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Introduction

The positive integers were undoubtedly the first objects investigated by the early mathematics;
more than 2000 years ago and exactly 300 B.C, Euclid found out that the primes are the ”"bones”
of the integers skeleton, or, in our modern language, he proved the first form of the fundamental
theorem of arithmetics, namely the fact that every integer greater than one is either a prime or
a product of primes. Few decades after Euclid, Eratosthenes gave an algorithm to determine
the primes less than a given bound; by this Eratosthenes initiated a new research activity
known as Sieve Theory. The Sieve Theory is a family of methods (i.e. sieves) that estimate the
size of a given set of integers. One of the most asked questions in sieve theory is to estimate
the number of primes satisfying some propriety in an interval of arbitrary length, for example

counting the primes given by a polynomial expression up to some real number x.

It is easy to find a polynomial that contains infinitely many primes, starting from the fact
that the polynomial 2x 4+ 1 contains all the odd numbers for integer values of x, then definitely
it contains all the odd primes. Indeed it was believed that one could find a polynomial P with
integer coefficients such that P(z) is prime for all integer x. Unfortunately in 1752 Goldbach

proved that such a polynomial doesn’t exist.

Introducing new analytic tools, 85 years after Goldbach, Dirichlet proved that the poly-
nomial ax + b contains infinitely many primes for a and b being co-prime. In 1904 Dickson
conjectured that there are infinitely many positive integers x such that the polynomials a;x + b;
are all primes for 0 < ¢ < k. Until writing these lines Dickson conjecture remains unsolved,
even some of its special cases seems to be very hard to prove, for example taking k = 1,
(ag,by) = (1,0), and (aq,b1) = (1,2) we find the twin primes conjecture; furthermore the spe-
cial case a; = 1 for 0 < ¢ < k of the Dickson conjecture remain unsolved. The last special case,

with an additional condition on the b;’s (to be defined later), is called the k-tuples conjecture.



Remark that if we relax the condition ”the polynomials = + b; are all primes for 0 < < k” in
the k-tuples conjecture and we replace it by ”at least two of the polynomials x + b; are primes
for some 0 <4 < k7, then this implies that there exist infinitely many pairs of successive primes
of difference H where H = max |b; — b;| for ¢ # j. In other words we will prove the existence
of bounded gaps between infinitely many successive primes.

In 2005, investigating this relaxed version of the k-tuples conjecture, Goldston, Pintz and
Yildirim designed a sieve method (i.e. the GPY sieve) to deal with some problems related to the
gaps between primes. Indeed they conditionally proved for the first time the existence of a finite
gap H < 16 Surprisingly Yitang Zhang in 2013 proved unconditionally that H < 70 000 000
introducing more advanced analytic machinery. Two years later a further breakthrough was
obtained by James Maynard (independently found also by Terence Tao) improving uncondi-
tionally the bound to H < 600 using more simpler arguments based on the ideas of Selberg

and developing a "multidimensional” GPY sieve.

Organization of the thesis

In the first section, we will give an introduction of sieve theory, starting by estimating the
integers given by a polynomial expression, then we will give the description of a sieve method
developed by Selberg, and we will illustrate it by an application on the twin prime conjecture.
In the rest of the thesis we will be mostly interested in the bounded gaps between primes.
In the second section we will discus the Goldston, Pintz and Yildirim sieve, then we will give
the complete conditional proof on the existence of a bounded gap between infinitely many
consecutive primes. In the last section we will present Maynard’s work and his unconditional

proof of the bounded gaps. Hence, the main results in the present thesis are

Theorem 0.0.1. (Goldston, Pintz and Yildirim (2005)) We have

A, = lim inf 22— P _
n—00 logpn

Theorem 0.0.2. (Goldston, Pintz and Yildirim (2009))
Assume the primes have level of distribution @ > 1/2, then there exist an explicitly calculable

constant C(0), such that any admissible k—tuple with k > C(0) contains at least two primes



infinitely often. In particular, we have
liminf(p,+1 — ps) < 20.

Theorem 0.0.3. (Maynard (2013)) We have

lim inf p, 11 — p, = 600

n—o0

Theorem 0.0.4. (Maynard (2013)) Assuming the Elliott-Halberstam conjecture, we have

lim inf p, 1 — p, = 12

n—oo
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Chapter 1

Selberg sieve

1.1 Definitions and notations

Throughout this document, we will use with or without subscripts n, m, a and b for positive
integers, p and ¢ for prime numbers, and x, y for real numbers.

