x]§), where C[x]§ denotes the submodule of C[x]“
consisting of homogeneous polynomials of degree d. This allows us to define the
Molien formal series:

Mq(t) = Ng.at* € C[[t]]

deZ

Then, given a free Z[x]”-basis B = {g1, ..., g} for Z[x]%, and d; = deg g;, we
get

Clx“ = @giC[X]H =P P il =D PaCHia,

i=1 dez deZ i=1

which means Ng 4 = Z§=1 NH,d—d;- Then we can expand out the Molien series

Ma(t) =D Npaat? =Y t4Y Nya®=Mg(t)> "
i=1

deZ i=1 i=1 deZ

Hence what we need to do to recover the d; is just to divide Mg (t) by Mg(t).
To compute a Molien series we can use Molien’s theorem (see [6], theorem 2.2.1),
which gives

1 1
Mea(t) = —; —_— .
«)=1g ;’, det(id — to)

where we interpret 0 € G < S, as an element of GL(C,n). The polynomial
det(I — to) is constant over the conjugacy class of o in S,, so that we just
need to consider the sizes [; + ... + [ = n of the disjoint cycles into which o
decomposes. After reordering the basis, I — to can be written as a matrix which
is block diagonal, whose diagonal blocks are of the form

and whose determinant is given by szl(l —th).

The Molien series is an useful tool for finding a homogeneous Z[x]-basis
for Z[x]“, if it exists. They allow us to easily decide if C[x]“ is a free C[x]"-
module, which is not always the case (for example, Z[z1, 72, 3, 14]%* is not a free
Z[w1, T2, 23, 14]P*-module, see Example @ , but this does not immediately
imply that a graded Z[x]”-basis for Z[x]“ exists (see Proposition [2.2.1]).

11
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Chapter 2

Criteria for monogenic
degree-4 extensions

In this chapter we will parametrize isomorphism classes of G-closures for
monogenic degree-4 extensions R — A = R[z]/(f(x)), for G < Sy, using the
results we recalled in Chapter[l] We will start by pointing out for which subgroups
of Sy this is already done in [1] or follows immediately from the previous chapter.
Then we will work the remaining subgroups in separate sections.

First, notice that for G € {1, S3, S5, 52 X S2,.54} we can apply Theoremm
to put in one-to-one correspondence isomorphism classes of G-closures with
particular factorizations of f. More precisely, we have the following correspon-
dences:

e there exists precisely one isomorphism class of Sy-closures for R — A;

e isomorphism classes of Ss-closures for R — A are in one-to-one correspon-
dence with roots r € R of the monic polynomial f by Corollary

e isomorphism classes of (Sy x Ss)-closures for R — A are in one-to-one
correspondence with factorizations of f into two monic polynomials of
degree 2 in R[], that is, quadruples (uy,us,v1,v2) € R* such that f(z) =
(2% —wyw + uz)(2? — v12 + va);

e isomorphism classes of Ss-closures for R — A are in one-to-one correspon-
dence with factorizations of f into a monic polynomial of degree 2 and two
monic linear factors in R[], that is, quadruples (uy,us,71,72) € R* such
that f(z) = (22 —wiz 4+ u2)(x — r1)(z — r2)

e isomorphism classes of 1-closures for R — A are in one-to-one correspon-
dence with splittings of f into monic linear factors in R[z], that is, quadru-
ples (r1,72,73,74) € R* such that f(z) = (z — r1)(x — m2)(x — r3) (2 — 74).

Moreover, as said in the introduction, the parametrization of A,-closures
given in [1] allows us to give an explicit parametrization of A4-closures for
monogenic extensions, which the reader can find in Appendix Similarly, but
paying a bit more attention, one can use the parametrization of A, -closures to
give a parametrization of Cs-closures when 6 is not a zero-divisor. This is done

in Section 2.4]

13
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Considering Figure [I] from the introduction, it is clear the only remaining
subgroups to consider are Dy, Vi, Cy and Cs. The case G = Dy is treated in [1].
There is proven the following:

Lemma 2.0.1. Let R be a ring and \ = w123 + xomy. Then {1, X\, A%} is a free
basis for R[x]P* as an R[x]%*-module.

The proof is given for R = Z, the result for any other R following by tensoring
everything with R (over Z). It is a constructive proof, since it allows us to
explicitly write down any p € Z[x]P4 as p = a,, + byA + c,A%. We here write
down the explicit equations from [1] for obtaining a,, by, ¢, (with a different
notation), which will be useful when dealing with Cy-invariant polynomials, in
Appendix We define

T14P — T12P
(21 — @3) (w2 — 24)

T14Wp — T12Wp

(21— 23) (22 — 24)

wp = and xp, =

Then we get the symmetric coefficients:

Cp = —Xp
by = wp — cp(x1 + 3) (2 + 24) = wp + xplea — A)
ap =p—bA—cA? =p—wpd + XA — xp(ea — M)A

As Nisaroot of 71 (A) = (A=A (A—714\)(A—T12A) = A3 —eaA?+(e1e3—4eq) A—
(€2 —deges +e2ey) € Z[x]51, we get an isomorphism R[x]P* = R[x]54[A]/(r1(A)),
so that finding a map R[x]”* — R sending ey — sy, is equivalent to find a root
| € R for the polynomial g(z) = 2% — sow? + (5153 — 454)x — (53 — 48954 + 5754).
This polynomial is called the resolvent cubic of the polynomial f. Hence the
following parametrization from [1]:

Theorem 2.0.2. Let R be a ring such that 2 € R is not a zero-divisor. Consider
the monogenic degree-4 extension R — A = R[z]/(f(x)), where f(z) = 2* —
5122 + s92? — 532 + s4. Then isomorphism classes of Dy-closures for R — A
are in one-to-one correspondence with roots £ € R of the resolvent cubic g(x) =
23 — 5002 + (8183 — 484)x — (8% — 45254 + 5334).

In the the following three sections, we will present the polynomial invariants
R[x] as an R[x]%-algebra, for G € {Cy,Cy, Vi}. This will allow us to give
parametrizations of G-closures via Theorem [1.3.3] In order to do this, we will
use Molien series, as defined in previous chapter, to get information about the
possible degrees of polynomials generating R[x] as a free R[x]%1-module. We
compute them in this example:

Example 2.0.3. In this table we write down det(id — to) in relation to the
conjugation class of o € Sy, that is, its cycle type. We also write how many
elements of each conjugation class there are in certain subgroups of Sy:

cycle type | Sy | Dg | Cy | Vi det(id — to)
1+14+1+1[ 1] 1]1]1 11—t
2+1+1 6 2]01]0 A-tHA1-t)2?=0-t)31+1)
242 313113 1-t)2=(10-t)%2(1+1)?
3+1 8l oJolo|a-t)A-t)=>0-t)21+t+1t?)
4 62210 1-t'=0-t) A +t)(1+t?)

14



2.1. Vj-closures for monogenic degree-4 extensions

This allows us to compute the Molien series for those four subgroups of Sy:

Mo (1) =L 1 6 3 8 6
54()_ﬂ((17t)4+(17t)3(1+t)+(17t2)2+(17t)2(1+t+t2)+17t4>
1
TA— A+ 021+ t+2)(1 +12)
1 1 2 3 2
Mp,(t) ) <(1—t)4 + (1—1)3(1L+¢t) + (1—1¢2)2 + 1—t4)
_ 1—t+12
T4 )21+ t2)
1 1 3 1—t+t2
MV4(t) :Z ((1 —t)4 + (1 —t2)2> = (1 —t)4(1 +t)2

1 1 1 2 t34+2 —t+1
Moy () =] ((1—t)4 ta—eet 1—t4) T Ao+ 021+ 2)

Then one gets for example that ﬁ?((f)) =1 —t+)(1+t+t2) =1+t2+t4,
4

which means that possible homogeneous generators for Z[x]P* as Z[x]%*-modules
have to be of degrees 0, 2 and 4, in agreement with Lemma Moreover,

ﬁgig =3 4+12 —t+1)(1 —t+t2)~! ¢ Z[t], which shows that C[x]“* is not a

free C[x]P+-module (and of course this cannot be true with polynomials over Z).

2.1 Vj-closures for monogenic degree-4 extensions

In this section, we will consider V; = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}
and parametrize Vj-closures for monogenic degree-4 ring extensions, assuming
that 2 € R is not a zero-divisor. In this case, Theorem [2.1.4] states that V-
closures for the monogenic degree-4 extension R — R[z]/(f(x)) are in one-to-one
correspondence with splittings of the resolvent cubic of the polynomial f(z).

