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Introduction

In the last century, information security became of the utmost importance for
human society. Initially it was used for military scope, but with the incoming of
personal computers and with the increasing dependence on information technology
for commercial and private use, also the general public needed to protect electronic
data. Thus cryptography gained popularity.

The symmetric systems, in which the two parties who want to communicate
share a common secret key, are the oldest ones. They could be used in a not large
organism where the secret keys could be shared without many issues. But with
the advent of Internet these systems will no longer be usable for every context.

In 1976 Diffie and Hellman proposed public-key systems. They are based on
the so called one-way functions. Such a function is easy to compute, but the
inverse cannot be computed in an acceptable time window. The "hard” mathe-
matics problem, as the factorization of the product of two large prime and the
Discrete Logarithm Problem, leads to construct a lot of one-way functions. Nowa-
days there are subexponential algorithms that can attack these "hard” problems
over a finite field. So that key size of about 2048 bits are required in order to keep
secure information.

In 1985 Koblitz and Miller proposed independently to use elliptic curves and
their group law instead of finite fields. Nowadays a good cryptography system
based on elliptic curve is exponential in the security parameters and we can use
much smaller keys. This is useful, for example, in the availment of small rigid
supports like smart cards.

The introduction of elliptic curves in the realm of cryptography pushed many
people to study possible applications of other curves and of abelian varieties in
general.

In this thesis we give a review on the mathematical background of algebraic
curve, in particular we explain the connection between a curve and its Jacobian,
which is an Abelian variety. So that for each curve we can define an addition law
on its Jacobian, and this is useful for computer applications.

After that, in the third chapter, we give the explicit construction of the ad-
dition law on elliptic curves in Weierstrass, Huff and Edwards form. The first
is the standard form and the most studied in the literature; the second one was
introduced by Huff in 1948 to study diophantine problems; the third one has the
faster algorithms, it is one of the most studied models in these last years and it
found a lot of application.



In the fourth chapter we present the results needed for the computation of the
group law on hyperelliptic curves. We give the definition of Mumford representa-
tion for a semi-reduced divisor, that is in short an ideal representation, and the
Cantor algorithms for the addition and reduction of a divisor.

In chapter five we describe some example of addition on Jacobians of non-
hyperelliptic curves. In particular superelliptic curves, that are triple cover of the
projective line, are a first generalization of the addition on hyperelliptic curve;
and we describe also the general case of non hyperelliptic curves of genus 3.

After these subcases we show how to compute the addition for general curves.
This last argument use an algorithm for the computation of a basis of the Riemann-
Roch space of a divisor.
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Chapter 1

Algebraic curves and their
Jacobian

The aim of this chapter is to introduce the basic definitions and the results about
algebraic curves. We will mainly refer to the books of Fulton [Ful69], Milne
[Mil91], and Moreno [Mor93].

For all the thesis we denote by k an arbitrary perfect field as, for example,
C,Q,F,.

1.1 Curves

In the affine space A"(k), we define the Zarisky topology by its open basis

{Dy(k) | f €klwr,- -, znl},

where Dy(k) = {P € A"(k) | f(P) # 0}.
The closed subsets are given by

Vi={Pea"(k) | f(P) =0 Vf eI}
for any ideal I of k[x1,- -+ , 2]
An affine variety is a closed irreducible subset of the affine space A™.

For the projective space P"(k) we define as well the Zarisky topology by its
open basis

{Dy(k) | f € k[Xo, X1, , Xuln},

where Dy(k) = {P € P"(k) | f(P) # 0} and k[X¢, X1,---, X,] is the set of
homogeneous polynomial in n 4 1 variables.

The closed subsets are given by V; = {P € P*(k) | f(P) =0 Vf € I}, where
I is an homogeneous ideal in k[Xg, X1, - , X,,] different from (Xq,---, X,,).

A projective variety is a closed irreducible subset of the projective space.

A subvariety of a variety is a closed irreducible subset in the induced topology.

The dimension of a variety V is defined to be the supremum on the lengths
of chains Sg D S1 D - D S, of distinct irreducible closed subvariety of V. A
variety is called curve if it has dimension 1.



In particular, an affine plane curve is the set of its k-rational points
¢ ={(X,Y) e A’(k) | f(X,Y) =0}

for a given f € k[X,Y].

We say that an affine plane curve is defined over k if f € k[X,Y] and we call
k-rational points of the curve % the elements in {(X,Y) € A%(k) | f(X,Y) = 0}.
We require that f is absolutely irreducible (i.e. which remains irreducible over
any finite extension of k). This condition ensures that the curve is connected and,
of course, irreducible. The degree of € is the degree of the polynomial f.

In a similar way we define the projective plane curve as the set

€ = {[Xo, X1, Xo] € P*(k) | f(Xo, X1, X3) =0}

for a given f € k[Xo, X1, Xa]s. It is defined over k if f € k[Xo, X1, X2]x and the
set of its k-rational points is {[Xo, X1, X2] € P?(k) | f(Xo, X1, X2) = 0}.
Let’s introduce the field of rational functions k(%) defined by the quotient
field of
k(€] :=k[ X1, -, X,]/1.

Consider I prime, hence € irreducible, then we have that k[%] is a unique fac-
torization domain. We get an isomorphism between k(%) and the subfield of
elements of degree 0 in the quotient field of k[%];, (the set of homogenueous poly-
nomials), namely every element ¢ € k(%) can be written as f/g, where f, g are
homogeneous polynomials with the same degree. Indeed the homogenization

h k(€)= 2o(k[%]n)

and the affinization

a: 2y(k[€]n) — k(¥),
defined by
Xy

e X

with deg ¢ = deg f1 — deg fo if ¢ = f1/fo, and
a(w(X07"' aXn)) = ¢(17X1,"' 7Xn)7

are isomorphisms of fields, one inverse of the other.

If ¥ = k(&, p), with £ transcendent over k and p algebraic over k(¢), is a field of
trascendent degree 1 and f is a minimal polynomial of 3 over k, i.e. the minimal
polynomial in k[X, Y] such that f(£, p) = 0. Then the curve ¢ defined by f has
> as its field of rational function. Clearly this construction is equivalent to the
previous, indeed k(%) = k(X)[Y]/(f) = X.



1.2 Points

From now on we will consider only curves.

Let’s see now the definition of closed points on a curve and their corresponding
valuation. Recall that a valuation on a field K is a non trivial homomorphism
v : K* — 7 satisfying:

v(zy) = v(x) +v(y),
v(z +y) > min(v(z), v(y)).

The set R, = {x € K* | v(z) > 0} U {0} forms a discrete valuation ring (DVR)
and m, = {z € R, | v(z) > 0} is its maximal ideal. They are uniquely determined
by the equivalence class of the valuation (namely v ~ v/ if the topology induced by
the metrics d(z,y) = /@ and d'(z,y) = ¢’ *~¥) where ¢ € Rs1, is equivalent).
We denote by k, the residue field R,/m,. Recall also that the following are
equivalent if R, has dimension 1:

i) R, isaDVR,
ii) R, is integrally closed,

(

(

(iii) m, is a principal ideal,

(iv) dimy, (m/m?) =1,

(v) every non zero ideal is a power of m,,

(vi) there exists an element ¢, called the local uniforming parameter, such that
every non zero ideal is of the form (%), with i > 0.

If K = k(%) for some curve ¢, we call closed point of the curve the couple
P, = (R,,m,). We define the degree of a closed point to be deg(P,) = [k, k].

Remark.

i) If k is algebraically closed, then all the closed points have degree 1.

ii) We are interested in closed points of degree 1, they are in correspondence with
the k-rational point (a,b) such that f(a,b) = 0. Indeed we can associated to
(a,b) the ring

R={¢cklp=g/h, h(a,b) =0}
and its ideal

m= {¢ € R’¢ = g/ha g(avb) = 0}‘
If (a,b) is not a singular point (i.e. if the partial derivatives respect to x and
y are not both 0 in (a, b)), then the pair (R, m) is a DVR and corresponds to
(a,b). Conversely, if P, = (R,,m,) is a closed point of degree 1, then m, is
the ideal generated by (x — a,y — b) for some (a,b) such that f(a,b) = 0. If
(a,b) is a singular point there may be several closed points corresponding to
it.
When it will be strictly necessary we will recall that we are working with
closed points.



iii) There exists d = deg(P,) points Py, --- , Py over € (k) lying over P,, i.e. the
corresponding valuation rings in k(%) are the same of the one of P,. It is
also true that vp, = vp, if and only if P; € Gy - Pi, where Gy = Gal(k/k).
Then we have that the order of the orbit Gy - P; equals d.

iv) Fix a closed point P, = (R,,m,). For an f € R,, we can think at this
function modulo m!,, then we get

-1
f= Z a;t' (mod ml),
=0

with unique elements a; € k, and ¢ is the uniforming parameter. Hence we
can pass to the limit and consider f in the completion 1{2; of R,. The ring
R, is isomorphic to the ring of power series k,[[t]]. The field of quotient of
k,[[t]] is denoted by k,((¢)) and it contains k(%) as a dense subset.

Let now ¢ € k(%) be a rational function. For every point P, corresponding to
a closed point P,, we can write ¢ as a formal power series:

¢ = Zajtj
j

with a; € k, and ¢ the local uniforming parameter. We define the order of ¢ at
P by
ordp(¢) =n

where n is the smallest exponent of a power of ¢ which appears with coefficient
an # 0 in the power series expansion of ¢.

1.3 Intersection of curves

Let € and Z be two plane curves with no common components defined over an
algebraic closed field k. Let f and g be the corresponding homogeneous polyno-
mials. Suppose that the curves do not pass through the point O = (0,0,1) and
that each line passing through O contains at most one point of intersection of &
and 2. Let h € k[Xp, X1] be the resultant of f and g respect the variable Xj.
For a point P = (a,b,c) € € N Z we define the intersection multiplicity of € and
2 at P to be
mp(cf, .@) = Ol"d(mb)h(Xo, Xl).

Theorem 1.3.1 (Bézout). Let € and 2 be two plane projective curves defined
on an algebraically closed field with no common components, then

Zmp(%, 7) = deg¥ - deg 7.
P

Proof. See [Ful69]. O



1.4 Maps

Let ¥ and 2 be two subvarieties of P and P respectively. A rational map
F : % --» 2 is defined in a open subset of %, and is is such that there exist
m+1 rational functions fo, f1, - , fm € K(Xo, X1, -+, X,,) for which the equality
F(P) = [fo(P), f1(P),---, fm(P)] holds. A rational map F is said to be birational
if it is injective in an open subset of & and it has a rational inverse. It is clear
that the composition of rational maps is still rational.

We can define the pullback operator

*: Ratg (%, 2) — Homg (k(2),k(%))

form the set of k-rational maps to the set of k-homomorphism of fileds. It is such
that F*(¢) = ¢ o F with ¢ € k(Z). Moreover, it is a bijection and idy, = idy(g),
(FoG)*=G*o F*.

k
¢oF Tqﬁ
¢ -~
Y o Y
k(¢) <—k(2)

Theorem 1.4.1. Two curves are birationally equivalent if and only if there exists
a k-algebra isomorphism between the corresponding function fields.

Proof. See [Ful69] and [Wal50] for algebraically closed field or [Mor93] for non-
algebraically closed field. O

We define the degree of a rational map F': € — 2 to be
deg(F) = [k(%) : F*(k(2))].
We have the following result.

Proposition-Definition 1.4.2. Fach non constant rational map F : € --» @
induces a surjective application from the (closed) points of € to the (closed) points
of 9. For every point Q) of 9 we can assign to every point Pi,--- | Py in the in-
verse image a positive integer mp,(F), called multiplicity of ramification, such
that Y, mp, F'degP; = deg(F) and t = tZ-nP" (F)
forming parameters of QQ and P;.

, where t and t; are the local uni-

The points with multiplicity bigger than 1 are called points of ramification for
F and we can define the ramification of F in P to be ramp(F) = mp(F) — 1,
and the total ramification to be ram(F) = pc ramp(F') deg P.



1.5 Divisors

We introduce now the fundamental instrument for studying curves.
The group of divisors of the curve € is the free group generated by its (closed)
points. Let’s denote it by

Div(¢)={D:D = Z dpP, dp € Z, dp almost everywhere zero}
P

where dp := ordpD is called the order of P in D. We shall call support of D the
set {P :ordpD # 0}.
For D, D’ € Div(%¢) we shall say that D < D’ if and only if ordpD < ordpD’
VPe?.
We call effective a divisor D such that D > 0.
Lastly we define the degree of the divisor D to be

degD = Z ordpD deg P.
P

and finally we denote with Div(%) the subgroup of divisors of degree 0.

Remark. Since every points in the orbit Gy - P, with P € %, correspond to a
single closed point in %, then a divisor D over % can be viewed as divisor of ¢
if and only if it is fixed by every element in G, i.e. g-D = D for all g € G, if
and only if for every point P € % the points on the orbit Gy - P appears in D
with the same degree.

The divisor of a rational function ¢ € k(%) is called principal divisor and it
is given by

div(¢) = ) ordp(¢)P.
P

We have deg(div(¢)) = 0, hence the set PDiv(%¢’) of all principal divisor is a
subgroup of Div((%).

From now on, if not specified, the support of a divisor will be composed only
of closed points of degree 1, i.e. k-rational points.

1.6 Differentials

Let K be a field lying over k. Consider the product K ® K and the linear
application 7 : K @ K — K, such that 7w(a ® b) = ab.

Observe that I = ker(r) is a linear combination of elements of the type 1®b—b®1,
indeed if ), a; ® b; € ker(7), then

Zai®bi = Z(az@bz’—aibi@l) = Z(ai®1)(1®bi_bi®1) = Zai(1®bi_bi®l)-

7 )

Define now the space of differential of K to be

O(K) =1I/I%

6



The set Qi (K) is a k-vector space and a K-vector space.
This space is equipped with a k-linear map

d: K — Qk(K)
defined by d(a) = [1 ® a — a ® 1]. The following holds:

(i) d(k) =0 for every k € k
(ii) d(ab) = ad(b) + bd(a) (Leibniz rule)
(ii) if be K, then d(1) = —4b)
(iv) for f € k[X] we have d(f(X)) = 3, a- (X)d(X,).

In our case let K = k(%) and define Q(%) = Q(k(%)), it is called differential
space of the curve €.

The field k(%) has trascendental degree 1 over k, then every two element
¢, € k(%) are algebraically dependent, so there exists a polynomial g(z,y) such
that g(¢,1) = 0. We have

_ gy(d): w)
9z(9, %)

do = dip,

where g, = %.
Therefore every element d¢ is a multiple (over k(%)) of a given non zero element.
It follows that Q(%) is a one dimensional vector space over k(%).

As in the case of rational function we can define the divisor of a differential:
fix a point P,, for every differential w € (%) we can write

w=Y bt dt;
j

define the order at P, to be the smallest exponent n of a power of ¢ which appears
with coefficient b,, # 0 in the power series expansion of w. And define also

div(w) = Z ordp(w)P
P

and W = {div(w) | w € Q(%)}

Since the dimension of (%) is 1, then the degree of a divisor of a differential
is always the same. This suggests to define the genus g of the curve to e the
integer such that

deg(w) =29 — 2.

1.7 Divisors under rational maps

Assume now that the field of constant of the function field k(%) is k, it means
k N k(%) =k. Let F: € — 2 be a rational map and let Q be a point of 2, we
can construct a divisor in % defined by

FQ= S melB)P

Pe%, F(P)=Q

7



we can extend by linearity to the group of all divisors
F* :Div(Z) — Div(¥).

We have deg(F*D) = deg(F)deg(D), hence F* can be resticted to the application
F* : Divg(2) — Divo(%). Moreover we can further restrict it to the subgroup of
principal divisors, indeed

F*(div(¢)) = div(F™*9¢).
For a canonical divisor, we observe that the function F' induce a k-linear
application F* : Q(2) — Q(¥) that send d(v) in d(F*1). We have
div (F*w) = F* (div(w)) + Ram(F),
where Ram(F) = pramp(F)P. Passing on degrees we get

Theorem 1.7.1 (Hurwitz). Let F' : € --» 2 be a rational map. Let w be a
differential in Q(€). Then

deg (div(F*w)) = deg(F) deg (div(w)) 4+ ram(F).
Proof. See [Mor93] for finite field or [Ful69] for algebraically closed field. O

1.8 Linear systems

Two divisors D, D’ are linearly equivalent (D ~ D’) if there exists a rational
function ¢ such that D — D' = div(¢). We denote by |D| the equivalence class of
D restricted on the effective divisors, namely

|D| ={€ € Div(¥): € >0, £ ~ D},

and we shall call it complete linear system of D (it is empty if deg D < 0).
We define the Riemann-Roch space as

Z(D) = {$ € k(%) : div(¢) + D > 0}

There is a natural bijection P(.Z (D)) < |D| that send x to div(x) + D.

We shall call linear system every projective subspace G of |D|, we use the
notation G < |D|. The degree of G is the degree of every element in G, it
is denoted by deg(G); and the dimension of G is the dimension as projective
subspace, it is denoted by d(G).

In the same way, for the complete linear system |D|, we introduce

(D) = dimg.Z(D), d(D) = dim|D|

hence d(D) = ¢(D) — 1.

We denote by B(D) the base locus of the divisor D that is by definition the
intersection of all effective divisors in the complete linear system |D|, in other
words it is the divisor such that B(D) < & holds for every £ € |D|. We have
Z(D) = £(D — B(D)). We say that a complete linear system is without base
points if B(D) = 0.



1.9 Riemann theorem, Riemann-Roch theorem

The following theorems are the fundamental results in the realm of curves and
their divisors. They give us a link between the degree and the dimension of a
complete linear system. These theorems will be often used in the whole text
without being mentioned. The reader can find the proof in [Ful69] and [Wal50]
for algebraically closed field, and in [Mor93] for finite field.