We denote by

1. w(n) the number of prime divisors ofn.

2. (a,b) is the greater commun divisor of a and b.

3. a=0b (mod m) if it exists m such that a = mn + b.
4. p|n  p divides n.

5. pfn  pdoesn’t divide n.

6. |x| is the integer part of x.

7. {x} is the fractional part of x.

8. |A| is the cardinality of the set A.

9. ¢(n) is Euler’s totient function, which is the number of positive integers less than or equal

to n that are relatively prime to n.
10. m(x) is the number of primes p < z, where z a real number.

11. w(xz,m,n) is the number of primes p < z, where p =n (mod m).
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Recall the following definition of the Landau symbols.

Definition 1.1.1. Let f, g two real functions
1) If g(z) > 0 for all x > a, with a € R, we write

f(x) =0O(g(x)) (to be read as f is big-oh of g),
to mean that the quotient % 18 bounded for x > a, that s, there exists a constant M > 0 such
that
|f(z)| < Mg(x). for everyr > a
2) We write
f(z) =o(g(x)) (to be read as f is little-oh of g),

f(z)
lim ——= = 0.
z—o0 g(x)
3) We write
f(z) ~ g(x) (to be read as f has the same order of g),

to mean that f is asymptotically equal to g, and that is

im 10 _
g~

We will also use Vinogradov symbols < and >. If f(x) = O(g(x)), it’s equivalent to write
f(x) < g(z) or g(z) > f(2).
In the next section we will present an important sieve method carrying by Atle Selberg.

In order to do that, we will give an assortment of notations and definitions frequently used in

sieve theory. [15]

1.2 Numbers given by polynomial expression

Let
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A={h(n);n <z} and Az={a€ A;a=0 (modd)}.

Let further h(n) € Z[X] and

pld)=#{0<n<d—-1: h(n)=0 (modd)},

which denotes the number of solutions of h(n) =0 (mod d)}.

Let P be the set of primes and p € P; we denote

Py) =]]»

p<y

To estimate |A,| we consider each residue class (mod d) separately, so we get

Ad = ) S Y (§+0(1)).

1<i<d n<ac 1<i<d
h(1)=0 (mod d)n=l (mod d)} h(1)=0 (mod d)
Hence
p(d)
44 = 2D 4 0o, (1)

Now we define

S(A, P(y)) = {n € A;1 <n < x;(n, Py)) = 1}].

In other words S(A, P(y)) is the number of integers in A not divisible by any prime less than

Y.
We can re-write S(A, P(y)) using a property of Mobius function pu:
[ 1lif(a,P)=1
Z,u(d) N { 0 otherwise .
acA
Hence
SAP)=>" > uld) =) uld).
a€A d|(A,P) a€A dla
d|P

Interchanging the order of summation, we get the Legendre identity

S(A, P) =) u(d)|Ad.

d|P
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From ([1.1)) we get

S(A,P) = xz#p(d) +00)_p(d)). (1.2)

P P

Recalling the following identity

we get

S, P(y)) = 2 T - Dy 4 o pta)).

Py p d|p
Our problem now is to get a suitable approximations to u(d), based on the ideas developed

by Atle Selberg [15].

1.3 Selberg sieve

From the previous manipulations we could estimate S(A, P(y)) the number of integers n less
than a given bound z, for which h(n) is not divisible by any prime (or a product of primes)
less than a given y, with h(n) € Z[X].