To prove this, we want to describe R[x]"* as an R[x]P+-algebra. From the
My, () _
MDi(t) -
that R[x]"* may be a free R[x]P4-module generated by two polynomials of degree
0 and 2. This is actually true:

Molien series computed in Example [2.0.3) we get 1 + t2, suggesting

Lemma 2.1.1. Let R be any ring, A = x123 + x2x4 € R[X] and p = 114\ =
T1To + x3x4. Then
R[x]"* = R[x"* @ R[x]"*p

Proof. This can be proved for R = Z, the result for any other ring following just
by tensoring with it over Z. For p € Z[x]"*, we have that p — 73p changes sign
under 73 and under 7o4. Then such a difference is mapped to zero via both the
quotient maps Z[x] — Z[x]/(x1 — x3) and Z[x] — Z[x]/(x2 — x4), because there
it coincides with its opposite, and 2 is not a zero-divisor in Z. Now, as Z[x] is a
UFD, we can define

P —Ti3p
xr1 — 353)(1'2 — 1'4) '

We immediately see that p, = 1. Notice that the numerator and the
denominator of p, do both change sign under 73 and are both V,-invariant, so
that p, is invariant under (Vy, 713) = Dy.

pp:(
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Suppose that 0 = a + Bu, with a, 8 € Z[x]P+. Then by computing py = 0
we obtain = 0, hence a = 0. This proves linear independence of 1 and p over
Z[x]Ps.

On the other hand, for p € Z[x]"* we can define 8 = p, and a = p— . Then
B € Z[x]P+ as already noticed, p = a+Bu by definition of a, and o € Z[x]P*: it is
in Z[x]"* by definition, and a—Ty30 = (p—T13p) — (L1272 + 2324 — 21204 —T273)3 =
(x1—x3)(x2—x4a)pp— (21 —23)(22—x4)B = 0. This proves that 1, u are generators
for Z[x]"* as an Z[x]P*-module. O

Lemma 2.1.2. Let R be any ring, A = x1x3 + xox4 € R[X] and p = mi4\ =
T129 + 2324, Then {1, X\, A2, pu, A\, N2} is a free basis for R[x]"V* as an R[x]%*-
module.

Proof. This is just a combination of Lemma and Lemma [2.1.1 O
Now we let v = 712\ = 124 + x2x3. Then A is a root of the polynomial
1 (A) = (A=XN)(A—p)(A—v) = A® —ea A% + (ere3 —deg) A — (€3 — deges +eley),
which has coefficients in Z[x]%*, and factors in Z[x]P*[A] as
r1(A) =(A = N)(A? — (e3 — M)A + A% — ea) + ere3 — 4ey).
Denoting H(A, M) := M? — (e3 — A)M + A? — esA + eje3 — 4ey, we have
Lemma 2.1.3. For any ring R, consider the polynomials r1(A) and H(A, M)
as above. Then we have an isomorphism of R[x]%*-algebras
S4
i A >

sending A — X and M — p.

Proof. To define such a morphism we just need to say where to send A and
M, in such a way that r1(A) and H(A, M) are mapped to zero. But this is
actually the case, since ri(A) — (X)) = 0, and H(A,M) — H(\,u) = 0.
With an easy induction one can prove that {1, A, A%, M, MA, MA?} is a set
of R[x]%t-generators of the domain, and since they are mapped to the R[x]%-
basis {1, A\, A2, u, u, uA2}, the map is bijective. Indeed any linear combination
is sent to a linear combination of the basis, which is zero if and only if the
coefficients are all zero (proving injectivity), and the image of map is generated
by {1, A\, A2, i, uA, uA2} (proving surjectivity). O

Theorem 2.1.4. Let R be a ring such that 2 € R is not a zero-divisor. Consider
the monogenic degree-/ extension R — A = R[z]/(f(x)), where f(z) = z* —
5122 + 5912 — s3x + s4. Then isomorphism classes of Vy-closures for A over
R are in one-to-one correspondence with triples (1, 02,43) € R? of roots of the
resolvent cubic g(x) = 23 — s9x? + (5183 — 484)x — (83 — 45284 + $754) realizing
9(@) = (@ — £1)(2 — £2) (& — Ls).

Proof. Since |V4| = 4 is not a zero-divisor (as 2 is not), we can apply Theo-
rem [1.3:3] so that isomorphism classes of Vj-closures for R — A are in one-to-one
correspondence with R-algebra maps R[x]"* — R mapping e, + s,. By
Lemma determining such a map is equivalent to choosing (¢,m) € R? such
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that g(¢) = 0 (since the coefficients of ¢ are the image of the coefficients of r;)
and m is a root of the polynomial g(z)/(z —¥¢). This division makes sense thanks
to Lemma and the same lemma allows us to conclude that isomorphism
classes of Vj-closures for R — A are in one-to-one correspondence with triples
(51,£2,€3) S R3 such that g(t) = (t — fl)(t — 62)(25 — 63) O

2.2 (Cj-closures for monogenic degree-4 extensions

In this section, we will consider Cy = {1,0,0%,03}, with o = (1 2 3 4), and
parametrize Cy-closures for monogenic degree-4 ring extensions, assuming that
2 is a unit. We prove that under this condition R[x]%* is a free R[x]**-module
with free basis {1, \,A\2,7n,0, An}, where

A= 2123 + T2y,
n=(x1 —x3)(x2 — x4)(x1 — T2 + T3 — T4), and

0 = (z1 — xz3)(x2 — z4)(T123 — T224).

Hence A\, 7 and 6 generate R[x]“* as an R[x]%4-algebra, and we present it as a
quotient of R[A, H,©)] by six equations.

Since 2 is a unit, one can assume, by changing variables to #’ = x — s1/4, that
the polynomial f(z) is of the form z* + sox? — 532+ 54, and get that isomorphism
classes of Cy-closures for the extension are in one-to-one correspondence with
triples (¢, h,t) € R? satisfying the following equalities, where g(z) = % — soz? +
(s183 — 484)w — (83 — 48954 + s254) is the resolvent cubic of f:

9() =0

h? = 85902 + (—483 + 1654)0 + (—4s55 — 1253 — 165954)
2 = 165402 — 3530 — 5953 — 6453

ht = 65302 — 459530 — 25353 — 325354

Qt(f — 52) + Sgh =0

he% + 255t — 4s,h =0

First, we point out that it is not possible to have free homogeneous generators
for Z[x]“* as an Z[x]%*-module, explicitly using the fact that 2 is not invertible
in Z:

Proposition 2.2.1. Z[x]% is not a graded free Z[x]%*-module of any rank.

Proof. Suppose it were. Then we could apply Lemma [I.3.5] and considering the
Molien series for Cy and Sy computed in Example we would have

Mg, (t
cs(t) =1+t + )+ —t+1) =1+ 2+ 3 2% + 45
M, (1)
implying the existence of six homogeneous free Z[x]-module generators p1, . . . , pg

for Z[x]“* of degree 0,2,3,4,4,5. Then Z[x]“* would coincide with its Z[x]%-
submodule <U‘ZZOZ[X]§4>. As the Z[x]%*-span of the six polynomials g; = 1,
g2 = T1x3 + Toka, g3 = Tixo + 23wz + vhra 4+ 2i7, g4 = (123 + Towa)?,
gs = Tiwa + T3x3 + 23714 + 231, g6 = Ti23 + 2323 + 2327 + 2323 contains all
U‘Z:O Z[x]5*, they would have to generate all of Z[x]®*, hence be a free basis

17



CHAPTER 2. CRITERIA FOR MONOGENIC DEGREE-4 EXTENSIONS

(since the Z[x]**-module endomorphism of Z[x]%* sending g; — p; would need
to be bijective, by the same arguments given in the proof of Lemma [2.1.3)). But
this is not true, since the polynomial py = x3x22% + x3w325 + 232427 + 237123
is not in their Z[x]%4-span. Indeed,
2po =(ee3 — 23 — 2e3es + 3ejenes — 2e3 + 2eteq + 2e0e4) g

+ (€2 4 ere3 — 2e4)g2 + (—€3 + 3eres —e3)gs + (—€2 +e2)ga

+ (e — 2e2)g5 — €1gs,
which by linear independence implies that all the symmetric coefficient should

be divisible by 2, while e; = x1 + z2 4+ x3 + x4 is not. Thus no free basis can
exist. O

The previous proof’s final part suggests that R[x]°* can be a graded free
R[x]%1-module if we require 2 to be a unit in R. We will now show that this is
actually the case:

Proposition 2.2.2. Let R be a ring such that 2 € R*. Consider the following
Cy-invariant polynomials:

A= T1X3 + T2l

n=(r1—23)(r2 — 24)(21 — T2 + T3 — 24)

9 = (ml — :Z?3)(SC2 — .’,E4)(1‘1.’,E3 — I21'4)

Then {1, X\, A%, 1,0, \n} is a free basis for R[x]“* as an R[x]%*-module.