Theorem 1.9.1 (Riemann). For every divisor D we have

deg(D) — d(D) < g.

Theorem 1.9.2 (Riemann-Roch). The gap in the Riemann theorem is given by
l(w — D) for every w € W. Hence

(D) =deg(D)+1—g+¢(w—D)

in other words
d(D) = deg(D) — g + {(w — D).

We say that a divisor D is special if {(w — D) > 0.

Remark. Using the Riemann-Roch theorem it is easy to prove that d(W) = g—1.

1.10 Abelian varieties

In this section we introduce the notion of abelian variety, that is a projective curve
with a group law defined on its points. Abelian varieties are indeed very useful
for cryptographic application. We will have that a Jacobian curve is an abelian
variety.

An algebraic group 2 over a field k is an absolutely irreducible variety defined
over k together with:

i) the addition morphism

m:9x9 =9
ii) the inverse morphism
i 9 — 9,
iii) and a neutral element
0ey

satisfying the usual group laws. We shall use the notations P® Q := m(P, Q) and
eP :=i(P).

We can extend the group law in 2, for an extension field L/k, via the eval-
uating morphism defined over k. In particular the group law extends in a unique
way in Z.



Lemma 1.10.1. Every algebraic group is nonsingular.

Proof. For any variety we can find an open set in which the variety is non singular.
By the translation isomorphism ¢, : P — m(P,a) we have that every open subset
of & is nonsingular. Hence every algebraic group is automatically nonsingular. [

A projective algebraic group & is called abelian variety.

Remark. We could define abelian varieties to be a complete connected algebraic
group. This implies the projectivity, but the proof is not immediate, and it is not
necessary in this context.

Theorem 1.10.2 (Rigidity). Let a: &/ x B8 — € be a regular map, and assume
that o7, B,%€ are projective varieties. If there are three pointsa € o/ ,b € B,c € €
such that

a(e x {b}) = a({a} x B) = {c},

then a(o? x B) = {c}.
Proof. See [Mil91]. O

Corollary 1.10.3. Every regular map « : & — B of abelian varieties is the
composite of a homomorphism with a translation

Proof. After a translation by —«/(0) we can always assume that a(0) = 0. Let
¢ A xa — B be the regular map given by ¢(a1,az) = a(a1+az)—a(ar) —alaz).
Then ¢(o7 x 0) = ¢(0 x /) = 0. This means that « is an isomorphism. O

Corollary 1.10.4. The group law on an abelian variety is commutative.

Proof. A group is commutative if and only if the inverse map 4 is an homomor-
phism. By definition the inverse map of an abelian variety is a regular map, and
it send 0 to 0. We can conclude applying the precedent corollary. O

We explain now what happen to the homomorphism group Homy (.27, ) under
base change. Let L/k be a field extension and let 271, %1, be the abelian varieties
obtained by scalar extension. The Galois group G, = Auty, (E) acts in a natural
way on Homy (o7, %). We have:

i) if Lo is the algebraic closure of k in L, then Homp, (7., %1.) = Homy,, (7., $L,),

ii) for any L contained in k we have Homy (4., %1,) = Homg (o, %) L.
Proposition 1.10.5. Let ¢ € Homy (o7, B).

i) Im(¢) is an abelian subvariety of A by restriction of the addition law,

ii) ker(¢) is a closed subset of o/ and it contains a maximal absolutely irreducible
subvariety Ker(¢)? containing 0.y, it is called the connected component of the
unity of Ker(¢),

i) we have dim(Im(¢)) + dim(ker(¢)?) = dim(7).
Proof. See [Mil91] O

10



1.11 Isogenies and [n]-torsion points

We define an isogeny to be a surjective morphism with finite kernel between two
abelian varieties o7 and . In this case we say that o7 is isogenous to Z. It is
an equivalence relation.

Theorem 1.11.1. For a morphism « : &/ — A of abelian varieties, the following
are equivalent:

i) « is an isogeny,
it) dim o/ = dim B and « is surjective,
iit) dim &/ = dim B and ker(«) is finite.
Proof. See [Mil91] Proposition 7.1. O

The degree of an isogeny o : &/ — A is the degree as a regular map, i.e.
k() : a*(k(A))]. If « is separable, i.e. k(«7)/a*(k(Z£)) is a separable extension,
then « is unramified. If moreover k is algebraically closed, then every fibre has
exactly deg(a) points.

Let [n] : & — &/,a + na = a+ --- + a be the integer multiplication on <
Denote by 7 [n] the kernel of [n], its points are called n-torsion points.

Theorem 1.11.2. Let &/ be an abelian variety of dimension g. The integer
multiplication [n)] is an isogeny of degree n?9. It is separable, hence it is unramified,
if k has characteristic 0 or is has characteristic p # 0 such that p t n. In these
case we have @#[n| ~ (Z/nZ)*.

For n = p* we have < [p°| ~ (Z/p*'Z), with t < g independent on s.

We call the integer t the p-rank of the abelian variety <. If t = g the variety is
called ordinary. If <7 is an elliptic curve, i.e. it is an abelian variety of dimension
1, it is called supersingular if ¢ = 0. In general an abelian variety is called
supersingular if it is isogenous to a product of supersingular elliptic curves.

Proof. See [Mil91] or [MRM70]. We need to use ample divisors. O

1.12 Jacobians

In this section we will describe the Jacobian of an algebraic curve. Theorem 1.12.1
will be very useful in the whole thesis, it gives us a way to represent a point of
the Jacobian. Unfortunately this representation is still not unique in general.

Let € be an (absolutely) irreducible curve over a field k. In an algebraic closed
field k we can define the Picard group

Picg, := Divo(%;)/PDiv(%).
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Let Gy be the Galois group Autk(K). It acts in a natural way on Pic%K and we
define
Pic), := (Pic%K)Gk.

More generally, if L is a field extension of k inside k, we have Pic%{L = (Picgﬁ)GL.

We would like to construct an abelian variety ¢ = Jac(%) such that

/]L = PiC%L.

Assume that % is a nonsingular, absolutely irreducible, projective curve of
genus g > 0. Assume also that it has a k-rational point at infinity P, and
suppose for simplicity that it is (0,1,0).

Theorem 1.12.1. For every k-rational divisor D of degree 0 there exists an ef-
fective k-rational divisor £ of degree g such that £ — gPs ~ D, it is in the divisor
class of D.

Proof. Take D' ~ D. Write D' = Dy — Dy, with Dy, Dy effective divisors. Fix an m
such that m — deg(D2) > ¢g. By Riemann-Roch theorem there exists a function f;
such that div(f1) + mPx — Dy is effective. We can replace D’ by D’ +div(f1) and
assume that D' = D — kP, with k = degD and D effective. If k < g we proved
the theorem, otherwise we consider the divisor D — (k—¢)Px. It has degree bigger
than g, then there exists a function f such that D — (k — g) Px +div(f) is effective,
therefore D — k Py +div(f) ~ D and it is equal to (D — (k — g) Poo +div(f)) — 9P
as required. O

Remark. Suppose that g > n = [k(%) : k(z)]. If £ contains in its support points
at infinity then the divisor

&' — (x)Px = & — {points at infinity in supp(€)} — (*) P

is in the same class of £ — gPs. Now if & contains all the points in the set
YXP ={P | P, = 0;P, 0; € Gal(k(¥)/k(x))}, then zp, = xp for each P;, and
div(x — 2p) = ¥ P — nPy, hence

E'— (%) Py ~ (&' = BP) — (%) Py = £" — (%) Pse.
Note that deg&” < deg&.

We call a divisor in the form & — (x) Po, reduced along P, if € does not contain
any sets X P and any points at infinity.

We construct the g-fold cartesian product €7 as follow. Take €, a (nonempty)
affine part of ¢, let (x1,---,z,) be the affine coordinates. Let %,; a copy of

%, of coordinates (zi,---,2%). The variety %7 is define to be the cartesian

product of the %, ;, hence it can be embedded in an affine space of coordinates

(zd,---,ak - xf .- x}). The projective variety 7 is defined by glueing.

rrn?
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Let Sy be the symmetric group acting on {1,---,g}. It acts in a natural
way on %9 permuting the coordinates (z',---,29). Finally we have a projective
variety Sy \ €7.

For a field L between k and k let P be a point of Sy \ €1, represented by
(P1,--+, P,). For every o € G, = Gal(k/L) we have 0P = P, hence there exists
a permutation 7w € Sy such that (0P, -+ ,0P;) = (Pr1)," ", Pr(g))- This mean
that the formal sum P; + --- + P, is an effective divisor of degree g.

We get a map ¢ : Sy \ €9 — Pic%IL defined by

u(P) = Pi+ -+ Py— gPs.
Finally we can define the structure of variety on ¢, = Pic%L.

Remark. The point P = (Pso, - - , Px) is sent via ¢ to the neutral element of
the algebraic group 7.
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Chapter 2

Classification

In this chapter we describe the curves according to the genus. We will consider

always curves with at least a k-rational point.
We refer to the the appendix of the book of Mumford [Mum99] and to [Cail0].

2.1 Rational maps associated to a linear system

Let ¢ : € — P™ be a rational map, we say that it is nondegerate if the image
is not contained in any hyperplane of P*. We call it dominant if it cannot be a
projection of any map of the type ¢ : € — P™, with m > n.

For a given divisor D consider the associated complete linear system |D|. Take
a linear system G < |D| and assume that it has no base points. Then there is a

bijection
Linear system Rational maps
(i) without f.p. PN (i) nondegenerate Jprojectivity
(i) projective dim. n (ii) € — P ’
(iii) degree r (iii) degree of the image r

which can be restricted to a bijection

Linear system Rational maps

(i) complete (i) dominant L
rojectivity.

(ii) projective dim. n (ii) € — P /proj Y

(iii) degree r (iii) degree of the image r

Indeed, a given linear system G is a projective subspace of P(.Z (D)), then we can
fix a projective basis ¢, - , ¢, of G. The element (¢, ,pn) € P*"(k(¥)) is
the map that we want to. Note that every basis of G gives the same map up to
projectivity of P" (k).

15



2.2 Genus 0

A projective curve ¥ has genus 0 if and only if there exists a point P such that
d(P) = 1. Then the curve % is birational to the projective line P!. Indeed the
map ¥ — P! is nonconstant and it has a unique pole (it is dominant), hence
birational.

2.3 Genus 1

Let € be a curve of genus 1. Since d(rP) =r—g+ (W —rP)=r—1forr > 1,
the space Z(rP) is given by the bases

Dy if r=1,

<17¢>k if r=2,

<1,¢,q§’>k if r=3,

(1,6,¢',0%), if r=4,

(1,6,¢',¢% 0¢"), if r=5,

(L,6,¢',¢%,0¢',¢°), if r=06.
Note that also ¢ is in .Z(6P), therefore there exists a linear relationship between
&%, ¢3 and other terms. Put now ¢ = X,¢ = Y, hence there exists a cubic
relationship over the affine plane. Then we can say that every curve of genus 1 is
birationally equivalent to a smooth curve & of degree 3. Note that we used the
divisor D = 3P and its corresponding rational map ¢ — P? of degree 3, where

2 =4d(3P).

If we use the divisor D = 4P, instead of the divisor 3P, we obtain a different
classification of the curve: an intersection of two quadrics in the three dimensional
projective space. Indeed let X = ¢,Y = ¢/, Z = ¢?; the first relation is defined
by Z = X? and the second one depends on a linear relationship between X Z and
Y2 and other terms that appear in .Z(6P).

A curve of genus 1 is called elliptic curve if it has a k-rational point.

Construction of the sum

For every nonzero effective divisor D, since the genus of & is 1 and the divisors of
positive degree are nonspecial, we have d(D) = deg(D)—1. I D+Q ~ nO ~ D+Q’
then d(nO — D) = deg(nO — D) — 1 = 0. We can find out only one function in
Z(nO — D) up to multiplicative constants, then the zero is unique. In particular
Q ~ Q' implies Q = Q'.

Fix a point O for every two points P, we defined the sum P & @ in such
a way: since d(30 — P — Q) = 0 there exists a unique (up to constant) rational
function ¢ such that div(¢) = P+ Q + P x Q — 30, for a unique point P x @Q); we
can do it two times and set

PaQ=0x%(P=xQ).
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It is easy to see that it is an abelian group with O as neutral element.

If the curve is represented by its cubic embedding in the plane then the ratio-
nal function ¢ must have three zeros on the elliptic curve, hence it has degree 1,
therefore it is a line. We will see the explicit construction in the next chapter.

2.4 Genus 2

A canonical divisor K = div(w) has deg K = 29 —2 = 2 and d(K) = 1. Then the
corresponding projective map k : € — P!, called the canonical map, has degree
2. We say that a curve for which exists a rational map ¢ — P! of degree 2 is an
hyperelliptic curve.

Then every curve of genus 2 is an hyperelliptic curve.

2.5 Canonical maps and hyperelliptic curves

More generally we have that a rational map ¢ : € — P" defined by a divisor D is:
i) ingective if {(D — P — Q) = {(D) — 2 for every P # Q in €;
ii) an immersion if {(D — P — Q) = £(D) — 2 for every P,Q in €.
And we call the divisor D very ample if (ii) holds.
Indeed if ¢(P) = ¢(Q) and P # @ we have
2(D-P-Q)=Z(D-P)= Z(D- Q)

moreover if £ (D —2P) = £ (D — P) this mean that every function in £ (D) that
have zeros (with order bigger than the necessary for D) in P has order 2 (more
than the necessary) in P, so that the differential of these functions (with respect
the uniforming parameter) has a zero (more than the necessary) in P and it is
not an immersion.

A canonical divisor £ = div(w) has no base point for g > 1, i.e. for every
point P we have {(C — P) = ¢(K) — 1, indeed /() — 1 =g — 1 and

1={(P)=deg(P)+1—-g+{K—P).

The canonical map & : € — P9~! could be an immersion or not. The latter
case implies that for P,Q in ¢ we have (K — P — Q) = ¢(K) —1 =g — 1. By
Riemann-Roch we have also

(K=P-Q)=g—-3-UP+Q),

so that £(P + Q) = 2. Then there exists a birational map ¥ — P! of degree 2,
hence the curve is hyperelliptic.
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2.6 Genus > 3

For a genus g > 3 we can have either hyperelliptic curves, if the canonical map is
not an immersion, or nonhyperelliptic curves if the canonical map is an immersion.
Then, in the latter case, every canonical divisor K = div(w) is very ample.

Considering the canonical map x : € — P9~!(k), for every homogeneous
polynomial F' € k[Xo, -, Xg_1]m (the set of homogeneous polynomial of degree
m) we can define the divisor in ¢ of F' to be

F
dive F' = div < o n) ,
(0
where 1) € k[Xo, -+ ; Xg_1]m is a function such that the zeros in (%) are different
from the zeros in k(%) of F (for example it could be m times an hyperplane).
We have divg F' ~ mK and therefore a linear application

F
¢, k[ Xo, -, Xgo1]m = ZL(mK), F— m 0 K.
The kernel of this application is given by the functions that are identically
zero on k(%), hence they give equations for x(%).
Using ¢(mK) = deg(mK) —g+1=2(9g—1)m — (¢ — 1) we have

m+g—1

dimy ker(®,,) > ( ) + (g-1)—=2(g—1)m.

— dim of Z(mK)

m

—_——
dim of k[Xo, -, Xg_1]m

Genus 3.
dimg ker(®,,) > 6—-8+2=0 if m=2;

10-12+42=0 if m=3;
15-16+2=1 if m=4.

We have at least one eqution of degree 4. Then the projective curves of genus
8 are either hyperelliptic or birational to a smooth plane curve of degree 4.

Genus 4.

dimy ker(®,,) > 10—-12+3=1 if m =2;
20—-18+3=5 if m=3.

We have at least one equation of degree 2 and one independent equation of
degree 3. Then the projective curves of genus 4 are either hyperelliptic or bira-
tional to a smooth intersection of a quadric and a cubic.

Genus > 5. For g > 5 we have three type of curves: hyperelliptic, smooth
intersection of quartics in P9~! or triple ramified covers of the Riemann’ sphere.
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2.7 Hyperelliptic representation

Assume now that we are working on an algebraic closed field k of odd charac-
teristic. Let ¥ be an hyperelliptic curve of genus g. By definition there exists
a rational map x : ¥ — P! of degree 2. By Hurwitz formula the total ramifi-
cation is 2¢g + 2, hence there exist 2g + 2 ramification points of ramification 1,
the so called Weierstrass points. We denote these points with Py, .-, Pygyo. Let
diveo(z) = Q + R, we can assume, up to projectivity of the line, that Q and R
are not Weierstrass points.

We define a; = z(F;) and the map ¢ : 4 — % to be the map that exchange the
inverse images of the rational map x. Obviously we have (2 = idy.

We look now at the divisor D = (¢ + 1)@ + (¢ + 1) R. By Riemann-Roch we have
/(D) =deg(D) —g+1=g+3.

Since +(D) = D we can consider the endomorphism * : Z(D) — Z(D), it is
clear that ¢*2 = id, hence it is diagonalisable with eigenvalue +1. We can decom-
pose .Z(D) in £ (D)* @ £ (D)~ where £(D)* = (1,z,--- ,29%!) has dimension
g+ 2 and Z(D)” = (y), with t*(y) = —y, has dimension 1.

Fix f(z) = H?ffz(a: — a;). We want to prove that y? = cf(z) for some nonzero
c € k. In order to do this we show that the corresponding divisor of y? and f(x)
are the same, so that the quotient function is a constant. We have:

div(y) = ZP -D

because y(P;) = —y(F;), hence deg(divo(y)) = 2¢9 + 2 (we are working in odd
characteristic), and the only possible pole are @ and R with g + 1 as maximum
degree; on the other hand

div(f(z)) = Zdivo(x —a;) — Zdivoo(a: —a;) =2 Zpi —2D.