Let us write again as in ((1.1))
d
44 = 22D 4 R(a)

with R(d) < p(d). So to get an upper bound on S(A, P(y)), we need a multiplicative function
A(d), such that

2. A< Y, Md

d|(n,P(y)) d|(n,P(y))
If the above inequality holds, (1.2)) becomes

S(A, P) —xz +Z)\ (1.3)

dp d|P(y)

Selberg’s idea is to let ® be a multiplicative function and define A as

DA =( D> o)

d|(n,P(y)) d|(n,P(y))
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The right hand side in the previous equation is always greater than or equal to zero, and it
is equal to one for (n, P(y)) = 1, so the equality (1.3]) holds. Recalling that ® is multiplicative,
we define

Md) =Y @(cdh)(dy).
di,dz2|P(y)
d=[d1,da]

It remains to find the optimal ®, which means to get a main term in (1.3 as small as

possible. Selberg sets for all d|P(y)
d
fld) =~ (1.4)

For all k|P(y), we have

plk

This way he proved the following theorem

Theorem 1.3.1. Let
L p(d p(p)\
— P (1 - —) .
Z o H( .
d|P(y plk

Let ® be a multiplicative function, with ®(p) = 0 if p|P(y), and

Ad) = Z D(d1)®(ds).
e
If X(d) =0 if d 1 P(y), then
Ad)p(d) _ 1
A, L

Moreover the previous inequality becomes an equality for

d|P

for all d|P(y).

Proof. We have that if f is multiplicative and all the k’s are square-free. Hence d|k we have
(d, k/d) =1, and this implies
f(k) = f(d)f(k/d).
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Then we get
o) = F 0TI — ) = S @2 = 5™y ks,
o Fk)™ 4R G
So g = pu* f. Using the Mobius inversion formula we obtain
= g(d)
d|k
We know also that (dy, ds)[dy, ds] = d1ds, so
f(d1) f(d2)
dy, ds]) = —~—22.
Al ) f((dy,dy))
Hence we can now with that write
1 1
= d).
Fad) ~ Faia 2=, *
Now we have
Ad)p(d) Ad) P (d1)P(d2)
% d ar /() dl,d%z;(w f(ldr, da))
®(d1)P(d>) Z
= g(t)
arib fdf(d2) | =
P (d1)®(d2)
= g(t) >
o ajpy (@)
dz2| P(y)
tldy
t|da
- Sy T
tP(y) d|P(y)

Now we introduce a change of variable
- > %
FrRAC

From the equality (1.8) we have
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We see that
O(d)  P(d)
pltfd) Y e =
dl%y) % (d)  f(d)
Then we get
O(d) = f(d) Y pu(t/dyy(t). (1.5)

t[P(y)

Remark 1.3.2. One of the important steps in Selberg’s combinatorial technique is to make an

invertible (to be defined later) change of variable. We will see in Chapter III that Maynard’s

argument is a variation of this technique in higher dimension.

Ford=1
> ult/dyy(t) =
tP(y)
Then
Zk(d)p(d) _ Z g(t)y(t)2
d|P t|P(y)
= > gty == pt/dy(t)
Q@
tP(y) t|P(y)
. 1 M(t) 2 1
= Z %(g(t)y(t) -7+ 0

So finally we get

(1.6)
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Now we are ready to prove the following theorem.

Theorem 1.3.3. Under the assumptions of Theorem , we have

x
S(a P( @ 2 H p
p|P(y)
Proof. We already proved in that
S(A, P(y)) < Z )4 > A
d|P(y) d|P(y)
Recalling that
S~ Mol _ 1
d|P(y) @
it remains to estimate the error term
E= Z Ad = ) ®(di)®(ds) R[dds).
d|P(y d|P(y)
The optimal ¢ by Selberg sieve is
fld)u(d 1
d(d) = (22() 0l
tap
Hence
f(d 1 f(d 1 fd
o) = LW s> Lo T Lo T
Q G 9t) T 9(d)Q = g(k) — g(d)
since
[dydy] di  dy
R(|dd <
RIBED < Figa)) < Fa Fid)
Finally
dydsy d 5
E< ) )
d1,d2|P(y) 9(d1)g(d>) dP(y) 9(d)
So we have
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1.4 Application : twin primes

The twin primes conjecture states that there are infinitely many primes p such that p + 2 is
prime. One can think about a non trivial lower bound on the number of pairs of twin primes
p, p+ 2 up to a given z, so if this bound involves a term that goes to infinity for x going to
infinity then we will be done, but until writing these lines this seems to be far out of reach with
current techniques. In this section we will give an upper bound on the number of twin pairs
up to x.

We denote by mo(z) the cardinality of the following subset of primes p
m(x) = |{p,p+2 < zlp,p+2 primes}|.