Tt is enough to prove this for R = Z [1]. Indeed, the result for R any other
ring with 2 € R* can be obtained by tensoring over Z with R itself, since
Z[i] ®z R = R. To do this, we will use the two following lemmas:

Lemma 2.2.3. Take x;,x;,xr indeterminates in Z[1] [x] with x; # x;, and
let f € Z[1][x] be fized by ;5. Then the polynomial g; j p.f = Tjxf — Tinf is
divisible by (x; — x;) and g; j k. ¢/(x; — x;) is fived by ;5.

Proof. We have 7;;(gi jk;r) = TijTinf — TiyTanf = TaeTijf — TjwTisf = Tanf —
Tikf = —Gij k- Then in the quotient Z[1][x]/(z; — x;) one has g; j s =
TijGigkif = —9i,jk:f» 50 that g; ;. = 0 since 2 is not a zero-divisor in R, and
so neither in Z [1] [x]/(z; — x;). Since Z [}] [x] is a UFD, g; ks is divisible by
x; — x;. Their ratio is fixed by 7;; as it changes both their signs. O

For any polynomial p € R[x] we will denote p := T13p. Moreover, we will
denote o0 = (12 3 4).

Lemma 2.2.4. For R a ring, denote
RIx|'p, = {f € RX]“* : f = f} = RIx]™",
Rx|]%,, = {f € RX] : f = —f}, and
Rx®5% = {f € RIx] : f = f,of = —f}.
1. If2 € R*, then R[x]° = R[x]{"p, @ R[x|%"),
R[x]“1.
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2.2. Cy-closures for monogenic degree-4 extensions

2. The following is an isomorphism of Z [1] [x]%*-modules:
Z31 X257 = 21 X%,

[ (@1 —a3)(v2 — 2a) f

Proof. First, note that R[x ]Jr Dy R[x]gfp4 and R[X]ffgfz are clearly R[x]%i-
submodules of R[x]“* as they are closed under sum and multlplication by
symmetric polynomials. For all p € R[ ], one has p=2iP 4 po

sense as 2 € R*. Clearly 252 € R[x 1< Y'p, and 5P € R[x } Hence R[x]%t =
R[x ]+ p, + R[x ] . Moreover7 if pe R[x ]%D ﬁR[ = D, then p=pD=—Dp,s0
that 2p = 0 and p O Hence the decomposition R[x]“* = R[x ]+ p, ® R[x 1< "D

The map Z[3] [x]*2 572 — Z [3] [x]9},, sending f — (21 — x3) (w2 — x4) f is
well-defined, since for f in the domain we have

o((x1 —x3) (22 — xa) f) = (22 — 24) (23 — 1) (= f) = (21 — 23) (T2 — 24) f

and

mi3((v1 — @3)(v2 — @4) f) = (23 — 21) (22 — 22) f = — (21 — 23) (T2 — TY) f-

It clearly respects the Z[1][x]%*-module structure, and it is injective since
7[3] [x] is an integral domain. Moreover, for any polynomial g € R[x]“* such
that 7139 = —¢, we also have To4g = T0402g = T13g = —g, so that g coincides
with its opposite when mapped to each of the quotient rings Z [1] [x] /(23 — 1)
and Z[3] [x]/(x4 — x2), implying that g vanishes there. As Z [1] [x] is a UFD,
one gets (1 — x3)(x2 — x4)|g, and this allows us to conclude that the map above
is also surjective. O

Proof of Proposition[2.2.9. As already said, we can reduce to R = Z[ ]. By
point 1 in Lemma we have Z [1] [x]“* = Z [3] [x ]+ p, OZ[3] [x] D4, where
Z (3] XIS, = Z % & Z (3] (XA © Z[3] [x}5X2 by Lemma[2.0.1] It only
remains to prove that {n,#, An} is a free Z [1] [x]**-basis for Z [1] [x] 7%D4.

By Lemmam point 2, we just need to prove that {py, ps, pry} is a free

7 (4] [x]%*-basis for Z[1] [x ]ngsz where we denote, for € Z [1] [x }C"‘D47

- Q 1 Sa xS
PO = S e —a) © Z(s][x]Z2 5

S2><Sz

Hence, for p € Z [3][x]72572, we are interested in decompositions of the form

- ap?? + /8)09 + ’ka7]7 Wlth O{,B ,-y € Z [%] [ ] : (21)
AspeZ[i][x ]SQESZ is fixed by 724, we can apply Lemma twice, with
(i,5,k) = (2,4,1), and define

/ /
;. T14P — T12p i T14P — T12p

Ty —xo Ty — To
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Now p” — 113p” vanishes in the quotient Z [1] [x]/(z3 — x1), and we can define

" "
_ P —T13p
Tr3 — I1 '

op

With some easy computation we obtain:

Q P P £ dpa
n|xr1—22+T3— T4 2 0 0
0 T1T3 — Toly r1 + 3 1 0

An APy (r1 —23)% + (z1 +23) (w2 +74) | €1 — 43 | —4

Then the equality (2.1]) implies the conditions

P =2a+ B(x1 +x3) +v((z1 — $3)2 + (1 + x3) (22 + 24))
p" =B+ v(e; — dx3) (2.2)
op = —4y

Notice that if we suppose holds with p = 0, then p’,p”, §, do all vanish, so
that third equation gives v = 0, then the second gives 8 = 0 and the first o = 0.
Hence we have linear independence of p,, ps and pxy.

For any p € Z [1] [x] 5 2;52, by solving equations we get uniquely defined
values of «, 8 and . We want to prove that they are symmetric polynomials

satisfying (2.1). Equations (2.2) give

v =— iép, B=p"+ i(el —4dx3)d,, a= %p’ — %(:171 +a3)p” + %x%(ip.
To prove that «, 3, v are symmetric, we start by noticing some symmetries of
the polynomials p,p’,p” and J,. First, observe that p,p’,p” are invariant under
24 by Lemma [2.0.T} and so is ¢, by definition. We also know that p is invariant
under 713 and changes sign under 0 = (1 2 34). Moreover, 7340 = (1 24) = 712724
and ma30 = (1 3 4) = 714713, implying

T34p = —T340p = —Ti2p and Tezp = —Ta30D = —T14P.
Then p’ is also invariant under 713:

;_T34T13P — T23T13P _ T34P — T23P _ T14P — T12P _
Ty — T2 Ty — T2 Ty — X2

T13P

Now p” is invariant under 714, since

/ / / / / / / /
Ti4p —T2p TP —T12p P —Ti12p Ti4P — T12pP

// //
Ti4Pp — P =Ti4

Tg — T2 XTg — T2 X1 — T2 Ty — T2
T14P—Ti12P _ T14P—P P—Ti2p _ T14p—pP
Tg—T2 Tq4—T1 _ T1—T2 Tg4—T1
Tr1 — T2 T4 — T2

_(964—961)—1-(962—;34)4_(351_962)T o
= (x4 — x9) (11 — 22) (T4 — 1) (T14ap — p) = 0,

meaning that p” is symmetric in the variables z1, T2, z4.
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2.2. Cy-closures for monogenic degree-4 extensions

From this we can see that J, is symmetric, since it is not only invariant under
713 and To4, but also under 7i4:

Tiap” — Tamizp” p” — Tisp”

X3 — T4 B I3 — T1
(w4 —21)p" — (23 — 21)T14T13D" + (23 — 24)T13D"
- (z3 — 4) (23 — 71)
~ mi2((za — w2)p") + T1ami3T12((24 — 22)p") — T13T12((24 — T2)p")
- (23 — @a) (w3 — 1)
_7'12(7'14p' — T12p') + T1aT13T12(T14p” — T12p") — T13Ti2(T1aD’ — Ti2D")
a (x5 — 24) (3 — 21)
_muap’ = p' A 73ap” — T1ap’ — 34’ + 0
- (x5 — 24) (23 — 21)

7'145p —5 =

=0

Hence « is symmetric. Now, the second equation of (2.2)) makes it clear that
B is symmetric in the variables 1, z2, x4. Then § is symmetric since it is also
invariant under 7y3:

/!