We proved the following

Proposition 2.7.1. A projective curve is hyperelliptic of genus g if and only if it
is birationally equivalent to a projective plane curve of the form y? = f(x), where
f has degree 2g 4+ 2 and it has no double roots.

Remark.

i) If we assume that dive(z) = 2P, with P a Weierstrass point, then we can
prove with the same argument that every hyperelliptic curve is birationally
equivalent to a projective plane curve of the form 32 = f(x), where f has
degree 2g + 1 and it has no double roots.

ii) In a field of characteristic 2 we can show that any hyperelliptic curve is
birational to a projective plane curve of the form y? + h(z)y = f(z), with
deg(h) < g and deg(f) =29 + 1.
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Chapter 3

Arithmetic on Elliptic curves

Throughout this chapter we present some examples of elliptic curves. We study
if an elliptic curve can be expressed with a particular polynomial according to
the base field k and we give some explicit formulae for the computation of the
addition law. For the first section we will mainly refer to [Coh+10], for the second
to [JTV10] and for the third to [BLO7a], [Ber+08], [Are+11], and [BLO7b].

We give some explicit formule for the addition law. It is very important to
find fast algorithm that could save some field operation for computing addition
on elliptic curve. Here the symbols I, M, and S stand for the running time for
an inversion, a multiplication, and a square in the field k. We always neglect the

running time of additions.

3.1 Weiestrass curves

An elliptic curve over k is in the Weierstrass form if it satisfies the equation
E Y+ arzy + asy = 3 + apx® + aux + ag

with the condition of nonsingularity, i.e. the partial derivativs 2y; + a1x1 + a3
and 322 + 2a2x 4+ a4 — agy do not vanish simultaneously. Let

bg = a% + 4(12,
b4 =ajaz + 2(14,
be = a3 + 4ag,

bg = a%a(g — 4asgag + CLQCL% — ai

In a field of characteristic different from 2 we can consider the isomorphic curve

y2:x3+%$2+b§4x+%6
given by the isomorphism y — y — (a1 + a3)/2.
If moreover the characteristic is different from 3, then we can apply the isomor-
phism z — (z — (%2) /3) and we can consider equations in which the coefficient of
x? is zero.

The addition law of two points P and () in an arbitrary field k is given in the

classical way:

21



S(PRQ)

Figure 3.1: Addition law on Weierstrass curves

i) find the line passing through P and @ (if P = @ find the tangent line);
ii) find the third R point of intersection;
iii) repeat (i) and (ii) for R and the fixed flex Ps,, the (unique) point at infinity.

This gives the sum R = P & (). Figure 3.1 describes this construction. The
opposite point of a given point (z1,y1) is (z1, —y1 —a1x1 —a3), the neutral element
is the unique point at infinity P, = [0, 1,0].
We compute now the sum explicitly. Take P = (z1,y1) # Q = (x2,y2) with
x1 # x9. We want to compute R = P & Q = (x3,y3). The slope of the line
passing through P and @ is

Y1 — Y2

A==
Ty — X2

the equation of the line is given by

T1Y2 — T2Y1
T —x2

l:y=Xx+

We denote the constant term by p. The intersection of [ and & gives us the
equation

Az 4+ 1) + (a1z + a3) Az + p) = 23 + agx® + agx + ag
and then the equation

f(x) =23+ (ag — ar A — M\)a? + (ag — 2\ — a3\ — ayp)x + ag — p® — azp = 0.
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We already know two different roots of f in k, so the third one is still in k.
The coefficient of 22, multiplied by —1, equals the sum of the roots of f, then

x3:A2+a1)\—a2—x1—x2
and ¥3 = Ax3 + u, where (x3,73) = ©R. Hence
R = (z3,—Ar3 — pt — a1x3 — a3).

If P =@ we can do the same thing with the slope given by implicit derivatives.
Finally we have

oP = (z1,—y1 — a1z — a3),
PeQ = ()\2 +aA—ag —x1 — x9, —A(x] — x3) — Y1 — a1x3 — a3), where
n=v if P#+Q
xr1 — X2
P

322 + 2a9w1 + ag — a1y1
2y1 +arx1 + a3

if P=Q

In characteristic different from 2 and 3 we can assume that & is given by the
equation y? = x3 + a4 + ag. The formulze for adding and doubling points require
respectively I + 2M + S and I + 2M + 2S. For cryptographic applications we
always need to compute a scalar multiplication of a point, in order to do this we
need to recursively add a point after doubling. The next formulee gives us a faster
way to compute [2|P & Q = (P @ Q) @ P, saving one multiplication:

A= (5132—.1'1)2, B = (yg—y1)2, C:A(2m1+x2) — B,
D:C(mg—xl), E:D_l, /\:C'E(yg—yl),
A2 =21 A(xg — 1) E — N, wa= (A2 = AN)(Ae+A) + 22, ya = (01 —24) A2 — y1,

where we assume that P # +Q and [2]P # —Q. It needs I + 9M + 28S.

Affine coordinates

In case k has characteristic bigger than 3 then an elliptc curve can be given by
the equation & : y? = 23 + asx + ag. We can write simplified formulae for the

addition law.

Addition. Let P = (z1,y1),Q = (z2,y2) be two points on the elliptic curve
& such that P # @, then the point P ® @ = (x3,y3) can be computed by

\ = Y1 — Y2

2
) x3 = A" — 11 — @2, y3:>\(3:1—x3)—y1.
Tl — T2

It requires I + M + S.
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Doubling. Let P = (z1,y1) be a point on the elliptic curve & and write
[2]P = (x3,y3), then put

_ 373 4+ ay

A
21

$3=A2—2$1, ygz)\(x1—$3)—y1-
It requires I 4+ 2M + S.

Projective coordinates
In projective coordinates the equation for & becomes Y2Z = X3 +as X Z2 +agZ5.

Addition. Let P = [X1,Y1,71],Q = [X2,Y2, Z5] be two points on & such
that P # @, then the point P ® @ = [X3, Y3, Z3] can be computed by

A=Y1-Zy,, B=X1-Zy, C=71-Zy, D=Yy-Z1— A, E=X5-71— B,
F=FE) G=E-F, H=F-B, 1=D?.C—-G—2H,
Xs=FE-I, Ys=D-(H-1)—-GA, Z3=G-C
It requires 12M + 2S. Note that if one of the inputs is already in affine coordi-

nates, i.e. has form [X7, Y1, 1], then the requirements decrease to 9M + 28S.

Doubling. Let P = [X1,Y1,Z1] be a point on the elliptic curve & and let
[2]P = [X3,Y3, Z3], then put

A=a4Z}+3X}, B=Y,-Z;, C=X,-Y1-B, D=A%*-8C,

X3=2B-D, Y3=A-(4C—D)-8Y{-B? Z3=8B’
It requires 7TM+5S.

Jacobian coordinates

In jacobian coordinates the point [X1, Y7, Z1] on the elliptic curve & corresponds
to the affine point (X1/2%,Y1/Z3) if Z1 # 0, so that the equation of the elliptic
curve & becomes

Y? = X34+ a2 + agZ5.

The neutral element is (1,1,0) and the opposite of [X1, Y7, Z1] is [ X1, =Y, Z1].

Addition. Let P = [X1,Y1,21],Q = [X2,Ys, Z5] be two points on & such
that P # @, then the point P ® Q = [X3, Y3, Z3] can be computed by

Uy=2% Us=21-Uy, Va=23 Vi=2Zy Vo,

A:Xl"/éa B:XQ'U27 C:YI"/E% D:YQ'U37 E:B_Aa
F=D-C, G=E? H=FE-G, I=A-G,
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Xs=—H-2I+F? Ys=—-C-H+F -(I-X3), Z3=2,-Z-F.

It takes 12M + 48S. If one of the inputs is already in affine coordinates, then the
requirements decrease to 8M + 38S.

Doubling. Let P = [X1,Y1,Z1] be a point on the elliptic curve & and let
[2]P = [X3,Y3, Z3], then put

A=Y? B=3X}+wZ, C=4X;-A
X3=-20+B?% Ys=-8A+B-(C—-X3), Z3=2Y,-Z.

It requires 4M + 6S. Note that if a4 is small then its multiplication can be
neglected; note that for ay = —3 we can use B’ = 3X?-37{ = 3(X1—Z3)(X1+2?)
leading to the requirement 4M + 48S.

Chudnovky-Jacobian coordinates

In order to improve the addition in Jacobian coordinates we can represent a point
[X1,Y1, Z1] with the quintuple (X1, Y7, Z1, Z2, Z3). The formulz for addition and
doubling are the same for jacobian coordinates, but the complexity descreases to
11M + 3S and 5M + 68 respectly.

Modified Jacobian coordinates

We can represent the point [X7, Y1, Z1] in jacobian coordinates with the quintuple
(X1,Y1, Z1,a4Z1). The formulee are essentially the same. In the doubling formula
we can add D = 842 so that Y3 = —D + B(C — X3) and a4Z§ = 2D(asZ}). This
new algorithm takes 13M + 6S for the addition and 4M + 48 for doubling.

3.2 Huff’s curves

Let k a field of characteristic different from 2. An elliptic curve over k is in Huff
form if it satisfies the equation

& ax(y® — 1) = by(z® — 1),
or in projective coordinates
&:aX (Y- 2% =bY (X? - 7%,

where a? # b? and ab # 0 (this guaranties the smoothness). It has three points
at infinity, respectively [1,0,0], [0, 1,0], [a, b, 0].

The addition law of two points P and @ is defined likewise the law for the
Weierstrass form:

i) find the line passing through P and @ (if P = @ find the tangent line);

ii) find the third R point of intersection;
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Figure 3.2: Addition law on Huff curves

iii) repeat (i) and (ii) for R and the fixed flex O = [0,0,1].

Figure 3.2 describes this construction.
In particular the inverse of a point [X,Y, Z] is [X,Y, —Z].
For the points at infinity we have:

[X,Y,Z]®[1,0,0] = [Z%,-XY,XZ]
[X,Y,Z]®[0,1,0] = [-XVY,Z2YZ]
[a7b7 O] lf [X7Y7 Z] = [0’07 1]
XY, Z b,0] =
[ s Ly ]@[a, 5 ] {[YZ’XZ,—XY] otherwise

Affine formulae

We now study the explicit formulee for the affine plane. Let as usual y = Az +
be the secant line passing through the points P = (z1,y1) and Q = (x2,y2). So
that A = % and u = y; — A\x1.

In order to find P ® @), i.e. the opposite the third point of intersection of the line
with the Huff’s curve, we must solve the equation

ax((Ax + p)* — 1) = b(Ax + p)(x? — 1)

and then
MaX — b)z® 4+ p(2a) — b)2? + (\b — a)x + ub = 0.
We get
~ (2aX —b)
TLH T T Es = NN )

Y3 = A\T3 — [
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Now, starting from the equation of the curve, we have
azi(y; — 1) = by (27 — 1) and axa(y3 — 1) = bya(a3 — 1).
Multiplying the first equation by 72 and the second by y; and subtracting we get
y1ya(aziyr — azays — bt — b+ brl +b) — az1yz + awgys = 0
and then
(e + 22) (@l — ) — blay — 22)) = always —azip)pe — 1. (3.1)

If we instead multiply the first equation by 9 and the second by x; and we
subtract, then we get

az122(y — y3) + b((@1 + 22)(y1 — y2) — 211 + T2y2) = b(yratws — Youiwy)
and then
(ax1z2(y1 + y2) + b(z1 + 22)) (Y1 — y2) = b(z1y1 — x2y2) (122 + 1). (3.2)

Coming back to the addition formula, we substitute the value of A and p in
r1 + o — x3, and then

(z1y2 — x211) (2a(y1 — y2) — (a1 — 2))
(y1 —y2)(a(yr — y2) — b(w1 — 22))

T3 =11+ T2+

we use (3.1) and we get

(2a(y1 — y2) — b(x1 — 22))y1y2(21 + 22)

T3 = T1+T2—
a(yiy2 — 1)(y1 — y2)
= 24 ag— T2Y1 — X1Y2 (21 — 22)1192
Y1 —y2 iy2 —1
_ Ty — oYz (21 — 22)y1y2
Y1 — Y2 ny2 —1

Now we could use (3.2) and we get

ar1ra(yr +y2) + b(z1 +22) (21 — x2)y1yo
b(z1z2 + 1) y1y2 — 1

(1 + 22)(1 + y1y2)

(14 z122)(1 — y1y2)

By symmetry we can compute y3 and we get finally

(@ +z)d+yiy2)
(T4 zz) (1 — yiye)

r3 =

_ W+ ) + 2129
(1 = z122)(1 + y192)
Note that the parameters a, b, A, u are not involved. Moreover we can use this
formula for the doubling. Note also that it is defined for z1z9 # +1,y1y2 # £1.
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Projective formulse
In order to avoid inversion we can use projective coordinates. We have
X3 = (X1Z2 + XQZl)(ZlZQ + Y1Y2)2(Z122 — X1X2)

Y3 = (Y122 + YaZ1)(Z1 29 + X1X2)2 (2175 — Y1Y3)
Zy = (2375 — XY X3)(Z7 25 — Y7'Y3)

In particular we can use the following algorithm

A=X1-Xy, B=Y1-Ys, C=2 2,
D=(X1+2) (Xa+Z)—A—C, E=1+2) - (Ya+ Zs)—B—C,
F=(C-A)-(B+C), G=(C—-B)-(A+0),
H=D-(B+C), I=E-(A+0),

Xs=H F, Ys=1-G, Z3=G F

It needs 12M.

For a doubling we can use the squaring instead of the multiplication in A, B,
C, D, E, hence it needs TM + 5S. We can speed up the doubling in case S> %M
with the following

A=X,-Yi, B=X,-Z,, C=YI1Z,, D=2Z7}

E=(B-C)-(B+C), F=(A-D)-(A+D),

G=(A-D)-(B-C), H=(A+D) (B+0C),
Xs=(G-H)-(E+F), Ys=(G+H)-(E~F), Zs=(E+F)-(E—F).
It takes 10M + S.

Theorem 3.2.1. Let P = [X1,Y1,Z1] and P = [X2,Ys, Zs]. Then the addition
formula is valid provided that X1Xo # Z1Z> and Y1Yo # Z1Zs.

Proof. We already know the the affine formula is valid whenever z1z2 # 1 and
y1y2 # 1, so that the formula is valid when X1Xo # +7175,Y1Ys # +7175.
We remark that adding [1,0,0] or [0,1,0] with an other point, the formula gives
[0,0,0], that is not a well defined point in the projective space. Adding the point
[a,b,0] to an other point [Xi,Y1,Z1] ¢ {O,[1,0,0],[0,1,0]}, this formula gives
(Y121, — X171, X1Y1]: the correct answer. O

Remark.

1. In order to avoid these cases we can fix a point R = [X3, Y3, Z3] on the Huff
curve and compute P& Q = (P® R) & (Q & —R) if P and @ are different
from [1,0,0] and [0, 1, 0]; it will works for a general R.
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2. The points at infinity [1,0,0], [0, 1,0] and [a, b, 0] are the points of 2-torsion.
Adding [a, b, 0] to any of the points [+1, £1, 1] transforms it into its inverse,
hence these four points are solutions of [2]P = [a, b, 0] and so are of order 4.
These eight points form a subgroup isomorphic to Z/47Z x 7 /2.

Corollary 3.2.2. Let P a point of odd order in the Huff curve &, then the addition
formula is complete in the subgroup generated by P.

Proof. Note first that the points at infinity cannot be in {P} since they are of
order 2. The same for the points [£1,41, 1] that are of order 4. Now, pick two
points P = (z1,y1) and Py = (x2,y2) in {P}. Suppose that xjz95 = +£1. We
have axi(y? — 1) = byi(z? — 1), this implies ai(y% —1) = by (1 — xi%), hence
t+azy(y? — 1) = —byi(z3 — 1). It follows that Fya2(y? — 1) = y1(y3 — 1), hence
Yo = Fy1 Or Yo = :l:yil. In all cases one of P & P, or P; © P, has order 2, that is
a contradiction. Likewise, y1y2 = £1 leads to a contradiction. O

Theorem 3.2.3. Every elliptic curve & over a perfect filed k of odd characteristic
1s birationally equivalent over k to an Huff curve if and only if it contains a
subgroup isomorphic to G = Z/4Z x 7./27.

Proof. We already know that an huff curve has a subgroup isomorphic to the
group Z /47 x 7./27. Conversely let ¢ be the isomorphism that goes from G to &
and use the notation <7, = ¢(a,b). So that Ajg, A11, A31, Aso are the 4-torsion
points in the subgroup isomorphic to G. Doubling these points we obtain a unique
point in GG of order 2, namely R = Ayg. Call Q = As; and P = Apy the remaining
points of order 2 in G.

We have P® RS Q © O = O, then there exists a rational function = such that
div(z) = Q@ + O — P — R, we can assume that x(Ay9) = 1. Likewise, there exists
a rational function y such that div(y) = P — R — Q + O and y(Ajp) = 1.

The function z—1 has the same pole as z. So that div(z—1) = Ajo+ X —P—R,
we have X = POROA = R® A3y = Aj;. sothat (A1) = 1. Likewise y(Ag1) = 1.

Consider now the map ¢ : S — &S for every point S in the elliptic curve. For
every rational function f, denote by (*f the function f o¢. This is an endomor-
phism of the space .Z(-), such that ** = id. Since ¥ = L(P+Q — R — 0)
has dimension 1 over k (by Riemann-Roch, using the fact that P+ Q — R — O
is principal), it follows that g = £1. If 'z = x then x(As0) = z(A10) = 1,
but this contradicts the previous computation on div(z — 1), hence we have that
¥ = —1. Note that x(A1p) = z(A11) = 1 implies x(A431) = x(Az) = —1,
and we have div(z + 1) = As; + Aso — P — R. In the same way we obtain
diviy+1) = A1 + A3 — Q — R.