1 1
T3 — B = ﬁp(el —dx1) + Ti3p” — 1510(61 —dx3) —p
= (z3 —21)0p — (P —T13p") =0

Finally, from the first equation of (2.2) we clearly see that « is invariant
under 794 and 713. Then « is symmetric since it is also invariant under 7y4:

/ /
Ti4p — P T4 —T1 gy

T1400 — 0 = 5 B
25712(7'127'1417/ - 7'12]9/ - (584 - £U2)PH)
1
25(71410/ - 7'1210/ - (7'14]9’ - T12P/)) =0

To conclude the proof, we prove that (2.1) holds. To do so, we prove that
VY :=p— (apy + Bpo + vpan) € Z 1] [x ]523 is zero, using the fact that ¢’ = 0,
Wthh is guaranteed by the first equation of . Then 1149 = 7129, and
’l/) = T127'121/J = 7'12T14¢ = T14T24'l/) = T14’ll) Since ’(ﬂ is already fixed by 713 and
Tog, it is a symmetric polynomial, so that ¢ = o) = —, implying ) = 0. Hence
{pn,pos pan} is a free Z[1] [x]%*-basis for Z 1] [X]ﬁ"’,gfﬂ and this was the only
thing left to prove. O

Now we look for polynomial relations satisfied by the generators. We already
know that A is a root of

7“1(/\) = (A — )\)(A — 7'14/\)(A — 712)\>
=A% —eaA? + (eres — deq)A — (eg — degeq + efe4).

As both 7, 8 change sign under 713, their squares and their product are stable
under 73, so that they are all Dy-invariant. Hence 72,62 1 € (1, A, )\2>R[x] s, and
we can compute their coefficients using the formulas we wrote after Lemma [2.0.1]
This gives three polynomials

TQ(A,H,@) =H? - (anz + bnzA + Cn2A2)
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r3(A, H,0) = 02 — (agz + bp2 A + cp2A?)
r4(A, H,0) = HO — (ayg + by + c,oA?)

that vanish under A — A, H +— 7, © — 6. On the other hand, A2 = A% = —nA2,
and O\ = 6\ = —6)\, so that nA? and O can be written as linear combinations of
7, 0 and nA by computing, as in the proof of Proposition [2.2.2] the correspondent
polynomials p, p’, p”’, 6,, which allows us to obtain the symmetric coefficients
«, B and ~y. This gives two polynomials

r5(A, H,0) = HA? — (apn2 H + B320 + vya2 HA)
T6(A,H, @) = 0OA — (Oz@AH—F B9r© +79)\HA)

that again vanish under A — A\, H — 7, © — 0. These six polynomials are
computed explicitly in terms of the ej in Appendix [B:2}

Lemma 2.2.5. For R a ring with 2 € R*, we have an isomorphism of R[x]%-
algebras

R[x|**[A, H,©]/1 = R[x]"

sending A — A\, H — n and © — 6, where I is the ideal generated by the six
polynomials r;(A, H,©) in the list above.

Proof. As the six polynomials generating I are zero on A, n and 6, the map in the
statement is well-defined. To prove it is a bijection, it is enough to prove that the
set {1,A, A%, H,0,AH} generates the domain of the map as an R[x]**-module,
because it is mapped to {1, A, A%, 0,0, \n}, which is an R[x]%-basis for R[x]“*
by Proposition [2.2.2

The ring R[x]**[A, H,0]/I is R[x]%*-generated by the set of monomials
{A™ H™O" : ny,ne,ng € N}. As we quotient by r1, each of those monomial
is an R[x]%-linear combination of monomials with unchanged exponents ng
and ng, and a strictly lower exponent for A, whenever n; > 3. Then the set
{AMH™0" : ny,ng,ny € N,ny < 2} still generates R[x]5[A, H,0]/I as an
R[x]%*-module, by an easy induction. Similarly, as we quotient by 73, r3 and
ra, we can reduce this set of generators to {A™ H"20"3 : ny,ng,ng € Nyng <
2,n9 +n3 <1} ={1,A,A%2 H,AH,A’H, 0, AO, A20}. Finally, quotienting by
rs and 7 we can express A0 as an R[x]%-linear combination of AH, A® and
A?H, and we can express both A© and A2H as an R[x]%4-linear combination
of H,® and AH. Hence {1,A, A%, H,0,AH} generates R[x|*[A, H,0]/I as an
R[x]%*-module. O

If we fix a monogenic extension R — R[x]/(f(z)), with f(z) = 2% — s123 +
Sox? — 83T + 54, We can map via g : e — S the symmetric coefficients of
the polynomials rq, ..., 76, and obtain 6 polynomials in R[A, H, ©]. The set of
triples (¢, h,t) € R? satisfying the six polynomials parametrizes the classes of

Cy-closures for R — R[z]|/(f(x)):

Theorem 2.2.6. Let R be a ring such that 2 € R*. Consider the monogenic
degree-4 extension R — A = R[z]/(f(x)), where f(x) = t—s123+800% —s30+54.
Let g(x) = 2% — s92% + (8183 — 454)x — (83 — 45954 + 5254) be the resolvent cubic
of f. Then isomorphism classes of Cy-closures for A over R are in one-to-
one correspondence with triples ({,h,t) € R* satisfying conditions mn

Appendiz[B-3
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Proof. |C4| = 4 is not a zero-divisor since 2 € R* is not, so that we can
apply Theorem [1.3.3] Then isomorphism classes of Cy-closures for R — A
are in one-to-one correspondence with R-algebra maps R[x]“* — R mapping
er(t) — sk. By Lemma which we can apply since 2 € R*, determining
such a map is equivalent to choosing (¢, h,t) € R? images of \,n,6 in R, and the
conditions in Appendix are precisely the ones needed to make (¢, h, t)
satisfy the necessary relations. O

Remark 2.2.7. Since 2 € R*, each monogenic degree-4 ring extension of rings is
isomorphic to a monogenic degree-4 ring extension with coefficient s; = 0. Indeed,
if f(z) = 2* —s12° + 5922 — 532+ 54, then for ry € R we have f(z) := f(ax+7ry) =
xt — (51 —4rg)x3 + (82— 3rosy +613)a? — (s3 — 2rgse +3rgsy —4r3)x + f(ro), and

the isomorphism of R-algebra R[x]/(f(z)) — R[z]/(f(z)) sending z — = — ro.

In particular, the coefficient of 2 is zero in f(z) for ro = s1/4. Then the

equations (B.1) in Appendix simplify to

03 — 5902 — 45yl — (8% — 4s954) = 0

h? = 4(2520% + (454 — s3)0 — (55 + 353 + 4s254))
12 = 16540% — 3s§€ — 828% — 645?1

ht = 2(3530% — 289530 — 5353 — 165354)

Qt(g — 82) + Sgh =0

he% + 2s3t — 4s,h =0

2.3 ('5-closures for monogenic degree-4 extensions

In this section, we will consider Cy := (m13724) < S4 and parametrize Co-
closures for monogenic degree-4 ring extensions, assuming that 2 € R is not a
zero-divisor. We will prove that they are in one-to-one correspondence with the
data of a factorization of f into two degree-2 polynomials together with a root
of a certain degree-2 polynomial depending on the factorization. This can be
done quite easily by considering the R[x]%2*2-algebra structure of R[x]¢z.

First, we note that R[x]“? is a free R[x]"2*52-module:

Lemma 2.3.1. Let R be any ring, A\ = 2123 + xaxy € R[X]| and p = T4\ =
T122 + x324. Then

R[X]C2 — R[X}SQXSQ @R[X}&XSQ’U.

The proof of this lemma follows verbatim the one we gave for Lemma [2.1.1
Consider the monic polynomial

H(O\ M) =M?— (e3 — M 4 X% — ex\ + ejes — dey € R[x]%2*52[M],

where H(A, M) is the polynomial from Lemma m Since p is a root of
H(\, M), we immediately get the following isomorphism:

Lemma 2.3.2. For any ring R, consider the polynomial H(A, M) as above.
Then we have an isomorphism of R[x]|%2*52-algebras sending M + u:

R[xJS2 %52 [M]

o R
(HOID)

5 R[x
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We denote in the following way these two-variable symmetric polynomials:
Up =z +a3, Us=mx3, Vi=22+ x4, Vo=ax214.
Then we can prove the following parametrization for Ca-closures:

Theorem 2.3.3. Let R be a ring such that 2 € R is not a zero-divisor. Consider
the monogenic degree-4 extension R — A = R[xz]/(f(x)), where f(z) = xt—s123+
s92% — 83w+ 84. Consider g(x) = 23 — s9w? + (5183 — 4s4)x — (83 — 45284 + 5754),

the resolvent cubic of f. Then the following are in one-to-one correspondence:

o isomorphism classes of Cy-closures of R — A;

o quintuples (u1,uz,v1,v2,m) € R® such that f(x) = (22 — w1z + uz)(z? —

vz +v9) and m is a root of g(x)/(x — ug — ve);

o septuples (u1,uz,vi,ve, 01,0, 03) € RT such that {1 = us + v, f(z) =
(22 — w1z + uz)(2? — vix + v2) and g(x) = (x — £1)(x — b)) (x — L3).