Finally we consider the rational functions v = z(y? — 1) and v = y(a? — 1).
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We have

div(u) = div(z) +div(y — 1) +div(y + 1)
(Q+O0—-P—R)+ (A1 + A1 —R—- Q)+ (A + A3 — Q — R)
Ao+ A1+ A31 +A30+0 - P —-Q - 3R
= (P+0-Q—-R)+(Aw+ A —P—R)+ (As1 + D3o — P — R)
= div(y) + div(x — 1) + div(z + 1)
= div(v).

Then there exist a and b in k* such that au = bv, hence such that
azx(y® — 1) = by(z* — 1).

It remains to prove that the map that send a point S of the elliptic curve
in [2(5),y(S),1] is injective. Suppose that there exist two points S and S’ with
the same image [xg, Yo, 1], then the two rational functions x — z¢ and y — yo have
divisors respectively S+5’—P—R and S+5'—Q—R, hence PR = S®S’ = Q®R,
that is a contradiction. O

3.3 Edwards and Twisted Edwards curves

Fix a field k of characteristic different from 2. An Edwards elliptic curve is given
by the equation
2?4+ y? = (1 + do?y?)

where cd(1—dc*) # 0. Edwards shows that every elliptic curve over a number field
could be transformed to an Edwards curve of the form 22 +5? = ¢2(1+2%y?), but
some elliptic curves over finite field require a field extension for the transformation.
See [EAw07] for further details.

In order to compute the addition law explicitly we restrict to finite fields.

Edwards and Weierstrass curves

The following theorem shows a way to represent elliptic curves in Edwards elliptic
form.

Theorem 3.3.1. Let & be an elliptic curve over k such that & has an element of
order 4, then there exists d € k,d ¢ {0,1} such that the curve x> +y? = 1+ dx?y?
is birationally equivalent over k to &, if moreover & has a unique element of order
2, then there d is a nonsquare.

Proof. Let’s start with an elliptic curve & in Weierstrass form. Since the char-
acteristic of the field is different from 2, we can assume that & has the form
2 =134 a27"2 + aqr + ag.

Let P be the point of order 4. Up to translation, we can assume that 2P = (0,0)

and thus ag = 0.
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Write P = (r1,$1). Note that there is a line passing through O = (0,0) and

tangent at P, that is s; = Ar; where ) is the slope (317 + 2a2r1 + a4)/2s1.

The point P satisfies the equation of the curve, i.e. s7 = 7} + agrf + aqr1. Then

we have 7“:1” = ay4ri, hence r% = a4, because r; # 0.

Combining these results we obtain
st—ri—as  1+d

=2
r? 1—d'"

ag =

where d = 1 — 4r3 /s2.

Note that d # 1, since r; # 0; note also that d # 0, otherwise the equation for &
would be s = 3 + 2r172 + r3r = r(r + r1)2, but this is not an elliptic curve.

If d is a square, then there exists an other k-rational point of order 2, namely
(ri(Vd+1)/(vd—1),0).

Consider now the elliptic curve

1
& 1_d32:r3+a2r2+a4r,

it is isomorphic to & because - = ( 2L
1-d 2r1

Substitute u = r/r; and v = s/r; and we get a homothetic new coordinate system
with P = (1,s1/71), hence r1 =1 = a4. Then &’ becomes

2
) is a square in k.

1
&' 2 =r342 r2 4.

" 1-d

1+d
1—d

Now we show that the curve z2 4+ y?> = 1 + da?y? is birationally equivalent
to & via the rational map (s,7) — (x,y) = (2r/s,(r — 1)/(r + 1)). The inverse
function is (x,t) — (r,s) = (1 +y)/(1 —y),2(1 +y)/(1 — y)x). In both maps
there are only finitely many exceptional point. In a similar way, putting 1/d for

d and —u for u, we can show that 22 + y? = 1 + da?y? is birationally equivalent
to &". 0

Remark. For d = dé¢* we have that the curve 2 + y? = 1 + dx?y? is isomorphic
to the curve 22 + §% = (1 + dz2y?) via T = ¢z, 7 = cy. Note that if k is a finite
field, then at least 1/4 of the possibilities of d € k* gives us a 4-power d/d.

Addition on Edwards curves

The addition law on an Edwards curve 22 +y? = ¢?(1+dz?y?), with cd(1—dc?) # 0,
is given by

T1Y2 + Y122
- - c(1 4 dxi1z2y1y2)
D —
u Y2 Y1y2 — 122
c(1 — dz1zoy1y2)

the neutral element is (0, ¢), and the inverse of (z1,y1) is (—z1,y1). This addition
law is defined when dzixoy1ys ¢ {41, —1}.
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Now we give two result involving the addition law. The first says that the
birational equivalence between an elliptic curve in Weierstrass form and the Ed-
wards curve preserves the group law. The second says that the addition law is
complete when d is nonsquare.

Theorem 3.3.2. Let e =1 — dc* and let € be the elliptic curves

4
—v :u3+72u2+u.

Then € is birationally equivalent to z* + y* = (1 + dx*y?) via
ct+y

(z,y) — < Z ) = 2cc(c_+yy)

(c—y)z

and this rational map preserves the group law (for the points in which it is defined).

Proof. The birational equivalence is given by essentially the same computation as
in Theorem 3.3.1.
We need to show that the addition law is preserved.

The proof for the particular cases involving the points (0, ¢), (0, —c) on the
Edwards curve, hence the points P, (0,0) on the Weierstrass curve, can be done
analysing each possibility.

In general, after the assumption that zjzoxs # 0, we can distinguish two
cases: (u1,v1) = (ug,v2) and uj; # wz. In both cases it can be proved by a
straightforward computation, the former using the doubling, the latter using the
addition.

O

Theorem 3.3.3. If d is not a square in k then the group law is complete, i.e. for
every two points (x1,41), (2,y2) on the Edwards curve z% + y* = (1 + daz?y?)
we have € = dr1y129,y2 ¢ {+1,—1}.

Proof. Suppose by contradiction that € € {+1,—1}. We have

dzyi (23 + y3) = (dafyl + d*atyiadys) = (1 + daiy?) = o3 + o

then

(21 +en)? =21 +yi +2emy; = daiyi(@3 +v3) + 2daiyiaays
= datyi(ad + 2z2y2 + 43)
= dl‘%y%(l‘z + y2)2-

If 29 4+ yo # 0, then d is a square. In a similar way, if 9 — yo2 # 0, then d is a
square. If both z9 + yo # 0 and x2 — y2 # 0 then 9 = y9 = 0, hence d = 0. In all
cases we have a contradiction. ]
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Twisted Edwards and Montgomery curves

We define now the Twisted Edwards curves to be the elliptic curves defined by
Epaa:ar® +y? =1+ dry?,

for distinct element a,d € k. The twisting map (z,y) — (Z,y) = (v/azx,y) defined
form &g .4 to &5 1,4/q s an isomorphism over k(y/a), hence &% 4,4 is isomorphic
to an Edwards curve if a is a square in k.

A Montgomery curve is an elliptic curve of the form

EMAB Bv? =u® + Au® +u

with A # +2.
The following theorems give us a way to represent Montgomery curve with
Edwards curves.

Theorem 3.3.4. FEvery twisted Edwards curve over k is birationally equivalent
over k to a Mongomery curve and vice versa. In particular the coefficients are
A=2(a+b)/(a—d), B=4/(a—d), resp. a=(A+2)/B, b= (A—-2)/B, and
the maps are given by

(z,9) = (w,v) = ((1+y)/1-y),1+y)/0-y)z),

(u,0) = (z,y) = (u/v,(u—1)/(u+1)).

Proof. Using the first map we have

1 3 1 2 N 3 1 31
ﬂ _|_A ﬂ + ﬂ =B ﬂ _
1—y 1—y 1—y 1—y/) 22

this is equivalent to

2
x
5 (9 + A0 =)+ (1 -9)*) =1 —y?)
and then to
7A+2x2+ 2—1—i-7A_2x22
B vy = B Y

that is a twisted Edwards curve with a = (A +2)/B, b = (A — 2)/B. The other
map is clearly the inverse rational map. Moreover

2a+d_%+%_A 4 4 3
_ 4 A42 A—2 T D _ 1 A¥2 A—2 —
a—d £g=— L= a—d £42— L=

O

Proposition 3.3.5. Ifk is a finite field with #k = 3 (mod 4) then every Mont-
gomery curve EpAB : Bv? = u? + Au? + u over k is birationally equivalent over
k to an Edwards curve.

Proof. We divide the proof in three distinct cases:
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1. If (A+2)/B (resp. (A—2)/B) is a square then the Montgomery curve has
a point of order 4, namely (1, /(A + 2)/B) (resp. (—1,/(A —2)/B)).

2. If (A+2)/B and (A — 2)/B are nonsquare, then (A + 2)(A — 2) is a square.
Note that, since (A 4+ 2)/B is not a square, then &y, 4 p is a nontrivial
quadratic twist of &y 4 a4+2. Note also that &y 4 442 has three points of
order 2, namely (0,0), (3(—A £ /(A +2)(A—2)),0) and a point of order
4, namely (1,1), so that &4 442 contains a subgroup isomorphic to the
group Z/27Z x Z/AZ. Then #6En,4,4+2 = 0 (mod 8) and

#HEM A A+2 + FHEM A = 2#k +2 =0 (mod 8).

Note that the curve &y, 4,5 cannot have more than three point of order 2,
hence it cannot contains a subgroup isomorphic to Z/27 x Z/27 x 7./27,
then it has an element of order 4.

In both cases it has an element of order 4 and then, because of Theorem 3.3.1 it
is birational to an Edwards curve. O

Theorem 3.3.6. If k is a finite field with #k = 1 (mod 4) and Ev,aB is a
Montgomery curve such that (A+2)(A—2) is a square, let 6 be a nonsquare in k.
Then exactly one of Ena,p and Ey asp 18 birationally equivalent to an Edwards
curve.

Proof. We have #&nv,4,8 + #6458 = 2#k +2 = 4 mod 8, and both &y 4.8
and &y 4,5 contain a subgroup isomorphic to Z/2Z x Z /27 since (A+2)(A —2)
is a square in k. Then exactly one of #&,4, 5 and #&), 4 sp is divisible by 4 but
not by 8. Hence exactly one has a point of order 4. O

Geometric interpretation

The sum of two points (1, y1), (22, y2) on the twisted Edwards curves of equation
ax? +y? =1 + dx?y? is given by

T1Y2 + Y122

( - > s ( 2 ) . 1 + dz1z2y1Y2
91 Y2 Y1y2 — az12
1 — dz12291Y2
The neutral element is O = (0,1); the inverse of a point (z1,y1) is (—z1,y1).
Denote by O’ the point (0, —1), it has order 2. Denote also by I; and I3 the two
point at infinity [1,0, 0] and [0, 1, 0].
Before we start to show the explicit formulee for addiction and doubling we
describe the geometric interpretation of the addition law. Since the Edwards
curves have degree 4, we cannot use the line passing through the two points that

we want to add, because it leads us to find 2 other points. We use instead conics
passing through three fixed points.
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Figure 3.3: Addition law on Edwards curve

We know that a conic is uniquely determined by five points (with multiplicity)
on the conic. Fix now the three points O’, I, 5. Evaluating a generic conic
aY Z+bXY +cXZ+dX%+eY?+ fZ% at O, I; and I, we see that a conic passing
through these points must have the form

€ a(Z°+YZ)+bXY +cXZ =0, (3.3)

with [a,b,c] € P2, Now if we want to add P, and P, in the Edwards curve we
only need to find the conic of the previous form passing through P; and P». Since
the two points at infinity are singular points of multiplicity 2, the conic intersect
the curve in O’ + Py + Py + 21 + 215 + R, where R will be the inverse point of
P @& P». Indeed, if we call g, ¢y the two line given by ZgY — Yg X, and X, then
we get,

div (ﬁ) ~ (O,+P1+P2—|-211+2[2+R)
R

—(R+ (©R) —2I,) — (O+ 0" —21I7)
~ P+ P—(9R) -0,

then, by the unicity of the group law with a given neutral element on an elliptic
curve, we have P| ® P» = OR.
The following theorem shows how to compute the equation of the conic %.

Theorem 3.3.7. Let & be the twisted Edwards curve ax® + y?> = 1+ dz?y?. Let
P, = [X1,Y1,Z1] and Py = [X9,Ya, Zs] be two affine points on &. Let € the conic
of form 8.3 passing through O', I, Is, Py and Py; if some of these points are equal
we consider that € intersect & with at least that multiplicity at the corresponding
points. Then the coefficient [a, b, c] of 3.3 are determined as follows:
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L] ]fPl #PZ and Pl,PQ #O/, then

a = X1Xo(Y1Z5 —YaZy),
Z1Z9( X120 — XoZy + X1Yo — XoY1),
c = X1XoZP - X\V17Z2 - YoY1(XoZy — X125).

o If P, # P, and P, = O', then

CL:—Xl, bZZl, CZZl.

o I[f P = P, then
a = X1Z:(Z1 — 1),
= dX?Y, - 73,
c = Z1(Z1Y1 —aX?).

Proof. Straightforward computations, see [Are+11]. O

Arithmetic

Now we give some explicit formulz for the addition law on Edwards and Twisted
Edwards curves in projective coordinates. The symbols M, S, a, b, and ¢ repre-
sent the time needed by the platform to compute respectively the multiplication,
the squaring, the multiplication by a, b, and c.

Arithmetic on Edwards curves
Let £ be an Edwards curve of equation 22 + y? = ¢2(1 + dx?y?).

Addition on Edwards curves. The following computes the coordinates of
the pOth [X37 YEJ,, Z3] = [Xl)Ylv Zl] D [X27 Y2’ ZZ}:

A=1Z-Zy; B=A% C=X-Xo; D=Y, Yy
EFE=d-C-D; F=B-FE;, G=B+EFE;
X3:A'F-((X1—|—Y1)-(X2+Y2)—C—D);
Ys=A-G-(D-C); Zs=c-F-G.

It takes 1I0M 4+ S + ¢ + b. If the platform computes squaring much faster
that multiplication, say S/M< 3/4, we can compute A(B — FE), A(B + E) and
(B — E)(B + E) as linear combination of A%, B?, E? (A + B)?, (A + E)?; this
replaces 10M + S by 7™M + 58S.
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Doubling on Edwards curve. In order to compute the doubling we can
rewrite c(1 +dz2y?) as (22 +y?)/c, c(1 — dx?y?) as (2¢2 — (22 +y?)) /¢, and 2191
as (z1 +y1)? — 2% — y?, then we have

221y yi — o
2 = ’

2caiyr  clyy 223) 5 2, .2
, 2¢” — (z7 + y1)
((x? +97) :

We can write the explicit algorithm that computes [ X3, Y3, Z3] = 2[X1, Y1, Z1]:

B=(X1+Y)*; C=X{; D=Y{;
E=C+D; H=(c-Z)% J=E-2H,
Xs=c¢-(B—FE)-J;, Ys=c-E-(C—-D); Zz3y=FE-J.
It uses only 3M + 4S + 3c.

Arithmetic on Twisted Edwards curves

Let £g 4,4 be a twisted Edwards curve of equation az® +y% =1+ da?y>.
Addition in Twisted Edward curves. The following computes the sum

(X3,Y3, Z3] = [X1,Y1, Z1] @ [X2, Y2, Zo]:

A=271-Zy; B=A* C=X1-Xa; D=Y; Yo
EF=d-C-D;, F=B—-FE, G=B+E;
Xs=A-F-(X1+Y1) - (Xo+Ys)—C—-D);
Ys=A-G-(D—-a-C); Z3=F-G.

It uses I0M + S + a + d.

Doubling in Twisted Edward curves. The following computes the sum
[X3,Ys, Z3] = 2[X1, Y1, Z1]:

B=(X1+Y1)’; C=X} D=YH

EFE=a-C; F=E+D; H=2Z? J=F-2H,
X3=(B-C-D)-J; Ys=F-(E—D); Z3=F-J.
It takes 3M + 4S + a.
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Inverted coordinates

In inverted coordinates a point [X1,Y7, Z1] on the curve
(X? +aYs) 2% = X2y 4 dz*
corresponds to the affine point (Z;/X1, Z1/Y1) on the Edwards curve &g 4 4.

Addition in Inverted Twisted Coordinates. The following computes
[X3,Y3, Z3] = [X1, Y1, Z1] @ [ X2, Yo, Z3]:
A=27,-Zy; B=d-A?%
C=X1-Xo; D=Y1-Yy; E=C-D;
H=C-aD; I=((X1+Y1) (Xo2+4+Y2)-C-D)
Xs=(E+B)-H; Ys=(F—-B)-1I; Z3=A-H-I.
It takes 9M + S + a + d.

Doubling in Inverted Twisted Coordinates. The following compute
[X3,Y3, Z3] = 2[X1, Y1, Z1]:
A=X?} B=Y? U=a-B;
C=A+U; D=A-U; E=(X1+Y)>-A-B;
Xs=C-D; Ys=E-(C—2d-2}); Zs=D-E.
It need 3M + 4S + a + d.
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Chapter 4

Arithmetic on Hyperelliptic
curves of genus bigger than 1

The aim of this chapter is to explain how to compute the addition law on Jaco-
bians of hyperelliptic curve of genus g. In the first section we give the notions
of semi-reduced and reduced divisor, and in the second section we present the
Cantor algorithm. This notions can be slightly modified in order to be adapted
for superelliptic curves and also for algebraic curves in general, as we will see in
chapter 5 and 6. In the third section we describe the Cantor Algorithm from a
geometrical point of view and, in the last section, we describe a faster way to
compute the addition law for hyperelliptic curves of genus 2.
We mainly refer to [Men+96] and [Lan05]

4.1 Reduced divisors

Let € be an hyperelliptic curve of genus g (with at least one k-rational point)
given by

y* + h(z)y = f(x),
with deg(f) = 2g + 1. We denote by ¢ its canonical involution that send (a, b) to
(a,—b— h(a)), and by P its unique point at infinity.
We say that a divisor D of ¥ is semi-reduced if it is of the form

k k
D= Zml-PZ - (Zmz‘)Poo
i=1 i=1

where m; > 0, and moreover P; € supp(D) and «(F;) € supp(D) implies P; = +(P;)
and m; = 1.

We shall show that on hyperelliptic curves each divisor class can be represented
by a unique semi-reduced divisor if k < g.

Lemma 4.1.1. Every divisor in Pic% can be represented by a semi-reduced divisor
Proof. Let D =) mpP be a divisor of degree 0. Let (Cy, C1,C2) be a partition of

the point in the curve where Cj contains the Weierstrass points, i.e. the points @
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such that +(Q) = Q, P € C; if and only if «(P) € Cy, if P € C then mp > m,(p).
Then we can write

D= Z mpP + Z mpP + Z mpP + mp,_ Px.
PeCy PeCy PeCy

Consider now the following divisor

D, =D-— Z mpdiv(z — ap) — Z L%J div(z — ap)

PeCy PGCQ
then D; ~ D and
mp
D, = Z (mp —mb(p))P‘l— Z (mp — LTJ )P — kPx.
PeCq PeCy
The lemma is proved. O

Lemma 4.1.2. Let P = (a,b) be a point on € such that L(P) # P. Let ¢ € k(%)
be a rational function which doesn’t have pole at P. Then for any k > 0, there
exist unique constants cg,--- ,c € k, and ¢, € k(€) such that

k
o= Zcz(a: —a) 4 (z — a)* gy,
=0

where ¢y, doesn’t have a pole at P.

Proof. Take ¢y = ¢(a,b), since (r — a) is a uniforming parameter for P, we can
write ¢ = c¢o + (r — a)¢1. The lemma follows by induction. O

Lemma 4.1.3. Let P = (a,b) be a point on € such that «(P) # P. Then for
each k > 1 there exists a unique polynomial vy (x) € k[z| such that

(a) deg ¥y < k;

(b) ¢r(a) =b;

(¢) ¥i(@) + ¥u(2)h(z) = f(z) mod (z —a)".

Proof. By the previous lemma write y = Zi‘:ol ci(z — a)’ + (x — a)*¢p_1. De-
fine Yy (z) = Zf:o ci(r — a)’. We know that ¢y = b, hence 9;(a) = b holds.
Since b% 4 h(a)b = f(a), we can reduce both sides modulo (z — a)* and obtain
V2(z) +9r(x)h(z) = f(z) mod (x —a)*. The uniqueness can be proved easily by

induction. O

Theorem 4.1.4. Let D = Zle m; Py — (Zi-c:l m;)Poo be a semi-reduced divisor,
with P; = (a;,b;). Let u(z) = [[(z —a;)™. There exists a unique polynomial v(x)
satisfying:
(a) degv < degu;
(b) v(a;) = b; for all i such that m; # 0;
(¢) u(@)|(v(z)? + v(z)h(z) — f(2)).
Moreover
D = god(div(u(z)), div(v(z) - 1)),

where ged(d_ spP,>  rpP) =Y min(sp,rp)P (we will denote ged(div(f),div(g))
by div(f, g))-
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Proof. Let (Cy, Cy) be the partition of supp(D) such that Cy contains the points
with ¢(P) = P and C; the other ones. Let Cy = {¢(P) | P € C1}. We can write

D= P+ > mP,—muPu
P;eCo PeCy

For every P; € C there exist polynomials ¢;(z) € k[z] satisfying the condition
of the previous lemma. For each P; € Cj set ¥;(x) = b;. By the Chinese Remain-
der Theorem, there is a unique polynomial v(x) € k[x], with deg(v) < 3~ m;, such
that

v(z) = ¢i(x) mod (x —a;)™, for all 4.

Moreover,
div(u —2ZP+ZmZP+ZmZ ) <Zmi)Poo
PGCO P€C1 PGCl
and
div(v = S P+ Y s Y r(B) — (Yo (it si 1)) P
P;eCy P,eCq P,eC

where C = €\ (Co U Cy1 UCy U {Pyx}). We have that each s; > m;, because
(x — a;)™ divides v + hv — f = (v(z) — y)(v(x) + h(x) + y). For each P; € Cy
we have that the element a; is a single root of v(z)? 4+ v(z)h(z) — f(x), therefore
t; = 1 for all 7. Hence

ged (div(u(z)) , div(v( = > P+ Y miPit+ Y mi(P) — mPa.

P; EO() P; cCh P; cCq

So div(u,v — y) = D and this proves the theorem. O
The converse is also true

Corollary 4.1.5. Let u(x),v(x) € k[z] be two polynomials such that degv < deg u
and p | (V2 +vh — f) then div(u, v — y) is semi-reduced.

Let D =% m;P — (Zle mz> P, be a semi-reduced divisor. We say that
it is a reduced divisor if Z _im; <g.

Theorem 4.1.6. Each divisor D € Pic% can be represented by a reduced divisor
M a unique way.

Proof. Note that if we use the construction of the semi-reduced divisor given by
the lemma 4.1.1 we obtain a divisor D; with N(D;) < N (D), where N is the norm
N(D) = X pes\ipy Imp|. Now, if N(Dy) < g then we are done, otherwise pick
g + 1 points in supp(D1), say Py, -, Py41 (the point P cannot occur in this list
more than ordp(D;) times). Let div(u,v — y) be a representation of the divisor
D] = Pi+---+Pyy1—(9+1)Px, since deg(v) < g we have deg(v(z) —y) = 2g+1,
hence

divv(z) —y) =P+ -+ Pyr1+ Q1+ + Qg — (29 + 1)Ps
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for some points Q1,--- ,(y. Subtracting this divisor from D, it gives a divisor
Dy ~ Dy ~ D with N(D2) < N(D;1). We can repeat this operation obtaining
divisors Ds, - -+ , Dy unless N(Dy) < g.

For the uniqueness, suppose that D; and Dy are two reduced divisor such that
D1 ~ Dy and Dy # Ds. Let D3 be the semi-reduced divisor D3 ~ D1 —D5 obtained
using Lemma 4.1.1. The divisor D3 is principal (since D; ~ D) and non zero
(since Dy # Dy). Since it is semi-reduced the corresponding function ¢ has no
affine poles, then D3 = div(¢) with ¢ polynomial function, i.e. ¢ = f(z) — g(x)y
for some f, g € k[z]. Since deg(¢p) = N(D3) < N(D;—D3) < N(D1)+N(Dy) < 2g
and deg(y) = 2g + 1 we must have g(x) = 0. Hence ¢ = f(x), then Ds is of the
form > mp(P + «(P)) — (2)_mp)Px, contradicting the fact that Ds is semi-
reduced. O

We proved also that the Jacobian £ (K) is in bijection with the set of reduced
divisor of the hyperelliptic curve %. This is also true for any hyperelliptic curves
over a perfect field k.

4.2 Mumford representation and Cantor algorithm

Summing up we have the so called Mumford representation:

Proposition-Definition 4.2.1. FEach nontrivial ideal class over k can be repre-
sented via a unique ideal generated by u(z) and y — v(x), u,v € k[x] , where

(a) u is monic,

(b) degv < degu < g,

(¢c) u|v?+vh— f.

Let D =Y. | P, — rPx be a reduced divisor. Put P; = (a;,b;), then the corre-
sponding ideal class is represented by u = [[,_,(x —a;) and if ordp,(D) = m; then
() [o(@)? + o(@)h(z) = f(2)]ja=q, = 0 for 0 < j < m;.

For brevity we denote the points in _#¢ by [u, v]. The inverse is represented by
[u, —h — v], (where the second polynomial is understood modulo w if necessary).
The zero element Z¢ is represented by [1,0].

Fix two reduced divisors D; and Ds. Now we present two algorithms:
the first one finds a semi-reduced divisor D ~ Dy + Do;
the second one finds the reduced divisor D’ ~ D.

Algorithm 1.
INPUT: Reduced divisors D1 = [u1,v1] and Dy = [ug,v2] of €.
OUTPUT: A semi-reduced divisor D = [u,v] such that D ~ D; + Ds.

1. Use the extended Euclidean algorithm to find three polynomials dy, eq,
eo € k[z] such that di = equy + egus.
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2. Use the extended Euclidean algorithm to find three polynomials d, c1,
co € k[z] such that d = c1dy + ca(v1 + va + h).

3. Let s1 = c1e1, 89 = c1e9, 83 = ¢a, So that

d = siuy + saua + sz(vi +v2 + h).

4. Set

and

S1u1v2 + Sougvy + s3(vive + f)
v = mod u.

d

Algorithm 2.
INPUT: A semi-reduced divisor D = [u,v];
OUTPUT: The reduced divisor D' = [u’,v'] such that D' ~ D.
1. Set
' = (f —vh —v?)/u

and
v/ = (=h—wv) mod v

2. If degu’ > g then set u < u' and v < v'and go to step 1.

1

3. Otherwise make u' monic, i.e. put v’ < a~'u', where a is the leading

coefficient of u'. Return [u’,v'].
Theorem 4.2.2. The Algorithm 1 works.

Proof. First prove that v is indeed a polynomial. We have

va(d — squg — s3(v1 + va + h)) + sougvy + s3(vive + f)
d
82U2(’U1 — ’02) — 83(’1)% + ’Ugh — f)

= Vo + p .

Since d|ug and ug|(v3 + bah — f), v is a polynomial.
We can write

s1U1V2 + Saugv1 + s3(viva + f) — dy

v—y = 7 mod a
S1u1vg + Sougvy + s3(vive + f)
—s1ury + souoy + s3(vy + vy + h)y
y mod a
~ s1ug(ve — y) + s2ua(vr — y) + s3(v1 — y)(v2 — y) mod a. (4.1)
= y . (4.

To prove that u|(v? +vh — f) it suffices to show that ujug divides the product of
s1ug(ve—y)+sauz(vi —y)+s3(v1 —y)(v2—y) by its conjugate. This follows because
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ur| (v +vrh = f) = (v1 —y)(v1 +y+h) and ug|(v3 +v2h— f) = (va—y)(va +y+h).
Then, by Corollary 4.1.5, [u, v] is a semi-reduced divisor.
We need to prove now that D ~ Dy 4+ D,y. First we remark that

m(P) +n(tP) ~ (m —n)P + 2nPx
using the polynomial function = — xp.
Now we consider two different cases:

1. Let P = (zp,yp) an ordinary point. And consider the two subcases:
(a) Suppose that
OI‘dp(Dl) =mi, OI‘dL(p) (D1) =0

OrdP(Dg) = ma, ordb(p) (Dg) =0.
Then

ordp(uy1) = my, ordp(ug) = ma,

ordp(vy —y) > my, ordp(vy —y) > ma.
If my = 0 or may = 0 then ordp(d;) = 0, hence ordp(d) = 0 and
ordp(u) = my + ma.
If m; > 1 and mg > 1, then ordp(d) = 0 and ordp(u) = m; + ma,
because (v1 + vy + h)(xp) = 2yp + h(zp) > 0.
From 4.1 it follows that ordp(v — y) > mj + mg, hence we have
ordp(D) = my + mao.
(b) Suppose now that

ordp(D1) = my, ord,(P)(Dz2) = ma,
with mq, mo > 0. Then
ordp(u1) = my, ordp(ug) =ma, ordp(di)=ma,

ordp(vi —y) > mi, ordp(vz—y) =0, ord,p)(v2—y)=>ma.

This implies that ordp(ve + h+y) > ma, hence ordp(vi +va+h) > my
or (v1 +v2 + h) = 0. Then ordp(d) = 0 and ordp(u) = my — mao.
From 4.1 it follows that ordp(v — y) > my — mg, hence we have
ordp(D) = m1 — mao.

2. Let now P be a Weierstrass point. There are two other subcases:

(a) Suppose that
ordp(Dl) = Ol“dp('Dg) =1.

Then
ordp(ui) =2, ordp(ug) =2, ordp(di)=2.

Now we have (v; + v2 + h)(zp) = 2yp + h(zp) = 0, hence either
ordp(vi +v2 +h) > 2 or (vy +v2 + h) = 0. It follows that ordp(d) = 2
and ordp(u) = 0, hence ordp(D) = 0.
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(b) Suppose that
ordp(Dy) =1, ordp(Ds) = 0.

Then
ordp(u1) =2, ordp(ug) =0,

ordp(dy) =0, ordp(d) =0, ordp(u)=-2.

Since ordp(v; —y) = 1, then by 4.1 we get ordp(v —y) > 1. Since the
divisor D is semi-reduced we have ordp(v —y) = 1 and ordp(D) = 1.

Using the first remark we proved the correctness of the first algorithm. O
Theorem 4.2.3. The Algorithm 2 works.
Proof. We shall show that after the step 1 we have:
1. deg(u’) < deg(u);
2. D' = [/, ] is semi-reduced;
3. D' ~D.
We shall prove it step by step:

1. Let m = degu, and n = degv, where m > n and m > g + 1. Then
degu’ = max(2¢g + 1,2n) — m.
If m > g+1, then max(2g+1,2n) < 2(m—1), hence degu’ < m—2 < degu.
If m = g+ 1, then max(2g + 1,2n) = 2g + 1, hence degu’ = g < deg u.

2. We have that f — vh — v? = wu/. Then
f+ @ +hh—0+h)?*=0 mod
hence
f—vh—v?=0 mod.

This implies that «/|(f — v’h — v'2). Then, by Corollary 4.1.5, [v/,v'] is
semi-reduced.

3. As we use in the previous proofs, let Cy be the set of the Weierstrass points
in supp(D), let C; be the set of ordinary points in supp(D), and finally let
Cy = {(P): P € Cy}. Then we can write

D= Y P+ Y miP—muPx.

P;eCy P,eCy

We have

div(u) = > 2P+ > mi(Pi+ u(P)) = 2mocPac
P;eCy P,eCy
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and

divo—y)= Y P+ > mPi+ Y 0uP)+ > 8P~ ()Pu,

P;eCy P,eCy PeC PeC
where C =%\ (CoUCLUCyU{Px}, n; >m;, s;>1,and s;, =11if P is a
Weierstrass point. Since (v2 +vh — f) = (v — y)(v +y + h) it follows that

div(v>+oh—f) = > 2P+ Y ni(PiAu(P))+ Y si(Piti(P;))— (%) Poo,

P;eCy PeCq PeC
hence
div(v) = div(v? +vh — f) — div(u)
= 3 LB +uP) + Y silB+ i(P)) - (+)Pa

PeCy PeC

where t; = n; — m; and Ci = {P e Ch | t; > 0}.
If P, = (ai,bi) € Ci U C, then

v'(a;) = —h(a;) —v(a;) = —h(a;) —y; mod u'.
We have

div(v' —y) = Z rit(P;) + Z wit(P;) + Z 2iP; — (%) Poo,

PiEC'i PeC PeCs

where r; > t;, w; > s;, w; = 1 if P; is a Weierstrass point, and Cj is the set
%\ C1UC U{Px}. Finally

div(d/, 0" —y) = Z tit(P;) + Z sit(P;) — (%) Px

PiEC{ PeC
~ = Z ti P — Z 5iP; + (¥) Po
PeCy PeC
= D —div(v —vy),

therefore D ~ D'.

4.3 Geometric interpretation

Starting from a hyperelliptic curve & : 2 + h(x)y = f(x) of genus g > 2, over
an algebraic closed field, we can describe the geometric interpretation of the two
algorithms. Suppose now that we want to add two reduced divisors of the form
Dy =% miP— (F mi) Py and Dy = Z§:1 n;P; — (Z;?:l n;j)Ps. Suppose
that P; # 1(P;) for each ¢ and j (if not we can eliminate the couples from D; + Do,
indeed the complete system do not change). We can interpreter the algorithm in
such a way: find the function ¢ that interpolates the points F; and P; with the
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Figure 4.1: Addition law on hyperelliptic curves of genus 2

respective multiplicities, i.e if the multiplicity is bigger that 1 on a point @ then
the derivative of ¢ and & evaluated in () are the same. In general ¢ is a polynomial
of degree 2g—1 (or less). Now the divisor div(t) = D1 +Dy+E, then D1+Dy ~ —E.
The figure 4.3 represent the addition on an hyperelliptic curve of genus 2. Note
that in the figure the divisor —€ = R; + Ry is already reduced. But this is not
the case for higher genus. In fact, the Bézout Theorem says that the number of
(projective) points of intersection (with multiplicities) of two plane curve is the
product of their degrees, then, computing the multiplicity of the intersection of ¢
and & in P, we can find the number of points of intersection in the affine plane.
In order to do this we only care on terms of higher degree in ¢t and &, then we
can suppose that the functions are t' : y = 2¥ and & : y?> = 22971, Passing to
the projective coordinate and using the affinization respect the variable y, we can
look at the function t” : 2*=1 = zF and & : 22971 = 229+, Using the definition

of multiplicity of intersection we can compute
mp, (t, &) = min{(2g + 1)(k — 1), (29 — 1)k}

Remark. Computing the multiplicity with the definition could take more than
a while. Note that in this case we can avoid it using the idea of Algorithm 2.
Indeed the number of affine point is deg(f — th —t?) = max{2g + 1,2k}, then the
multiplicity at infinity is (2g+1)k—deg(f—th—t%) = min{(2g+1)(k—1), (2g—1)k}.

Now, assuming that we are in the most common case in which k£ = 2g — 1,
then mp_(t,&) = (29 — 1)? and the total points of intersection in the affine plane
are (29 — 1)(2g + 1) — (29 — 1)? = 4g — 2. The divisor D; + Dy has already 2g
points in the affine plane, hence the divisor £ has 2¢g — 2 finite points. So only for
g = 2 it is already reduced.