Proof. As 2 € R is not a zero-divisor, we can apply Theorem for G = Cs.
Then isomorphism classes of Cs-closures for the monogenic extension R — A
are in one-to-one correspondence with maps of R[x]%i-algebras R[x]“? — R.
Then, by the isomorphism (of R[x]%-algebras) in Lemma those are given
by a map of R[x]%-algebras ¢ : R[x]%2*%2 — R together with a root of the
polynomial ¢(H (XA, M)). Giving such a map ¢ is equivalent, by Theorems m
and combined together (the latter being applicable since 4 € R is not a
zero-divisor), to give a factorization into monic polynomial of the form f(z) =
(2% — urx + u2)(x?® — vz 4 ve), precisely via ¢(U;) = u; and ¢(V;) = v;. Notice
that A = U + V5 is mapped to a root of the resolvent cubic g, say £ = ug + vo,
and that (M — )p(H(X, M)) = ¢((M — N H (A, M)) = g(M). This gives exactly
the parametrization in terms of quintuples for which we were looking, since the
image of M has to be a root of g(z) = (x — ug — v2). The parametrization in
terms of septuples is equivalent to the previous one via Lemma [1.2.3 O]

2.4 (s-closures for monogenic degree-4 extensions

In this section, we will consider C5 = {1, (1 2 3), (1 32)} <S4 and parametrize
Cs-closures for monogenic degree-4 ring extensions, assuming that 6 is not a
zero-divisor.

We define v = x22% + 2323 + 2123, and denote by e} the j-th elementary
symmetric polynomial in the variables x, x5, z3. Then, applying Example 5.4.4
in [1], one has: v+ 7127 = efeb — 3es and 7 - (T127) = €5 — 6¢eehel +efPel + e,
This gives the following description of the polynomial invariants:

R[x|% = (Rlz1, 22, 23]) [ra] = (Rlz1, 22, 23])* ][aa] = R[x]%[]

N Rix%[y]
(v — (e1¢h — 3eh)y + (c§ — GeLcheh + el + 9¢7))

We assume that 6 is not a zero-divisor, i.e., 2 and 3 are not zero-divisors.
Then by Theorem we have that Cs-closure are in one-to-one correspondence
with maps R[x]“® — R sending ey, + s;. By the description of R[x]“® that we
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gave, such maps are uniquely determined by a map ¢ : R[x]% — R sending
ex — sitogether with a root in R of the polynomial to which x3 — (e e} —3es)z3 +
(€5 — 6eehel + efdel + 9ef?) is sent via ¢. Using that 6 is not a zero-divisor
and applying Theorem together with Corollary we have that maps
R[x]% — R sending ey, — s are uniquely determined by a root of f, i.e., by a
decomposition f(z) = (z—r) (23 — s} 2+ shx — s}), where the map corresponding
to such a decomposition is the one sending e; — s}. This proves the following:
Theorem 2.4.1. Let R be a ring such that 6 € R is not a zero-divisor. Consider
the monogenic degree-4 extension R — A = R[z]/(f(x)), where f(z) = z* —
5122 + 8922 — s3x + s4. Then the following are in one-to-one correspondence:

e isomorphism classes of C3-closures of R — A;

e quintuples (r, s, sh, s, ¢) € R® such that f(z) = (x—7r)(z3— sz +shr—s})

and c® = (s} sh — 3s4)c — (s5 — 65 shsh + sPsh + 9s5).

2.5 Examples and Classical Galois Theory

For separable degree-4 field extensions, a good reference about computing the
Galois group is the Section Quartic polynomials from Chapter 4 in [4]. The
parametrizations of D4-closures and Vj-closures we pointed out in this chapter
are a natural generalization of the ones from classical Galois theory which are
expressed in terms of the resolvent cubic g of the polynomial f defining the
extension (respectively, the Galois group G is contained in Dy if and only if g
has root in the base field, and G is contained in Vj if and only if g splits in the
base field).

We will now apply the criteria we gave on some specific monogenic degree-4
extensions. The last of those is the most important, as it makes it clear that it
is not possible to have a unique minimal subgroup G of S,, (up to conjugation)
for which a G-closure exists. Such a subgroup G would generalise the definition
of Galois group in the case of a ring extension. This answers negatively the first
of Questions 4.4.3 in [1]. The ring R we consider in that counterexample is a
domain, but it is not integrally closed. It remains unknown if the answer to the
question is positive supposing that R is an integrally closed domain, or at least
supposing that R is a UFD.

Example 2.5.1. Consider the field extension F3 — Fg; = F3[z]/(z*+22+2+1).
By basic Galois theory (as a reference, see Section Finite Fields from Chapter
4 in [4]), this extension has cyclic Galois group Cy (generated by the Frobenius
automorphism « — a3). Hence we have a Cy-closure for the extension. This is
indeed consistent with Theorem which we can apply since 2 is a unit: the
resolvent cubic is g(r) = 2® — 2% — 42 = x(2? — 2 — 1) and it has the unique root
¢ = 0. Then the other equations from Remark [2.2.7] are:

h =1

=1

ht=1

t—h=0

t—h=0

giving h =t = +1. Hence we have two distinct classes of Cy4-closures for our
ring extension.
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Example 2.5.2. Consider the ring extension R — A = R[z]/(z* + 22 + 2 + 1),
with R = Z/9Z. Tt is easy to check that 2% + 22 + z + 1 is irreducible in Z/9Z[z],
so that by Theorem there exists no G-closure for intransitive G. Since 2
is a unit, we can apply Theorems [2.0.2) P.1.4] and 2.2.6} the resolvent cubic is
g(z) =23 — 22 — 42+ 3 = (v — 3)(2? + 22 + 2) and it has the unique root £ = 3.
This means that there exists exactly one class of Dy-closures, and no Vj-closure.
For Cy-closures, we have 5 other equations from Remark

h2 =
t?=7
ht =
44 —h=0
-2t — 4h =

but there are no solutions, meaning that there is no Cy4-closure for our extension.
Moreover, there is no A4-closure: if it existed, we would have a map R[x]4* — R
sending ey, — s, while finding such a map requires, as seen in Appendix [B]
there to be a root in R for the quadratic polynomial 2% — z + 4 = (x + 4)? — 3,
which does not exist as 3 is not a square in R.

Example 2.5.3. Here we want to study the extension R — R[xz]/(x* — 422 + 2)
for R = Z. If a G-closure for this extension in the case R = Z exists, then by
Theorem also a G-closure in the case R = Q has to exist. For R = Q,
f(z) = 2* + 422 + 2 is irreducible, so that we cannot have a G-closure for G < Sy
an intransitive subgroup. Moreover, g(z) = 23 — 42% — 8 + 32 = (v — 4)(22 - 8),
so that there exists a unique isomorphism class of Dy-closures (even for R = Z).
If R = Q we have the 5 other equations for Cy-closures from Remark 2:2.7}

h?2 =0

t2 =162

ht =0
0=0

16h —8h =0

which give two classes of Cy-closures for our extension when R = Q. In this case
the Galois group of the field extension is Cy4, and we have a G-closure if and only
if G € {Cy, Dy, S4}. If R =17, the criterium for Cy-closures cannot be applied,
and it is not immediate to decide if a C4-closure does exist or not.

Example 2.5.4 (Counterexample to existence of Galois group for ring exten-
sions). Consider the monogenic degree-4 extension R — A = R[x]/(z* + s),
supposing that s € R\ {0}, with R a domain where 2 is a unit and 3 is not a
zero-divisor. The resolvent cubic is then equal to g(z) = 23 — 4sx = z(2? — 4s).
Then by Theorem there necessarily exists a Dy-closure, as g(0) = 0. By
the parametrization in Appendix isomorphism classes of A4-closures are
in one-to-one correspondence with roots of 22 — 64s3. This implies that an
Ay-closure exists if and only if 64s% is a square in R, which is equivalent to s
being a square in R. The resolvent cubic g(x) splits into monic linear factors
over R if and only if there exists roots ¢1, 05,3 € R of g realizing the split. In
particular, this requires the product ¢1¢2¢3 to be equal to zero, so that, R being
a domain, one of the ¢; should be 0, and by Lemma we need the other two
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to be roots of g(x)/x = x? — 4s. Hence, by Theorem a Vy-closure exists if
and only if 4s is a square in R, which is equivalent to s being a square in R.