If the divisor £ is not reduced than we can do it again using the affine point of
£ instead of the affine points of Dy + D3, and find others divisors &, &3, - - - until
the affine points of & are less than g.
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Here are some examples:

e genus 2. After the first iteration £ has 2 affine points. So the divisor £ is
reduced

e genus 3. After the first iteration £ has 4 affine points, hence another iteration
is necessary. Now let to the polynomial that interpolates these 4 points, it
has degree 3. Then

deg(tz) deg(&) —4 —mp,_(t2,&) =3-T—4—-14=3=g.
Hence the divisor &5 is reduced.

e genus 4. After the first iteration £ has 6 > g affine points. Now let t5 the
polynomial that interpolates these 6 points, it has degree 5. Then

deg(t2) deg(&) —6 —mp,_(t2,&) =5-9—-6—-35=4=g.
Hence the divisor &5 is reduced.

e genus 5. After the first iteration £ has 8 > ¢ affine points. Now let t5 the
polynomial that interpolates these 8 points, it has degree 7. Then

deg(te) deg(&) —8 —mp,_(t2,&) =7-11—-8—-63 =6 > g.

Hence the divisor &5 is not reduced yet. Let ¢3 the polynomial that inter-
polates these last 6 points, it has degree 5. Then

deg(tz) deg(&) —6 —mp,_(t3,8) =5-11—-6—-44=5=g.
Hence the divisor &3 is reduced.

We can also prove that the number of iteration required are [§].

4.4 Explicit formulae on genus 2

Here we present how to compute explicitly the addition and the doubling on
hyperelliptic curves of genus 2. As we already said in this case it suffices to only
do one iteration of the reduction step, moreover we can describe quickly all the
types of the possible couples of divisors that can occur in the addition. Suppose
that we want to add Dy = [u,v1] and D2 = [ug, v2], then we can distinguish the
possible cases according to the degree of u; and ue.

1. If degu; = 0, then D; = [1,0] is the neutral element. Hence D + Dy = D;.

2. If degu; = degus = 1, then we can write D1 = P} — P, and D1 = Po — Po,.
If Py = 1P, then Dy + Dy = [1,0], the neutral element.
If P, # 1P then Dy + Dy = P, + P, — 2P, in particular we can compute
the function v and v as follow
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a) If P| = Py, hence [u1,v1] = [ug,v2], then we put

f'(xp) + vk (zp)zp

u=1ui, v=((f(zp) —vih(zp))z + 2v1 + h(zp)

—+ 1.

b) If P; # P, we can put

(va —v1)x + vaxp, —VITP,

Tp, — TP,

U= Uy, V=

In both cases the divisors are already reduced.

. If degu; = 1 and degus = 2, say u; = x + x19 and ug = 22 + ug1x + usgp
then we can write D; = P — Py, and D1 = P, + P; — 2P..

a) If 1P, occurs in Dy, say 1P = P5 then Dy + Dy = P3 — Py,. In particular
u=x+ug —up, v=va(—uz + uip).

b) If P, occurs in Dy then we can apply the doubling in (2.a) and add
[ + w21 — w10, va(—u2l + uyp)] using the following (3.c) if P # Ps.
Otherwise one can double Dy and then subtracts D; using (3.c).

c) If «P; and P; do not occur in Dy we can use the general algorithms.
Faster implementations will be discussed later in section 4.4

. If degu; = degus = 2, then we can assume that D; = P, + P, — 2P, and
D1 =P;+ Py —2P.

a) If u; = ug, then we can assume that the z-coordinate of P; and Pj;o are
equal.

i) If v = —vy — h mod u;, then the two divisors are opposite and
D; + Dy = [1,0].
ii) If v; = vy we can distinguish two cases:
o If P, is a Weierstrass point, then Dy + Dy = 2P, — 2P, and
we can apply (2.a) to [z + w11 + xp,,v1(—u11 — xp,|, where zp,
is compute using (r — xp,) = ged(h + 2v1,u1). Indeed P is a
Weierstrass point iff h(xp,) = —2yp, .
e If P is not a Weierstrass point we can apply the general algo-

rithms. A faster implementation will be discuss later in section
4.4

iii) The last of these cases is P = P3 and P, = 1Py. Then D1+Dy = 2P,

3 3 __ VY10—v20 V10—v20
and we can compute it using (2.a) on [z — F10=720 vy (FLO=20)]

b) If deg(ged(ui, uz)) = 1, then we can suppose that P, and P, are distinct
and non-conjugate.

i) If Py = 1P, then the sum Dy = Dy = P» + Py — 2P and we are
done.
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ii) If P = P53 then we can use (2.a) and (3.c) and compute D; + D; as
<<(2(P1_Poo))+P2_Poo> +P3_Poo)

c) If ged(u1,ug) = 1 then all the P; are distinct and non-conjugate each
other. This is the most common case and we will give the explicit algo-
rithm.

Addition

Now we give the explicit formulee for the most common case, deg u; = degus = 2
and ged(ug, u2) = 1. The addition algorithm simply return the function u = ujug
and the function v which satisfies

v = v modug

v = v9 mod us
The reduction algorithm must be iterated one time. And it returns the polyno-
mials v’ = (f — vh —v?)/u (if necessary make it monic) and v' = —h —v mod u.

In order to optimize the computation we give a different algorithm that does not
compute explicitly the semi-reduced divisor.

k = (f—vgh—vg)/UQ

s = (v —wv2)/ug mod ug
Il = sus

u = (k—s(l+h+2v))/u
o=
v = —h(l+v2) modu

where ©* means that we make u monic.

For further details on the computation time and for the proof that this algo-
rithm works see [Lan05]; it takes 3S + 22M + I, and if s is constant it takes only
2S + 11M + L

In [Lan05] we can also find a way to compute the addition much faster in the
case (3.c), when degu; = 1,degus = 2 and ged(ug,uz) = 1. It is proved that it
needs only S + 10M + 1.

The same argument leads to a faster doubling algorithm:

E = (f—hv—1v)/u

s = k/(h+2v) modu

I = su

i = s2—((h+2v)s—k)/u
o = a4t

v = —h—(I+v) mod v
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In [Lan05] it is proved that it needs 5S + 22M + I, and if s is constant it takes
only 3S 4+ 13M + I in odd characteristic. Another multiplication is required in
even characteristic.
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Chapter 5

Arithmetic on
non-hyperelliptic curves

The present chapter will focus on the study of superelliptic curves and general
non-hyperelliptic curves of genus 3, i.e. smooth quartics in the plane. These curves
are the first and simplest examples of non-hyperelliptic curves. The construction
of the reduction algorithm in the superelliptic case will be very similar to the
hyperelliptic case, indeed they both have a single point at infinity. The case of
quartics will be slightly different, indeed they have in general more than one point
at infinity. For this chapter we mainly refer to [Bas+05] and [FOR07].

5.1 Superelliptic curves

A superelliptic curve is a plane curve of the form
@y’ = f(a),

where f is a polynomial of degree at least 3, not divisible by 3 and without
multiple roots in k. Since deg f > 4 the curve has a unique point at infinity,
namely [0, 1, 0], and it is a singulas point if deg f > 4. It is clear that € is a cover
of degree 3 of the projective line, and that Gal(k(%)/k(z)) = {1,0,0%} where
0:Y — &Y and £ is a primitive third root of unity. By Hurwitz formula we have

29 — 2 = (—2)deg(m) + ram(m)

where 7 : (z,y) — (y). Since the points of ramification for 7 are the points (z;,0)
with f(x;) = 0 and the point at infinity, we have 2g — 2 = —2 -3 + 2deg(f) + 2
because they are of ramification 2, then

g =deg(f) - 1.

As in Theorem 1.12.1 we represent every divisor D of degree 0 with its reduced
representation, i.e. a divisor £ — mPs, ~ D that is minimal (respect to m).

As in the case of the hyperelliptic curve we can write it with its Mumford
representation (u,w). If &€ = Y P, with P, = (z;,v:), then u = [[(z — ;).
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We remark that w is of the form ry? 4 sy + t where r,s,t € k[z], degr, degs,
degt < degu < g, and ged(u,r, s,t) = 1.

Indeed, if D contains in its support the point P;,oP;, 0?>P; then we can remove
these points using the rational function ¢/f~, where ¢ : x — x; and { is the line
at infinity, hence D is not reduced. Therefore a reduced divisor cannot contain all
the cycle P; + o P; + 0 P; and the points (x;,0) must have multiplicity at most 2,
hence the degree (respect to y) of w is at most 2.

The sum D + oD + 02D is the divisor of a polynomial in x, so that the divisor
oD + %D is the inverse of the divisor D.

Even if the representation (u(z),y — v(z)) cannot be always obtained (unlike
the hyperelliptic curves), it correspond to the most common case, so that we define
the typical divisor to be a divisor of the form (u,y — v), with degv < degu < g
and u|v3 — f.

Now we give a results that shows the probability to have a typical divisor.

Theorem 5.1.1. If k = F,, then the ratio of the reduced typical divisors over
the reduced divisors is 1 — %O(l). Moreover the probability to have a typical
divisor after adding a distinct typical divisor or doubling a typical divisor is again

1
- ,0).
Proof. See [Bas+05]. O

The following theorem explain if a divisor Zle P, — kP, with £ < g, on a
superellitic curve of genus 3 or 4 is already reduced or not.

Theorem 5.1.2. On a superellipctic curve of genus 3 a divisor of the form
Zle P; — kP, with k at most 3, is not reduced if and only if it consist of three
collinear points.

On a superellipctic curve of genus 4 a divisor of the form Zle P, — kP, with k
at most 4, is not reduced if and only if it satisfies one of the following conditions:
* it contains a triplet of conjugate points,

* it consists in two pairs of conjugate points,

* it consists of four collinear points,

* it consists of four points lying on a parabola y — v and on an elliptic curve
y? + sy +t with degs < 1 and degt = 2.

Moreover the elliptic curve intersect the superelliptic curve is these four points,
three collinear points and their conjugate.

Proof. First assume that D is not reduced, and call D’ its reduction. Write
D = ZmZR + an(an + Jsz) — (%) Pso,

where the P; and the @); have different z-coordinates, and denote by p and v
respectively > m; and ) n;.
Let 8 € k[x] be the monic polynomial such that

divB =Y mi(Pi+ 0P, +0°P) + > nj(Q; +0Q; +0°Q;) — () P,
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then the divisor D — D’ + divf is principal and we call « its function. We have

diva =D+ mi(oP, + 0> P) + > _n;Q; — (+) Po.

Write v = ry? + sy + t, we have

degD" +2degD'"™ > degD" + 2deg D' — 3v
= dega
deg, Ni(4) /k(z) (@)
= deg,(a-oa-o’a)
= deg, (r3f? + (s3 = 3srt) f + %)
= max{3degr+2(g+1),3degs+g+1,3degt}

Now we distinguish different cases:

1)

3)

If deg D # g then deg D't < g — 2 and dega < 3g — 5. Since g € {3,4} we
have r = 0 and degs <0, i.e. s € {0,1}.

If s =1, then div(«) cannot contain a pair of conjugate points, hence p = 0,
v= {%J < L%J <1land dega < g—1+1 < deg f, contradiction.

If s = 0, then « = t € k[z], so that div(a) > div(8), hence S|a. Since
D = D' +div(e/B) and deg DT > deg D'" we have deg(a/3) > 1, whence D
contains to divisor of a vertical line.

If deg Dt = g and r = 0 then, since dega < 3g — 2, degs < 1.
If s =0, then D contains to divisor of a vertical line.

If s = 1, then as above diva doesn’t contains a pair of conjugate points, u = 0,
vr<1l dega <g+1, and degt < 1. If v = 0, then S = 0, contradiction. If
v =1, then D' = 0Q + ¢%Q and diva = D + Q and D contains g collinear
points.

If degs = 1, we can assume p > 1. Indeed if p = 0 then dega < g+ 1 and it
contradicts deg(s®f + t3) > g + 4. Fix a point P; in 7/,

if P; is unramified, then y; # 0 and s(@i)o(ys) +#(@:) =0 ;

s(xi)o*(yi) +t(x;) = 0

if it is ramified, then ordpa = ordpY + 1 = 2 and s(z;)y; + t(x;) = 0, hence,
in every case s(x;) = t(x;) = 0. We have z — x;|la and P; < D, hence D — P,
reduced to D' — P; and, since deg(D* — P;) = g — 1, D — P, contains a triplet
of conjugate point Q,0Q,0°Q, so that ¢ = 4, D' = P, § = = — x;, and
a = (xr — z;)(z — zq), contradiction.

If deg Dt = g and r # 0, then
2g+2 < 3degr+2g+2
< dega
= degDt +2degD't — 3v
< degDT +2degD'"
< 3g9-—2.

95



This implies g > 4 (hence g = 4), and then all the inequalities are equalities.
Wehaver =0, u = 3,7 =1, D' = Pl+Py+P3 with P, = (z;,1;), o = y?>+sy+t,
= (x—x1)(xr—x2)(x — x3), degt < 3, and deg s < 1.

Now we prove that in this case (|t — s2. Let 1 < m < 3 such that the sum

m(oP) +m(o?P) is in div(a).

a) If P is a ramification point, then the ordp(y) = 1, ordp(a) > 2m > 2,
t(xp) = 0, ordp(t) > 3, ordp(y® +t) = 2, s(zp) = 0, ordp(s) > 3,
ordp(a) = 2, m = 1. In particular (z — xp)|t — s°.

b) If P is unramified, then ordp(y) = 0, ordp(ca) > m, ordp(c?a) > m. This
implies m < ordp(ca — o?a) = ordp(y(y — s)) = ordp(y — s). Therefore,
m(oP) 4+ m(c?P) < div(&), where the function & is given by

a=oy—s) o2(y—s)=y*+sy+ s
So that mo P +ma?P is in div(a — &) = div(t — s?). In particular we have
(x —zp)™|t — 52
¢) Since oD’ + 02D’ < div(a), we have S|t — s2. Moreover we proved that

D' < div(y — s).

By the Bézout theorem we have div(y — s) = D'+ Q + S, where @ and S are
two points. Consider now the following two cases:

a) degt < 2. Since § has degree 3, we have t = s and o = & Then
D = diva—divB+ D’
3
- (Z(UPi +0%P) +0S + 025 +0Q + a%})

i=1

3 3
- (Z(B + 0P+ aQPz) + (Z B)
=1

i=1
= 0S+0%5+0Q+o3Q.

b) degt = 3. We have a = y? + sy + s + ¢, that is an elliptic curve. Then
D = diva—divB+ D’

~ e (2050) g

_ div(y_5+(y2+syt;2)(y—s)> Q-5
= div<y—s—|—(f_83)>—Q—S.
cf

Since divB < diVNk(cg)/k(x) (y - S), we have ,B‘f - 83 = Nk(‘@”)/k(:p) (y - 8).
Furthermore deg (3 — (f_53)> = 2, hence y— (s — %) define a parabola

cB
containing the points of D.

Moreover we have divae = Z?Zl(O'Pi + 02P;) + D and the P;’s lie on y — s,
hence they are collinear.
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This proves the necessity of the conditions.

To prove that the conditions are sufficient we can easily construct the reducing
functions. O

Corollary 5.1.3. On a superelliptic curve of genus 3 or 4, a typical divisor repre-
sented by (u,y—v) is reduced whenever degu < g, or degu = g and degv = g—1.

Proof. The previous theorem shows that, for g € {3,4}, a divisor is not reduced
either if degu < ¢ and it contains a pair of conjugate points, or degu = ¢ and its
points can be interpolated by a polynomial y — v with degv < g — 2. O

Addition

As for hyperelliptic curves, we give two algorithms for computing the addition or
the doubling of two divisors, one for the composition and one for the reduction.
We consider only typical divisors D; = (u;,y — v;). As we had already seen
in Theorem 5.1.1, the probability to have a typical divisor after an addition of
two typical divisor is extremely high. To be accurate, it does not occur when
ng(Ul,UQ,’U% + v1v9 + v%) # 1. Indeed suppose that u; and us have a common
root on a point P, now if P is a ramification point, then vi(xp) = va(xp) = 0 and
(v + vivy + v3)(wp) = 0; if P is not a ramification point, then vi(zp) = vo(xp)
if and only if (v? + vive + v3)(xp) # 0.
So we give an algorithm that works only in this case.

Algorithm 3.

INPUT: D; = (u1,y —v1), Dy = (u2,y — v2) two typical divisors on the su-
perelliptic curve € such that ged(uq, ug, v? + vive +v3) = 1.

OUTPUT: D3 =Dy + D2 = (u,y — v).

1. Find s1, s2,s3 € k[z] such that

2 2
s1u1 + saug + 53(v] + vive +v3) = 1;

2. Set
U = UuUruy
v = v+ siu(vy — ) — s3(vi — f) mod u
Theorem 5.1.4. The previous Algorithm is correct.

Proof. First note that the definition of v is symmetric in v; and ve. Indeed
v = v +siui(ve —v1) — s3(v2 — f) mod u
= (1 —=sjup)v1 + sjujvg — 83(’0:1)) —f) modu
= (squg + 33(@% + vyvg + U%))Ul + s1uivg — 33(1)% —f) modu

2 2
= sju1v2 + sougvy + s3(vive +vivy + f) mod w.

o7



Now the only thing to prove is that uv3 — f. Let p be an irreducible polynomial
and eq, eg such that p®||u;, hence p®||u, with e = e;+e3. Suppose that e; = 0 then
p?|vs — f and v = vy (mod ug); this implies that p¢jv® — f. The same for e = 0.
Assume now that e1,es > 1, and assume also es < eq, so that p© divides uq, us;

3
since v; = vg = f (mod p?), p° divides also v3 — v3. From ged(uy, uz, vi Zi) =1

3 .3
we deduce that p?|v; — v. We have also that 1 = 331&723 = 3s3v? (mod p?),

and then p®|uj(v; — v2). By definition we get
v=uv; —s3(vy — f) mod p°.