Now take R = Q[y?,%%] and s = y?. Then R is a domain (being a subring of
the polynomial ring Q[y]) and s = y° = (y3)? is a square, while s is not (since
its only two square roots in the fraction field Q(y) are +y ¢ R). Hence there
exist a Dy-closure and an Ay-closure, but no Vj-closure for this ring extension.
Notice that the third of the conditions on a triple (¢, h,t) € R® parametrizing
Cjy-closures from Remark is t? = —64y*, which is not realizable with t € R
(not even with ¢ € Q(y)). Hence there is no Cy-closure for this ring extension. It
can also be easily checked that f(z) is irreducible over R, so that no (S x Sa)-
closures, no S3-closures and no Csz-closures exist. In conclusion, Dy and A4 are
two minimal subgroups in {G < Sy : a G-closure of R — A exists}, but they are
not conjugates. This means that first of Questions 4.4.3 in [1] has a negative
answer.
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Appendix A

Invariant algebras and
tensor powers

In this appendix, for R — A a degree-n ring extension, we will prove the
isomorphism of tensor powers

(A®")HJ’ Sa; o ® (A@dj)sd]‘

J€[m]

that we use to give a proof of Theorem [1.2.1} parametrizing []; Sa,-closures for
a monogenic extension R — R[z]/(f(x)) In terms of splittings of f into monic
factors f; of degrees d;.

A.1 Localization and invariants

We are now going to prove that in any R-algebra localization commutes with
taking invariants under an action of a finite group G. Actually, this is not only
true for localization, but for any flat base change, as said in Proposition A7.1.3
from [2]. We here rephrase part of statement and proof of this proposition:

Lemma A.1.1. Let A and R’ be R-algebras, and G be a finite group with an
action on the R-algebra A. Then the action of G induces an action on the
R’ -algebra R' g A viao - (" @ a) =1 ® (o -a). If R’ is a flat R-algebra, then
the following is an isomorphism of R'-algebras:

¥R @p A° > (R @ A)°
r’rear———1r' ®a

Proof. For all o € G, the expression o-(r' ®a) = ' ® (0 -a) defines the R-algebra
endomorphism idrs ® ¢ of R ®g A. Since it is easily checked to be also an
R/-linear map, this is actually an endomorphism of R’ g A as an R’-algebra.
It is clear by the definition that compositions work fine, so that this is an action
of G on the R’-algebra R’ @g A.

Sending r’ ®a + 1’ ® a we define an R’-algebra map R' ®p A® — (R’ ®r A)¢
(the image of each simple tensor is clearly G-invariant). To prove that when R’
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is flat the map is an isomorphism, we can just regard it as a map of R’-modules.
Writing down G = {o1,...,0|g|}, we notice that A is the kernel of the R-linear
map A — Al sending a — (a — 0, - a);, and that (R’ @ A)% is the kernel
of the R-linear map R’ @ A — (R’ ®r A)I¢l = R’ @ Al¢! with analogue
definition. Being R’ flat, the kernel are preserved after tensoring with idg/, so
that R’ ®r A and (R’ @ A)® coincide in R’ @ A, i.e., ¢ is an isomorphism
of R’-modules. O

In particular, we can consider a multiplicative subset S C R, and take
R' = S71R. Since localization is flat, we immediately get the following result:

Corollary A.1.2. Let G be a finite group acting on an R-algebra A, and
S C R a multiplicative subset. Then the action of G induces an action on the
S™LR-algebra S~ A via o - ¢ = 2%, and the following is an isomorphism of
S~ R-algebras:

P :STTAY > (STA)C

A.2 Invariant tensor powers

We are now going to prove some lemmas which will allow us to prove the
isomorphism
(A®")Hj Si; o ® (A®dj)sdj.
j€lm]
For a fixed ring R, we associate every finite set C' to the power R-algebra R,

and for any map of sets a : C — D we call the R-algebra map RP — RC induced
by a the one that sends eg — Za(c):d ec, for any d € D. Here we denote by

e. the c-th standard basis element of R®, for every ¢ € C' (we will keep this
notation in the rest of the appendix, even if it has nothing to do with the one
used in the main thesis). It is easily seen that the R-algebra map induced by a
composition of set maps is the composition of the R-algebra maps induced by
the set maps (i.e., we have defined a contravariant functor from finite sets to
R-algebras) so that bijections induce isomorphisms of R-algebras.

Lemma A.2.1. Let R be a ring and m,k € N, I = [m] and J = [k]. Consider:

Sm % RMap(I,J) N RMap(I,J)

(0,er) ——> €rp—1

This defines a left group action of Sy, on the R-algebra RM®(7) i e we have the
group homomorphism S, — AutR_Alg(RM“p(I’J)) which sends o — (p — op).
Moreover, endowing (R”)®! with the S,,-action defined by o - a'? = a(®®) for
all a € R, the following defines an S,,-isomorphism of R-algebra:

Q . RMap(I,J) - (RJ)®I

er > €x(1) @+ @ er(m) = Heﬁr())
el
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Proof. First, we have that () is an isomorphism of R-algebras. It is well-defined
because it sends the e, to a complete set of orthogonal idempotents (it can
immediately checked that )" _Q(e) =1 and Q(ex)Q(ey) = 0 ,Q(ex), where
8x.~ is Kronecker’s delta). Since the Q(e,) form an R-module basis for (R”)®!,
the map is actually an isomorphism. It can be easily seen that the inverse map
is Qil(egl)) =D rin(i)=j Er

To conclude the proof it is sufficient to notice that the G-action induced on
RMap(1.) yia () is exactly the one considered in the lemma:

o - Q(ew) =0 (H egri()i)> Hef:; ))) He'fr(a 1(4)) Q(eno-1)

iel il il
so that the action is well defined and makes @) a G-map. O
Lemma A.2.2. Let R be a ring, n € N and G a group acting on [n]. Consider
G x R" —> R"
(0,€5) > eo(j)-

This defines a left group action of G on the R-algebra R™. Moreover, the R-
algebra map RIM/G — R™ induced by the canonical projection [n] — [n]/G
factors through an isomorphism R"/¢ = (R™)@

Proof. As G permutes the elements of the R-basis respecting compositions on the
left, the above defines an action of G on the R-module R™. Also multiplication
is preserved, making it an action of R-algebras.

For o € [n]/G, the map R"M/C — R™ sends e, — 3.,
invariant since G acts on o0, hence the map factors through RM/¢ — (R™)&.
To prove that this is an isomorphism, it is enough to show that the elements
> jeco &> With o € [n]/G, form an R-basis for (R™)¢

For every r € (R™) we have r = 5

ej, which is G-

e "% and

Z Tj€; = 0'( Z Tj@j) Z 7”360(]) = Z Te— 1(
jeln]

Jj€ln] Jj€ln]
so that r; = r,_,; for all 0 € G, and denoting 0; = G - j € [n]/G we can define

To; = T, obtaining } rie; = Zoe[n}/c To Z]Eo . Hence the elements

j€[n]
>_jeo €j are R-generators for (R™)C.

As concerns linear independence, notice that if we have some elements
o € Rsuch that 3 . c 7o 2je0 € =0, then we get D0 /62050706 =0,
implying that all the r, are zero since the e;, i € [n], are linearly independent in
R". O

From this lemma follows immediately the following result:

Corollary A.2.3. Let R be a ring and m,k € N, I = [m] and J = [k]. Let Sp,
act on the R-algebra RM»(7) s in Lemma and on the set Map(I,J)
viao-m=moo !, Let G <S,,. Then the R-algebra map RMap(I,7)/G _y Rn
induced by the canonical pmjection Map(I,J) — Map(I,J)/G factors through
an isomorphism RMer(1.7)/G =5 (RpMap(1.J))G
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Now we can prove the following isomorphism of invariant subalgebras of
tensor powers:

Lemma A.2.4. Let M be a locally free R-module of rank n, and h,k € N. Let
H < Sp, K <S5, and view H x K < S, X S, < Spir. Then the isomorphism
of R-algebras M®" @ M®F = M®h+k restricts to an isomorphism (M®")H @
(MO®FE = (NM@r+RYEXE - More precisely, there exists an isomorphism v making
the following diagram commute:

(M®h)H ® (M®k)K g (M®h+k)H><K

| |

M®h g MOk ~ S N®htk
where the vertical arrows are the canonical inclusions.

Proof. First, notice that existence of «y is equivalent to the image of the composite
map (M®MH @ (M®K)EK — M®h @ M®F — Mk being H x K-invariant,
which is immediately checked on the R-module generators of the domain £ ® (,
with &€ € (M®MH and ¢ € (M®*)K.

The fact that - is an isomorphism of R-modules can be proved locally on the
free localizations M, = R]'. As localization commutes with both tensor products
and taking invariants under group actions (Corollary [A.1.2)), it is enough to
prove that « is an isomorphism when M = R".