Hence

v — f=0f = 3uis3(vf — f) + (v} = £)?(---) = f mod p°,

(
but, since p®|u? and u;|(vi — f), we have
v = f= ()~ f)(1 - 3vis3) =0 mod p*.
O

We can apply the previous algorithm to the case of doubling only if the divisor
does not contain a ramification point in its support, i.e. if ged(u1,v1) = 1. Then
the algorithm becomes

Algorithm 4.
INPUT: Dy = (u1,y — v1), a typical divisor such that ged(uy,vi) = 1.
OUTPUT: D3 =2D; = (u,y —v).
1. Find s1,s3 € k[z] such that

siul + 3830% =1.

2. Set

U = u%,
—s;;-(vi’—f)/(ul) mod uq,

v = v+ tu.
The addition of two divisor D; and Dz in case their support are disjoint be-
comes easier. Indeed we can use the following
Algorithm 5.
INPUT: D; = (u1,y —v1), D2 = (u2,y — v2) such that ged(uy,u2) = 1.
OUTPUT: D3 =D; + Dy = (u,y —v).
1. Find s1,s2 € k[z] such that

s1uy + saug = 1.
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2. Set
u = u%,
= s1(ve —wv1) mod ug,
v = v+ tu.
Reduction

Now we give an algorithm that reduces a typical divisor D = (u,y—v) to a reduced
typical divisor D = (ug,y — vg). The main idea is to:

1. invert the divisor D using

=D +div(u) = (u,y* + vy +v*);

2. choose a typical ideal D’ in the class of —D, say D' = —D + div(p);
3. let a € Z(D'") such that

—ord = i —ord ;
ordp. (@) = win {-ordp. ()}

4. put Dr = D + div(a) — .

The following algorithm tells us how to compute the typical form of a divisor
in the opposite class of the divisor D. Moreover, for an appropriate index iy, the
algorithm returns a divisor with lower degree of the given divisor D. Then we
can iterate an even number of times the algorithm to compute the reduced typical
divisor of D.

Algorithm 6.
INPUT: a typical divisor D = (u,y — v).
OUTPUT: a typical divisor D' ~ =D in the form (u',y —v')

1. Use the extended Fuclidean algorithm and find the sequence of poly-
nomial r;, s;, and t; such that

r; = S;u + t;v.
Assume that ged(r, t;) = 1.
2. Set
o t?f — rf’

u
o = (7' mod W)

Remark. The assumption ged(r;, t;) = 1 happens with probability 1— %O(l) and
we have
ged(ty, u)| ged(t;, 2 f — )| ged(t;, ri)? = 1,

then the inverse of t; modulo %’ does exist.
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Theorem 5.1.5. The previous algorithm is correct. Moreover if degu > g and
degv = degu — 1, and suppose also that degr; = deg,, —1 — i and degt; =1, then

%1 , we have:

using the algorithm with the inder ig = [
* ifdegu > g+ 2, then degu’ < degu;

* if degu € {g,g9 + 1}, then degu/ = g.

Proof. First we prove that the algorithm gives the correct result.

div((u,y —v)) = div((u, tiy — t;v)) (5.1)
= div((u, tiy — 1)) (5.2)
~  —(div(tyy — r;) — div((u, tiy — 15))) (5.3)
= —div((v,tiy — 1)) (5.4)
= —div((v/,y —r(t; mod u))) (5.5)

In the step 5.1 we used ged(t;, w)| ged(t;, ;) = 1; in 5.2 we used t;v = r; mod u;
the step 5.3 is true because the divisor div(t;y —r;) is principal; and in 5.5 we used
ged(u/,t;) = 1. For the step 5.4 note that Nio) i)ty — 1) = tBf —rd =,
so that div(t;y — r;) = div(uu/,t;y — r;). Moreover if a point P = (xp,yp)
is in div(t;y — r;), then t;(zp) # 0 since ged(t;,r;) = 1, and if yp # 0, then
the points 0P, 0P are not contained in div(t;y — 7;); if yp = 0, then we have
ordp(t;y — r;) = 1, because ordp(y) = 1, this shows that exactly one of the two
divisors div((u,t;y — r;)) or div((v/,t;y — r;)) contains P. This shows that 5.4
holds, and the algorithm is correct.
For the second part of the theorem define the function

d(i) =max{3i+g+1—degu,2degu — 3 — 3i} = max{d, v}

that is the degree of the divisor div((v/,y — r;(t; mod u’))) after one iteration
of the algorithm using the function 7;,¢;. Since § is strictly increasing and = is

strictly decreasing, d(i) assume the (real) minimum for ¢ = iy, = %.
Then we have d(ipn) = %. Note that the slopes of the linear functions §

and v are +3, —3 then for ¢ € N, d(i) = d(imin) + 3 - | — imin| and the minimum
of the function d is attained for the closed integer iy tO imin. Since |i — ipin| < %,
we have d(ig) < |g— 1+ 2] for degu = g and d(ip) < |[degu—2+ 3] = degu—1
for degu > g+ 2. In case degu = g+ 1 we use the fact that ¢ # —1 mod 3, then
d(ip) < g — % + %J, hence d(ig) = g. O

Corollary 5.1.6. Let D = (u,y — v) with degu = 2g and degv = 29 — 1. In the
assumptions of Theorem 5.1.5 we can apply the algorithm two times for g = 3, or
four times for g = 4 and it is enough to obtain a reduced typical divisor D' ~ D.

5.2 Non-hyperelliptic curves of genus 3

As we already proved, a non-hyperelliptic curve of genus 3 is birationally equiva-
lent to a smooth plane curve of degree 4. So we are allowed to consider a quartics,
call it 2.
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Suppose that there exists a line that intersects the curve £ in four k rational
points, possibly with multiplicity. Up to linear transformation of the projective
space, we can consider the line at infinity, o, : Z = 0, and we can call the four
point Py, Py°, P2, Pp°. We state without proof the sufficient conditions in which
this assumption is fulfilled for a base field k = I, where ¢ = p".

Proposition 5.2.1. There exists a line intersecting the smooth quartic 2 in four
k-rational points, with multiplicity, if

e p=2,q>8 and #2(F,) > q+ 3,
e p>2andq > 105,

+

s
I

e p>2q>8and #2(F;) >p—
Proof. See [FOROT]. O

Now, fix the divisor D*° = Pp° 4 P3° + Pg°. Rearranging the proof of 1.12.1
we know that for every divisor D of degree 0 there exists an effective divisor D"
such that DT — D> ~ D.

Theorem 5.2.2. Let D1 and Do two divisor of degree 0. Then D1 + Dy is equiv-
alent to DT — D> given by the following algorithm:

o Tuke the cubic & passing through DI“, D;, Pre, P, Pre. It is unique since it
is determined by nine points on the plane (if some point are equal consider
the relative multiplicity of intersection with 2). The cubic intersect the
quadric also in the residual effective divisor E.

o Tuake the unique conic € passing through £, PP°, P3°. This conic in unique
and it also intersect the quadric in the residual divisor DT .

Proof. Consider the differential w = dz/f,, where f, is the derivatives respect to
y of the affine equation for 2. It is easy to see that div(w) has support only on
loo because 2 is smooth. Changing coordinates £ = X1/X2,( = Xo/X2 we have

dv  dy  (des@)-3 f(€.€)

— =——=2——4d(, where fx(&(/(,1/({) = —=———— hence every point at
f. kT fEQ /G 10O = Zaai2)
infinity has order deg(2) —3 = 1, hence (2 -l) is canonical. Now it is clear that

(&-2)~3K and (¢ - £) ~ 2K. Therefore we have
Df + Df + P° + Ps° + P{° + € ~ 3K,

E+ P+ P +& ~2K

and
P+ P° + P+ P ~ K.

Then

Df +DJ + PP+ P°+ P +E ~ 3K ~ E+P°+ P5°+ &' + P° + P5° + P5° + Py°
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so that
Df + Df ~ & +D>.
Finally
D1+ Dy~ E —D>,
hence & = D™. O
A divisor D is in the typical form if
e the three points in DT are not collinear;
e there is no point at infinity in the support of DT;
e the three z-coordinate x; of the points in the support of DT are distinct.

In this case we can associate to it the Mumford representation D = (u,v) as
follow:

* u,v € k[z]

* u = [](x — x;) is monic of degree 3
* deg(v) =2

* ulf(z,v(x))

Now we distinguish different cases:

e the line /, intersect the quartic in four distinct points.

e the line /, intersect the quartic in three points, assume that P/° = P5°.
Hence the line is a tangent line

e the line /., intersect the quartic in two points.
If PP° = P3° and P5° = Pp°, then the line is a bitangent.
If PP° = P3° = Pg° the the point P* is a flex.

e the line ¢, intersect the quartic in one point. That point is called hyperflex.

Tangent case

Assume now that the line /,, is tangent at P/ then in this situation the quadric
has the form

y® 4+ hiy? 4 hoy = f4,

where deg(h1) < 2,deg(hg) < 3,deg(f1) < 4. It follows that the cubic & has the
form

Yy sy +t=0,

where s and ¢ are polynomials in x of degrees deg(s) < 2 and deg(t) < 2. The
conic ¢ has the form

y—uv,
with v of degree 2.
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Algorithm 7.

INPUT: D; =

(u1,v1) and Dy = (ug,v2), two typical divisor

OUTPUT: D3 =D, + Dy = (U3, Ug)

1. Computation of the cubic & in case of addition

a.
b.

C.

Compute t1 = (v1 — v2)~! mod uy
Compute the remainder v of (u1 — u2)ty by us

Find the couple (s,01) such that

deg,(—vi(vy + s) + u101) =2
vy + V9 + 8 =iy mod us

where s,01 € k[x] with deg(s) = 2 and deg(d1) = 1.
Then & = (y — v1)(y + v1 + ) + u101.

2. Computation of the cubic & in case of doubling

Compute t1 = ((vi” +v2hy + v1hy — f4)/u1)71 mod u;
Compute the remainder v of 31;% + 2u1hy + ho)ty by uy

. Find a couple (s,d1) such that

deggc(—vl(vl + 8) + U1(51> =2
21 + s =rd mod g

where s,01 € k[x] with deg(s) = 2 and deg(d1) = 1.
Then & = (y —v1)(y +v1 + 8) + u101.

3. Computation of the conic €

Compute u' = Res; (&, 2)/(u1uz)

. Compute oy = (t — 52 — hy + shy)™' mod o’

Compute the remainder v' of (st — thy — f4) by u'.
Then the conic € isy —v'.

4. Computation of D1 + Do

a. v3 =
b. uz = ((v3 +vih1 + vsha — fa)/(u))*
c. D1 +Dy = (’LL3,’U3).

Here the * means that we divide a function by its leading coefficient.

Theorem 5.2.3. The algorithm works
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Proof. We have to prove that the points in the support of D; and Dy are in the
cubic &. Pick a point P = (z;,y;) in D1, then ui(z;) = 0 and y; = vy (x;).
Evaluating in the cubic we have (vi(z;) — v1(x;)) (%) + uq (z;)d1(x;) = 0. Pick now
a point in Do, evaluating in & we get

(va () — (v1 (@) ((va(@s) + (vi(zi) + s(24)) + wa ()01 (s)
and then
(—t1(z0)) (r(zi)01 () + wi(xi) 01 (2s) = —wi(zi)01(xi) + wr ()01 (z;) = 0.

Then the cubic & is the right one.
For the doubling we can do the same check.
For the equation of the conic, assume that @Q = (2/,y’) is a point in the intersection
of the cubic with quartic such that «/(z') =0, i.e. @ is in &€ (see Theorem 5.2.2).
Then
s(a)t(a") — t(@)hi(a") — fa(a')
t(a') — s2(af) — ha(2') — s(a')ha(a')
y' (= 5°(2) = s(@)y + s(a)hi(2') + y'hi(a’) — y” — y'hi(a’) — ha(2))

V'(2) =

—y? = s(@')y — s*(a') — ha(2') + s(2") b (')

/

Hence the conic passes through the divisor £ (with the appropriate multiplicities).
Step 4. is clear. The algorithm is correct. O
Flex case

Conjecture 5.2.1. The probability that a smooth curve has at least one rational
flex is asymptotic to 1 — e~ 4+ a when q tends to infinity, where |a| < 10725,

If the quadric 2 as a flex, we can assume that f, is the tangent at the flex
Pre = (0,1,0) and then the curve is of the form

y2 + hiy? + hoy = fa,

where deg(h1) < 1,deg(hs) < 3,deg(f1) < 4. It follows that the cubic & has the
form
Y +sy+t=0,
where s and ¢ are polynomial in z of degrees deg(s) < 1 and deg(t) < 3. The
conic ¢ has the form
y—uv,
with v of degree 2.

The algorithm is the same as Algorithm 7, but in this case the polynomial s
and &1 are of degree 1. All become easier to compute.
If the characteristic of the field k is greater than 3, then we can also assume that
the curve has the form y® 4+ hoy = f4, and f4 had no 2? term. In this case the
addition require 148M + 15S + 2I and the doubling require 165M + 20S + 2I.
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Hyperflex case

This is a sub case of the Flex case. Here the curve is birationally equivalent to
a curve of the form y3 + hiy? + hoy = f1, where deg(h1) < 1, deg(hs) < 2,
deg(fs) < 4. We can take the same assumption for high characteristic. In this
case the addition require 131M + 14S + 2I and the doubling require 148M +
19S + 2I.
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Chapter 6

Reduction for general curve

In this chapter we explain how to reduce divisors in general. We have already seen

in Theorem 1.12.1 that every divisor class in Pic% admits a reduced representative

of the form & — gP5, where £ is an effective divisor of degree g. We have seen

also, in Theorem 4.1.6, that for hyperelliptic curves this representative is unique

if we consider only semi-reduced divisor, but this is not true for general curves.
For this chapter we mainly refer to [He02].

General strategy

Denote by A a divisor of degree bigger than 1, and assume for simplicity that
its support is a subset of the points at infinity. A divisor D is mazimal reduced
along A if D > 0 and dimy(D — rA) = 0 for each r > 1. The representation
D =D + sA — div(a) is called maximal reduction for D along A.

The maximal reduction is still not unique in general, but

Proposition 6.0.4. For a mazimal reduction D = D + sA — div(a) we have
dimD < deg A, degD < g + deg A, and an other maximal reduction has the

same degree. Moreover the mazimal reduction are in a bijection with PA™P)  f
furthermore deg A = 1, then the mazximal reduction is unique.

Proof. The first proprieties are easy to prove. Let now deg. A = 1, and let s be
the greatest integer such that dim(D —r.A) = 1. Then let D be the only effective
divisor in |D — rA|, it is maximal reduced and D + rA is the unique maximal
reduction of D along A. O

Remark.

i) On hyperelliptic curves we can consider A = P, and then the notions of
maximal reduced and reduced are equal.

ii) On superelliptic curves we can consider A = P, and also in this case the

maximal reduction is unique.

iii) On smooth plane quartics we set A = D> = P7° + Ps° + P5°, and this case
is slightly different from the previous.
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The main idea for computing the maximal reduction of a divisor D is to search
the largest 7 such that D—r.A still has positive dimension, then D = D—r.A+div(a)
is either maximal reduced along A or an effective divisor with degree less than
g + deg A; it is called elementary reduction along A. In order to construct an
algorithm that follows this idea we need a way to compute r, 75, and a, hence we
need to compute a basis for the space £ (D — r.A).

First we give some useful definitions. Let S be a non empty set of (closed)
points, for simplicity assume that S = supp(div(z) ™), the set of points at infinity.
Let og be the subring of k(%) composed by the elements that are integral at all
points of S, i.e. the ring {¢|vp(¢) > 0, VP € S}, on the other hand define o
be the subring of k(%) composed by the elements that are integral at all points
outside S, i.e. the ring {¢|vp(¢) > 0, VP ¢ S}. These rings are Dedekind
domains, hence we can denote by Jg and J% their ideal groups. Furthermore we
denote by 04 the ring of elements of k(%) with non-positive degree.

Since we choose S to be the set of all points at infinity, we also have that 0 equals
the integral closure of k[z] in k(%), denoted by Cl(k[x],k(%")). On the other hand
we have 0g = Cl(00,k(%)).

6.1 Computing the Riemann-Roch space

In order to construct an algorithm for the computation of the Riemann-Roch
space we need an algorithm that reduces square matrices over k(z).

6.1.1 Lattices and basic reduction over k|z]

Let o € k((z71)) be a formal Laurent series in z, i.e @ = Y i __a;z'. Define
the degree of a to be the exponent of the largest z-power occurring in «. For
v € k((x71))" we define the (column) degree of v to be maximum of the degrees
of the entries of v, it is denoted by deg(v). By hc(v) we denote the vector of the
coefficient of the deg(v)-th power of = of the entries of v.

Let A C k((z71)) be a free k[z]-module of rank m and let vy, - -+ , vy, a basis
of A. We also assume that the elements of the basis are k((x~!))-linearly inde-
pendent, i.e. the lattice A is discrete regarding the metric induced by deg. We
can define the lattice discriminant of A to be the minimum degree of the nonzero
determinants of the m x m submatrices of the matrix (vy,--- ,v;,), since it is an
invariant for the lattice.

Proposition-Definition 6.1.1. A basis vi,- -+ , vy for A is called reduced if one
of the following equivalent conditions is fulfilled:

i) {hc(v;) |1 <i<m} is a set of linearly independent elements of k™;

i) deg(D>_, fivi) = max; deg(fiv;) for all f; € klx];
iii) vi,- - , Uy realize the successive minima;

i) Y, deg(v;) equals the lattice discriminant.
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We call reduction step the addition of a k[z]-linear combination of v; to a vj,
j # 1, such that the degree of v; decrease. A the basis is reduced if and only if
it does not admit ant reduction step. Since the lattice discriminant represents a
lower bound for ), deg(v;), the number of reduction steps required to obtain a
reduced basis is finite.

For a unimodular matrix 7' € k[[z~!]]"*" we have that deg(Tv) = deg(v).
We say that two lattices A1, Ao are isometric if there exists a unimodular matrix
T € k[[z7Y]™" such that Ay = T'As, then reduced basis are sent in reduced
basis via T, the successive minima is preserved and the lattice discriminant is
also preserved. Lastly we call orthogonal lattice of rank m and successive minima
—dy < -+ < —d,;, the unique lattice with basis v; = (z7%¢; ;) € k((z~1))".

Proposition 6.1.2. Every lattice A C k((z™1))" of rank m is isometric to a
unique orthogonal lattice.

Proof. Since the ring k[[z~!]] is an Euclidean ring, any basis of the lattice A can
be put, using row operation, in Hermite Normal Form, i.e. in an upper triangular
shape where the entries over the diagonal are zero or have larger degree than the
diagonal entry below, and the diagonal entries are of the form ¢*. If we start with
a reduced basis then, since {hc(v;)} is a set of linear independent elements, the
HNF is already in a diagonal form. O

Remark. Note that we use only row operation, indeed we use only multiplication
of unimodular matrices by the left.

Corollary 6.1.3. Let M € k(x)"*™. Then there exist matrices Ty € o™ and
Ty € k[z]"*™ and integers dy > -+ ,> d,, such that

T\MT = (z7%0;;);;,

where Ty is the matriz obtained by the reduction algorithm applied to the columns
and Ty is the unimodular matrix of the previous proposition.

Proof. Since M € k(z)"*", we have T € 0" O

Note that if M is a matrix in k(xz)™*", then we can write M = My/g with
My € k[z]™™ and g € kz].

Corollary 6.1.4. Let My and My be respectively a k|x]-module and a 0o,-module
free of rank n. Then there exists a basis vi,--- , v, of My and a basis wy,- -+ ,wy, of
My such that (vi,--- ,v,)N = (wy,- -+ ,wy), where N is of the shape (=% 6; ;); ;.

Proof. Apply the previous corollary to the transformation matrix of arbitrary
bases of M7 and Ms. O

Example. We give an example for the reduction algorithm. We consider the

£L'3—|—$ x2
x x ’
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It is not reduced because the sum of the column degrees is 5, but the degree of
the discriminant is 4. We subtract = times the second column from the first, we
exchange the two columns and negate the second column, we get

2 —x
x 22—z )’

a reduced matrix. In order to obtain the normal form we subtract 1/x times the
first raw from the second, then add x/(x? — 2 — 1) the last raw from the first and
scale the last raw by z2/(2% — 2 — 1), we get the normal form

22 0
0 z2 )

First we give a way to represent divisor using ideals of og and 0.

6.1.2 Basis of .Z(D)

Proposition 6.1.5. There is a valuation preserving bijection between the set of
(closed) points of the curve € and the set of prime ideals of og and o°. This
bijection leads to an isomorphism

Div(¢) — 3% x Jg
D — (D% Dg)

Moreover we have £ (D) = (D%)~"' N (Dg)~!.

Proof. Since 0g and 0° are Dedekind domains and the fraction field is in both cases
k(%), we get the bijection from a well knows result from commutative algebra (see
for example [AM69] chapter 9). For the last statement let p be a prime ideal of
0% and P the corresponding closed point, P ¢ S, and r such that p"||D°, hence
r = vp(D). Since 0° is a Dedekind domain then a function ¢ is in (D%)~! C k(%)
if and only if vp(¢) > —r (see [AM69]). In the same way we get that VP € S,
¢ € (Dg)~tif and only if vp(¢p) > —vp(D). So that £ (D) = (D°)"'n(Dg)~'. O

Remark.

e Note that, from a theoretical point a view, we did the same when we in-
troduced the Mumford representation. Indeed for a divisor £ — gP, the
corresponding ideal (u,y — v) is in 3, with S = { Py }.

e If D has representation (D°,Dg), then D + rdiv(z)t is represented by
(z"D%, Dg) and D + rdiv(z)~ by (D%, 27" Dg).

e Note that the ideals in 3% and in Jg are respectively free k[z]-modules and
0so-modules of rank n = [k(%) : k(x)]. Then we can use the results of
the previous section on lattice reduction, in particular we can apply the
Corollary 6.1.4.
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The following is the main theorem of the chapter and it gives us a way to
compute the basis for the Riemann-Roch spaces. The proof is constructive and it
will be part of the Algorithm 8.

Theorem 6.1.6. For every divisor D of € there exist a unique sequence of inte-
gers dy > -+ > d,, and unique elements v;,--- ,v, € k(%) such that the set

{xjvi\lgz‘gn,()gjgdi—l—r}

is a k basis of £ (D + rdiv(x)™) for all r € Z. Moreover the elements v;,- - , v,
are k(z)-linear independent.

Proof. First we prove the existence. Fix a divisor D and its representation
(D%, Ds). Choose a basis v1,--- ,v, for (D%)7!, a basis wy,--- ,w, for (Dg)~!
and a matrix M € k(x)"*" such that (wq,--+ ,w,)M = (vi,--- ,v,). By Corol-

lary 6.1.4 we can assume that M is of the form (z~%4;;); j, hence z~¢

w; = v;
with uniquely determined integers —d;.

Fix now the divisor D+ rdiv(z)~, it is represented by the couple (D%, 27" D).
The bases of the fractional ideals (D°)~! and 2" (Dg) ! are then given by vy, - -+ , vp
and w] = 2"wy, - ,w,, = x"wy,, they are already related by a diagonal transfor-
mation. Fix now an element z = >, \jv; in (D°)~1, with \; € k[z]. We can write
z=7, )\iac_di_’"wg, then z is in 2" (Dg)~! if and only if \;z=%~" € 04, for all i.
This means that deg \; < d;+7. This prove that {z/v; | 1 <i <n, 0<j <d;+r}
is a k basis of £ (D + rdiv(z)™).

For the last statement suppose that > A\jv; = 0 with A; € k[z] not all zero,
then the 2/v;, with j < deg)\;, are k-linear dependent. This is a contradiction
since we proved the k-linear independence for every r.

It remains to prove that the uniqueness of the d; is independent from the
choice of v;. Suppose that {z/v; | 1 < i < mn, 0 < j < d; +r} is a basis for
Z(D + rdiv(z)7).

e Fix any ¢ € (D%)~!, then there exists an 7 such that ¢ € .Z(D + rdiv(z)™)
and then we can write

n di+r

Cf):z Zuiﬂfj (I
i=1 \ j=0

and this proves that (v;); is a k[z]-basis for (D°)~!.

e Fix any element ¢ € (Dg)~!, then there exist a polynomial h € k[z] such
that ¢ € £ (D + div(h)T). If r = degh, then rdiv(z)~ = div(h)~ and
D +div(h)* = D+ rdiv(x)~ +div(h). Hence (h~1)adv;, with 0 < j < d; +7
is a k-basis for Z(D + div(h)T). This proves that (z%v;); is a 04-basis for
(Ds)~ .

Since (v;); and (z%wv;); are related by a diagonal transformation, we can deduce
by Corollary 6.1.4 that the d;’s are unique. ]
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6.1.3 Algorithm for the computation of the Riemann-Roch spaces

We will assume that we are able to compute bases for D° and Dg, equivalently
we are able to compute integral bases for Cl(00,k(%)) and Cl(k[z],k(%)), and
then bases for their ideals and fractional ideals.

Algorithm 8.
INPUT: A divisor of the curve €.
OUTPUT: A k-basis for £(D).
1. Compute a k[x]-basis v}, --- v, of (D°)~! and a 000-basis w},--- ,w,
of (Ds)~;
2. Compute M € k(z)"*"™ such that (W, - ,w,)M = (v}, ,v});

3. Compute the unimodular matriz T € k[z]™*"

in Corollary 6.1.3.

and the integers d; as

4. Return the basis {x/v; | 1 <i < n, 0<j <d;}, or equivalently just
the elements (v;); and (d;);, where (v1,--- ,v,) = (v}, ,v},)Th.

Example

Consider the hyperelliptic curve defined over k = Q given by 32 = f(z), with
fx) =z(z —1)(x +1)(z — 2)(x + 3).

Let S be the set {Px}. Then 0° = Cl(k[z],k(¥)) = k[z][y]/(y* — f(x)) and the
ring 05 = Cl(000,k(%)). The element y/x3 is integral over 0, with minimum
polynomial g(a) = a? — g(z)/25. We have also 05 = 0o0[y/73].

Consider the affine points P; = (1,0) and P» = (3,12), it is clear that the corre-

S are respectively p; = (z—1,%) and ps = (z—3,y—12). Con-

sponding ideals in o
sider now the point at infinity P., in order to compute the corresponding prime
ideal we have to factorize (1/z)og in prime ideals. Since g(y) = y?> mod 0[]
we have that (1/x)og is a square power of a prime ideal q of og. Moreover
q=(y/z°)os.

We want to find the smallest [ such that Z(—P; — P» + [P ) has positive
dimension, then the intersection p1ps N g~ has to be computed. First we have to

compute a k[z]-basis for p1ps. A set of generators is

{(z =1)(z = 3),(x = 3)y, (x — )(y — 12), (y — 12)y},

in order to find a basis we can reduced the matrix

(@-1)(@«—3) 0 —12(z—1) f(x)>_
0 z—3 rz—1 —12

First add from the first column 9”1—723 times the third column and —% times
the second column, we get
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0 0 —12(z—-1) f(x)
0 -3 z—1 -12 )

Then substract the second column from the third, divide by 2 the third column

and add £ times the third column from the fourth, we get

6(x—1)
0 0 —6—1) 0
0 z—3 1 oy —12 )

Note that (z—3) divides & (fx(f)l) —12, then we can erase the first and the fourth

columns and we can say that (y(z — 3),y — 6x + 6) is a k[z]|-basis for pips.
1 !

An 0,.-basis for q—

by (2) (1.%).

Suppose now [ = 3, then we have

A 0 _6(z—1)
(y(xr —3),y —6x+6) = (ﬂc y> | f@e-s @ '

x4 zd

is clearly given by %3, 1), and a 0,-basis for q~* is given

The previous matrix is not reduced, but we can reduce it by adding —(x —3) times
the second column to the first, i.e. multiply on the right by the matrix, then the

_6(z—-1)(z=3) _ 6(z—1)
0 o)

It is reduced. The indices corresponding to the degree of the functions in the

matrix becomes

diagonal are —d; = 1 and —dy = 1. So that d; and do are both negative, then the
Riemann-Roch space .Z(—P) — P» + 3P,) has dimension 0.
Suppose | = 4, then we get

_6(z-1)

The matrix is not reduced. multiply on the right by the matrix 75 and we get

6(z—1)(z—3) _ 6(z—1)
x2 x2
0 T ’

a reduced matrix. Note that —W

has degree 0 and x has degree 1, then
d1 = 1,dy = —1. The base change gives us

(y(z = 3),y =62 +6) T2 = ((z = 3)(z — 1),y — 62 4 6).
Then a basis for .Z(— P, — P>+4P) is given by the rational function (x—3)(z—1).

Remark. Note that div(z)™ = 2P, then with this two computation we can
recover all the bases for the space £ (—P; — P,+1Px,), with r € Z, using Theorem
6.1.6. In order to avoid two computations we can use Theorem 6.1.6 with a
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function that has a unique pole in P, instead of z, but in this case it not exist,
indeed for any point P = (a,b) on the curve we have

(r—a,y—>5) = (1,x3/y) ( xga f(x_)l;x?’ ) )

the matrix is reduced and it has indices d; = —1,dy = —2, then Z(—P + Py)
has dimension 0.

Running time

As already seen in 6.1.5, for a fixed closed point we can associate a prime ideal in

0% or 0g. We can use two different types of representation of a divisor:

i) the first is the ideal representation, it associates a divisor D to (the inverse
of) the two ideals D% and Dg, as already seen in 6.1.5;

ii) the second is called free representation, here every divisor is represented by
the power product of the prime ideals corresponding to the points in supp(D).

Clearly we can recover easily the ideal representation from a free representation
(just multiplying out the prime ideal). Conversely, in order to recover a divisor in
free representation from a divisor in ideal representation, it requires a factorization
of the ideals D° and Dg. This change requires a polynomial running time in n,
h(D) and C§, where

h(D) := deg(D") + deg(D"™)

is the height of the divisor D and
Cy := max{[deg,(a;)/i||1 <i < n}

where f(x,y) = y" +a1y" ' +---+a, € k[z,y] is the affine equation of the curve.

Moreover the cost of the divisor arithmetic is also polynomial in n, h(D) and
(. Therefore the running time for the computation of the Riemann-Roch space
is polynomial in n, h(D) and Cf, in fact the size of the entries of the matrix M is
polynomial in n, h(D) and Cj.

6.2 Divisor reduction

Recall from the introduction of the chapter that, in order to compute the max-
imal reduction of a divisor D, we are looking for the largest integer r such that
the space .Z(D — r.A) still has positive dimension and then obtain the elemen-
tary reduction along A. In order to avoid exponential time computations, the
elementary reduction should only be performed for divisor of small height.

We can write D = Z;Zo 2D, where the D; are sum or subtraction of single
distinct points. It is possible to avoid the time computation issue using double-
and-add tricks if the number of points in D; is not too large.
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From a theoretical point of view we can compute the reduction after each
addiction (or subtraction) in the double-and-add algorithm, then we can write
the maximal reduction of a divisor £ = Y"1 1 2°&; to be

m—j—1 m m
E=2"TEm i+ > 2&+ | D 2| A= Y 2idiv(a), (6.1)
=m—1

i=0 i=m—j i=m—j

where j goes from —1 to m, &,41 := 0. More precisely we can write
Em = Em + T A — div(ap),

the elementary reduction of &,,, then we double this expression and we can add
Em—1 and compute the reduction

2m+Em-1 = 26m+Em_1 + 2rmA— 2div(anm)

= Emo1+ 2rp +rm—1) A+ 2div(ay) + div(am—1).

We can do it inductively and obtain the formula 6.1. Note that the elementary
reduction of ng—j + Em—j—1 is gm_j_l + (rm—j—1)A — div(am—j—1).

Then we get

m m
E=&+ (Z 2%) A= 2div(ay). (6.2)
i=0 i=0
For a computational point of view the size of the orders of £ contributes only
logarithmically, but the number of places in each &; is still a problem.

Now, return to our divisor D = )" 2'D;, before applying the previous pro-
cedure, we can reduce every divisor D; in order to decrease the number of places.
If the divisor D; is equal to 2221 P,i, we can sum up the point P, successively,
applying the elementary reduction after each step, namely

t
D = (Pl+P)+> P
k=3
t

= (P5+ P+ > Pi+laA—div(bi2)
k=4

t 3 3
= (Ps+P)+ > Pi+> A= div(by)
k=5 j=1 j=1

. t t
= P+ £;—> div(bi) (6.3)
j=1 j=1

where ¢; = 0 and b;; = 1. Write [; = 23‘:1 U, by = H§:1 bij and D) = P}, then
we can write
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Now we can apply the procedure for 6.2 to £ = > 2D/ and we get

D=E&+ (Z 2 (s + zi)> A=) 2div(a; - by).
i=0

1=0

The choice of r can be done in two ways. The first is to choose the integer
7 such that g < deg(D — fA) < g+ deg(A), it gives a reduced divisor D such
that g < deg(D) < g + deg(A). The second is to choose the integer r such that
0 < dim(D — rA) < deg(A), it gives a divisor D such that deg(D) < g + deg(.A).
The latter return the maximal reduced divisor, but several tries of values of r

might be necessary (in this case we can use the binary search method).

In case A = div(z)~ then, because of theorem 6.1.6, the maximal r is given

by d1, hence no tries are required.

We can sum up in the next Algorithm.

Algorithm 9.

INPUT:
OUTPUT:

The divisors D and A.

A divisor D, an integer v € Z and element a;,b; € k(€)* such that
D=D+rA-3,2div(a; - b;).

. Compute m and divisors (D;);, whose orders have absolute value 1,

such that D = Y 1* , 2'D;.

Compute the divisors D} using the elementary reduction after each ad-
dition of a point of D; as we seen in 6.3, and obtain the representation

Put & =32"D, =>"2'&;. Let Eny1 = 0 and compute the elementary
reduction of 2Ep,—j + Em—j—1 inductively for —1 < 5 < m. So that
2€m—j + gm—j—l = gm—j—l + (Tm_j_1>.A — diV(Gm_j_l) holds.

. Let D =Dy and r = >, 24(ri + ;). Return the divisor D, the integer

r and the rational functions a; and b;.
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Conclusion

As we said in the introduction, the aim of this thesis was to study methods
for the implementation of the addiction law on Jacobians of algebraic curves.

We showed explicitly formulee for the addiction on elliptic curves. In this
context it is of the utmost importance, for a computational point of view, to find
algorithms which let us save even one field operation. The best algorithm found
is related to Edwards elliptic curves: it needs 7TM + 58S for the addition and only
3M + 48 for a doubling.

In the last decades, cryptographic studies found developments on the use of
algebraic curves of small genus, both hyperelliptic and not. In this thesis we
have seen methods for the implementation of the addition on Jacobian of non-
hyperelliptic curves of genus 3, of superelliptic of genus 3 and 4, and, using Mum-
ford representation, of hyperelliptic curves of arbitrary genus.

Studies of the addition law on these particular curves lead to search for a
method for the implementation of the addition law on Jacobians of generic curves.
We presented the method described by Hef3. The natural continuation of this work
would be to implement this general algorithm.
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