We will actually show that « is an isomorphism of R-algebras, endowing R™
with the product ring structure. Using the canonical isomorphism of R-algebras
from Lemma[A.2.1] and denoting Map(a, b) := Map([a], [b]) for a,b € N, we have
the following commutative diagram:

(Rn)®h ® (Rn)®k N (Rn)®h+k

& K

RMap(h,n) XMap(k,n) N RMap(}L+k,7z)

It is easy to see that the lower arrow has to send ey, t,) = epuy,, Where
fildfe:[h+ k] — [n] maps i — fi1(i) and j+ h — fa(y), for ¢ € [h] and
j € [k]. Hence this arrow is exactly the R-algebra map induced by the bijection
B : Map(h+ k,n) — Map(h,n) x Map(k, n) sending a map f to its compositions
with the inclusions of [h] in the first h integers and [k] in the last k integers in
[h+k]. We call 3 the induced bijection Map(h+k,n)/(H x K) — Map(h,n)/H x
Map(k,n)/K, where H and K act on the maps by pre-composition.

Then, we taking invariants and consider the map 6 obtained by making the
following diagram commute, where the vertical arrows are obtained using the

isomorphism from Corollary

((Rn)®h)H ® ((Rn)®k)K 7% ((Rn)®h+k)H><K

k K

RMap(h,n)/H xMap(k,n)/K = RMap(h—i—k,n)/(H x K)

We claim that 6 is induced by the bijection §, which is enough to prove that 6
is an isomorphism, and so is 7.
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To prove this claim, it is sufficient to consider the following diagram, which
is obtained from the one in the statement, again through the isomorphism in

Lemma [A2.T}

RMap(hn)/HxMap(kn)/K L pMap(hthn)/ (Hx K)

| |

RMap(h,n)XMap(k,n) S RMap(thk,n)

Generators of the upper-left R-module are of the form ef om, r,0x, and we can
denote f = f; U fo. They are mapped via the vertical arrow to the elements

Y neH €fion, fron, Which must be mapped to ), . x €70 Since these elements
ne
come from e,y k) via the vertical map on the right, which is injective, we

have that 6 has to send ey, on, f,0k = €fo(HxK), and the claim is proved. O

The previous lemma generalizes to the case with more than two summands
by an easy induction, giving the following:

Corollary A.2.5. Let M be a locally free R-module of rank n, take hy,...,hs € N
and call £ = Zj hj. Let Hj < Sy, and view Hj Hy, < Hj Sh; <S¢ Then the
isomorphism @; M®" = M restricts to an isomorphism & ;(M®"i)Hs =

(M ®£)HJ‘ A5 More precisely, there exists an isomorphism v making the following
diagram commute:

@yt L (agemlIL
®M®hj ~ S Mem

where the vertical arrows are the canonical inclusions. O

Remark A.2.6. If R — A is a degree-n extension of R, then the isomorphism = :

&, (M ®hiVH; 5 (M ®m)Hi i from the previous corollary is also an isomorphism
of R-algebras. Indeed, all the other arrows in the diagram are R-algebra maps,
so that composing the right vertical arrow (which is an injective map) after
we get an R-algebra map, and -~y itself must therefore respect multiplication.
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Appendix B

Explicit computations

In this appendix, we collect the computations carried out to present the
Ay-invariant and the Cy-invariant polynomials as algebras over the symmetric
polynomials. This allows us to give explicit parametrizations for A4-closures and
Cy-closures for a monogenic degree-4 ring extension of rings R — Rx]/(f(x)).

To express any symmetric polynomial with elementary symmetric polynomials,
one can use symmetric functions of Sage. For an introduction about symmetric
functions, a good reference is Chapter 1 in [3]. We wrote down the following
code in Sage:

sage: Z.<x1,x2,x3,x4> = PolynomialRing(QQ)
sage: Sym=SymmetricFunctions (QQ)
sage: e = Sym.elementary ()

This makes it possible to work with four variables over Q. Given a symmetric
function, applying the command defined in the last line on it we will obtain the
symmetric function expressed via elementary symmetric functions ey, k € N. To
obtain the symmetric function correspondent to a symmetric polynomial p, one
can use the command:

sage: Sym.from_polynomial (p)

B.1 Conditions for As-closures

For G = Ay, we are in a very particular result in |1] describing A, -closures
for monogenic degree-n extensions of rings, as said in the introduction. We have
the isomorphism of R[x]%4-algebras

Rlx]" 2 R[x][a]/(x — T)(z — 712T)

where I' = Y7, w(zp232%). An implementation of Sage allows us to compute
I' + 7o' and T" - 745" in terms of symmetric polynomials:

sage: Gamma=x1"3*x272*xx3+x1*x273*%x372+x172%x2*%x373+x172*xx2"3%x4
+x173%x3 7 2%x4+x272%x373*%x4+x1"3*%x2%x472+x2"3%xx3*xx4"2
+x1*x373*%x4"2+x1*x2"2%x4"3+x1 " 2*%x3*x4"3+x2*x372*%x4"3

sage: Sum=Gamma+Gamma (x2,x1,x3,x4)

sage: Prod=Gammax*Gamma (x2,x1,x3,x4)

37




APPENDIX B. EXPLICIT COMPUTATIONS

sage: e(Sym.from_polynomial (Sum))

e[3, 2, 1] - 3%e[3, 3] - 3%el[4, 1, 1] + 4xe[4, 2] + T*e[5, 1]
- 12xe[6]

sage: e(Sym.from_polynomial (Prod))

e[3, 3, 2, 2, 2] + e[3, 3, 3, 1, 1, 1] - 6%e[3, 3, 3, 2, 1]

+ 9%e[3, 3, 3, 3] + el4, 2, 2, 2, 1, 1] - 4xel4, 2, 2, 2, 2]

- 6%el[4, 3, 2, 1, 1, 1] + 22%e[4, 3, 2, 2, 1]

+ 6xe[4, 3, 3, 1, 1] - 42xe[4, 3, 3, 2]

+ 9%e[4, 4, 1, 1, 1, 1] - 42xe[4, 4, 2, 1, 1]

+ 36%el4, 4, 2, 2] + 48xe[4, 4, 3, 1] - 64xe[4, 4, 4]

+ 2xe[5, 2, 2, 1, 1, 1] - 8xe[5, 2, 2, 2, 1]

- 7*xe[b, 3, 1, 1, 1, 1] + 32%e[5, 3, 2, 1, 1]

+ 10%e[5, 3, 2, 2] - 58xe[5, 3, 3, 1] + 4xe[5, 4, 1, 1, 1]

- 44xe[5, 4, 2, 1] + 130*xe[5, 4, 3] + 29*e[5, 5, 1, 1]

- 47*e[5, 5, 2] + 4*e[6, 2, 1, 1, 1, 1] - 9*el[6, 2, 2, 1, 1] -
1, 1, 1] + 76*xe[6, 3, 2, 1]

- 54xel[6, 3] - 3%el6, 4, 1, 1] + 16%el6, 4, 2]

40*e[6,

b
12xel6, 2, 2, 2] - 18xel6, 3
» 11 + 36xel[6, 6] - 9xel7, 1, 1, 1, 1, 1]

3
- 5
+ 32xe[7, 2 1, 1, 1] - 20xe[7, 2, 2, 1] - 18*e[7, 3, 1, 1]
- 8xe[7, 3, 2] + 30%e[7, 4, 1] - 8%el[7, 5]
+ 30%e[8, 1, 1, 1, 1] - 85%e[8, 2, 1, 1] + 48%e[8, 2, 2]
+ 32xe[8, 3, 1] - 32xe[8, 4] - 66%e[9, 1, 1, 1]
+ 2, 1] - 18*e[9, 3] + 147*e[10, 1, 1] - 128*%e[10, 2]
- , 11 + 288%e[12]

98*e[9,
222xe[11

Notice that the meaning of e[ky, ko, ..., ks in the output is just the elementary
symmetric function []7_; ex,. Rewriting this in our notation (and cancelling out
ey for k > 4), we have

I' 4 72T = e3(eres — 3e3) + eq(4es — 3€2), and
Il = 636% + e‘%eg — 6616263 + 96§ + e%egq — 46364 — 66‘%626364+
4 22e1e3eseq + BeTeies — 42e0eteq + 9elel — 42eTeqes+
+ 36e3e] + 48e1eze] — 6del.
so that Ay-closures for a monogenic degree-4 extension R — R[xz]/(x* — s12® +

Sox2 —S3T+ 84) are in one-to-one correspondence with roots in R of the quadratic
polynomial z? — azx + b, where

a = s3(5152 — 353) + s4(4s2 — 357), and
b= s3(s5 + 5353 — 651553 + 952 + 65754 — 425954) + 2515354 (1153 + 2454)+
+ 5% (5554 — 651525354 + 95755 — 42895%) + 454(95354 — 55 — 1657).

The hypothesis that 6 is not a zero-divisor can be dropped by Theorem 6.2.1
from [1].

B.2 Conditions for Cj-closures

We will here lay out explicitly the six polynomials ry,...,7rs considered in
Lemma and deduce the equations whose solutions parametrize Cy-closures.

As already noticed, n?, #2 and nf are D,-invariant polynomials. The following
code uses the formulas from [1] that we have written after Lemma given a
polynomial Dy-invariant polynomial v, it computes symmetric coefficients a, b
and c such that ¢ = a + b\ + cA\2, and express their correspondent symmetric
function as a polynomial in the elementary symmetric functions:
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sage: Lambda=x1*x3+x2%*x4
sage: eta=(x1-x3)*(x2-x4)*(x1-x2+x3-x4)
sage: theta=(x1-x3)*(x2-x4)*(x1*x3-x2%x4)
sage: xi=Lambdax*eta
sage: count=0
listpoly=[’eta”2’,’theta”2’,’theta*eta’]
for psi in [eta”2,theta”2,thetaxetal:
omega=(psi(x4,x2,x3,x1)-psi(x2,x1,x3,x4))/
((x1-x3)*(x2-x4))
chi=(omega(x4,x2,x3,x1)-omega(x2,x1,x3,x4))/
((x1-x3)*(x2-x4))
c=-chi
b=omega+chi*(x1+x3)*(x2+x4)
a=psi-b*Lambda-c*Lambda~2
print (listpoly[count])
count=count+1
print(’a’,a.denominator () ,e(Sym.from_polynomial
(a.numerator ())))
print (’b’,b.denominator () ,e(Sym.from_polynomial
(b.numerator ())))
print(’c’,c.denominator () ,e(Sym.from_polynomial
(c.numerator ())))

eta”2

(’a’, 1, el[2, 2, 1, 1] - 4xe[2, 2, 2] - 4x%e[3, 1, 1, 1]

+ 16%e[3, 2, 1] - 12xe[3, 3] + 4*el[4, 1, 1] - 16%el[4, 2]

+ 6xe[5, 1] + 24xe[6])

(’b’, 1, 2xe[2, 1, 1] - 4xe[2, 2] - 4xe[3, 1] + 16%e[4])
(’c?, 1, -3%e[1, 1] + 8*e[2])

theta~2

(’a’, 1, -el3, 3, 2] - el[4, 2, 1, 1] + 16xe[4, 3, 1]

- 64*xe[4, 4] + 4xe[5, 1, 1, 1] - 30xe[5, 2, 1] + 88xe[5, 3]
+ 11*xe[6, 1, 1] - 8xel[6, 2] - 32%xe[7, 1] + 32xe[8])

(’b’, 1, el[3, 2, 1] - 3%e[3, 3] - 3xe[4, 1, 1] + 23*xe[5, 1]
- 48xe[6])

(’c’, 1, -el8, 1] + 16xe[4])

theta*eta

(’a’>, 1, -2*e[3, 2, 2] + b5*e[3, 3, 1] - 3*el[4, 1, 1, 1]

+ 12*xe[4, 2, 1] - 32*xe[4, 3] - 15*e[5, 1, 1] + 38xe[5, 2]

+ 10*e[6, 1] - 28xe[7])

Cb’, 1, el2, 2, 11 - e[3, 1, 11 - 4%xel3, 2] + 4xe[4, 1]

+ 10*e[5])

(’c’, 1, -e[2, 1] + 6%e[3])

As can be seen in the code, the 1 in the output (in the second positions of
each vector starting with ’a’, ’b’> and ’c’) are just a check that a,b and ¢ are
polynomials, since they are obtained by dividing polynomials. We write down
the output in this table:

Q n? 02 no

aq e%e% — 46% — 46‘;’634— —ege§ — 6%62644— —26%63 + 5ele§ — 36?64—}—

+16ej1e9e3 — 12e§+ +16ejezeq4 — 6463 +12e1e0e4 — 32e3e4
—|—4e%e4 — 16eqe4

b 26%62 — 4e§+ ejege3 — 36%-1— eleg — e%eg—l—
—4eqe3 + 16ey —36%64 —deges + dejey
co —36% + 8eg 16e4 — eqe3 —ejeg + bes

Given a Cy-invariant polynomial ¢ changing sign under 713, the following Sage
code computes symmetric coefficients «, 8 and y such that v = an + B0 + vAn,
and express their correspondent symmetric function as a polynomial in the
elementary symmetric functions. This is done by using equations from the
proof of Proposition [2.2.2
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sage: count=0
listpoly=[’theta*Lambda’,’eta*xLambda”~2’]
for psi in [theta*Lambda,eta*Lambda~2]:
rho= psi/((x2-x4)*(x1-x3))
rhoi=(rhopsi(x4,x2,x3,x1)-rhopsi(x2,x1,x3,x4))/(x4-x2)
rhoii=(rhoi(x4,x2,x3,x1)-rhoi(x2,x1,x3,x4))/(x4-x2)
delta=(rhoii-rhoii(x3,x2,x1,x4))/(x3-x1)
gamma=delta/(-4)
beta=(rhoii-gamma*(x1+x2-3*xx3+x4))/1
alpha=(rhoi-beta*(x1+x3)-gammax*((x1-x3)"2
+(x1+x3)*(x2+x4)))/2
print (listpoly [count])
count=count+1
print (’alpha’,alpha.denominator (), e(Sym.
from_polynomial (alpha.numerator ())))
print (’beta’,beta.denominator () ,e(Sym.
from_polynomial (beta.numerator ())))
print (’gamma’ ,gamma.denominator (),e(Sym.
from_polynomial (gamma.numerator ())))

theta*xLambda

(’alpha’, 1, -1/2xe[3])

(’beta’, 1, -1/4xel[1, 11 + e[2])

(’gamma’, 1, 1/4xe[1])

eta*Lambda~2

(’alpha’, 1, -1/2*xe[3, 1] + 4xel[4])

(’beta’, 1, -1/4%e[1, 1, 1] + e[2, 1] - 2xe[3])
(’gamma’, 1, 1/4%xel1, 11)

We rewrite the output in this table:

Q O\ nA?
a0 763/2 76163/2 + 464
Ba | —e3/4+ex | —€3/4+ erea — 2e3
Ya e1/4 e /4

Hence the six polynomials satisfied by A, 7 and 6 in Section [2.2] are

r1(A, H,0) =(A — M) (A — 714 0) (A — 112))
=A% — e3A? + (ere3 — deg)A — (eley + eg — 4esey)

ro(A, H,0) =H? — (=3e3 4 8e2)A? — (2e2ey — 4e2 — dejes + 16e4) A+

— (e2e3 — de3 — dedes + 16erege3 — 1262 + detey — 16egey)
r3(A, H,0) =0% — (16e4 — e1e3)A? — (e1eses — 3e3 — 3eTeq) A+

- (_62€§ - 6%6264 + 16e1e3e4 — 646421)
ra(A, H,©) =HO — (6e3 — e1ea)A? — (e1e2 — eles — 4deges + dejeq) A

— (—26%63 + 56163 — 36?64 + 12e1e9e4 — 32e3€e4)
r5(A, H,0) =40A + 2e3H — (—e7 + 4e9)© — ey HA
r6(A, H,0) =4HA? — (—2e1e3 + 16e4)H — (—€3 + 4ejen — 8e3)0 — eTHA

We map the coefficients of those polynomials to R via ey +— si. If 2 € R*,
then Cy-closures for the monogenic extension R — R[z]/(z* — 512 4 5022 — s3z +
s4) are in one-to-one correspondence with triples (¢, h,t) € R? satisfying the
following equation, where g(z) = 23 — 5022 + (5153 — 484)T — (83 — 48254 + 5354)
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is the resolvent cubic of f:

g(f) =0
h? = (—3s% + 882)0? + (25%s5 — 453 — 45183 + 1654)0+
+(s25% — 4s3 — 4s3s3 + 16515283 — 1253 + 4s%sy — 165254)
t2 = (1654 — 5153)0% + (835251 — 353 — 35354)0+
+(—52583 — 528954 + 16515354 — 6457) (B.1)
ht = (653 — 5182)0 + (5183 — 8783 — 45953 + 481540
+(—25383 + 55153 — 35384 + 12518254 — 328354)
4tl — s hl + 2s3h — (489 — s2)t =0
4he? — s2hl — (—s3 + 4s152 — 883)t — (—2s183 + 16s4)h =0

If we suppose that s; = 0, then those equations simplify to

03 — 5902 — 45yl — (8% — 4s954) = 0

h? = 4(25262 + (484 — 83)0 — (83 + 353 + 45254))
t? = 16540% — 33§E — 52$§ — 645?1

ht = 2(3s30% — 259530 — 5353 — 165354)

2t(£ - 82) + 83h =0

he? + 283t — 4s4h = 0.
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