Using the prime number theorem "PNT” we can give a heuristic to estimate my(x), as from the

PNT the chance to pick randomly a pair of primes p, and p+2 in an interval of length z is @, if

1 1

we assume that these two events are independent, we can expect that my(x) ~ @.@ = Toa )"

Clearly this is obviously false if we look to the trivial parity dependence between n and n+2
(if n even = n+ 2 even). For example to get a ”correction” factor on the last non dependence,

the probability that a random n is even is 1/2, so the probability to choose independently two

integers non divisible by 2 is (1 — 2)2. Then the correction factor for the divisibility by 2 is

2
-3 _
(1-3)2 =2
With the same argument the probability that a prime ¢ does not divide p or p+2is (1— I%)Z,

and we need p and p+ 2 to be non-zero modulo ¢, so p could be in the ¢ — 2 residues classes mod

¢, then correction factor for the primes ¢ grater than 2 is . Using the Chinese Reminder

1-
(17l
Theorem we can expect to multiply the correction factors over all the primes. Indeed we should
just do it for finitely many primes, but here it will not really affect the result as the expected

error coming from large primes is very small. Finally we define the twin prime constant C5, as

— 2
Cy =2 H q ~ 1.32032363...
q>3
Now we can conjecture that
x
~ Ol
() *(logz)?’

as x — 00. From Selberg sieve we will prove the following result



20 Mohamed Taoufig Damir

Proposition 1.4.1. With the same notations above we have

m3(2) € e 4 V3

(log )?
Proof. We set
h(n) =n(n+ 2).

If p < x is a twin prime then p < 2'/3 or h(p) has no prime factors less than z'/3.

If we take y = z'/3, we get

m(z) < S(A, P(y)) +y.

By Selberg sieve we get

S(A,P(y)) < a:( Z @H(l _ %)-ﬁ‘l +yH (1- %39))—2.

d|P(y) pld pld

First we remark that for p = 2, p(p) = 1, and p(p) = 2 otherwise.
We will now estimate Hpgxl/g (1 — %)_1. We remark that If p > 5 then
2,1 Iy -1
(1-2) =(-2) (1-5) -

p p p

But it’s known that

Then

and by Mertens estimate

Finally we get
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It remains to estimate the contribution of >, 1/3 @. We will use the fact that

p(d) < d(d).
Letting d(n) be the number of divisors of n, in fact if writing n = p{*...p%". We obtain that
p(n) =22 and d(n)= (a;+1)...(a, +1).

From the multiplicativity of d(.), and p(.), we finally obtain
d d(d 1\2
S X P (X 5) s e
d<zl/3 d<zl/3 d<z1/3

So we can finally write that
x

log ()2

Uy (.’L’) <

]

Indeed we are still far from proving the twin primes conjecture, and that leads number
theorists to investigate a more general situation of the twin prime conjecture, in the next
section we will present some of the spectacular results on this problem proved by Goldston,

Pintz and Yildirim.






Chapter 2

The work of Goldston, Pintz and
Yildirim

2.1 Primes in tuples

"This conjecture (2.1.2) is extremely difficult (containing the twin prime
conjecture, for instance, as a special case), and in fact there is no
explicitly known example of an admissible k-tuple with k£ > 2 for which we can
verify this conjecture"

Terence Tao

Let us define a k—tuple H = (hy, ..., hy) as a collection of increasing positive integers. Our
aim here is to study the case when set n+#H = {n+hy,...,n+ hy }, the translates of H, consists
entirely of primes. Obviously the case H = (0) is Euclid’s theorem, and ‘H = (0, 2) is the twin
primes conjecture, to study the general case we should add another condition on the k—tuple,

which is the admissibility.

Definition 2.1.1. We said that a k—tuple H = (hq, ..., hx) is admissible if the h; with 1 < i < k

avoid at least one congruence class mod every prime.

In fact if the h; covers all the congruence classes modulo some prime p, at least one of the
elements of n +H = {n + hy...n + hy} will be divisible by p for every n.

Now we can state the so called Hardy-Littlewood conjecture.

Conjecture 2.1.2. If H is an admissible k—tuple, then there exists infinitely many translates

of H that consist entirely of primes.



24 Mohamed Taoufiq Damir

As in the heuristic discussion on the twin primes conjecture up to a given x the probability

to pick a k-tuple of primes is oz )F if we assume the independence between the k events, and

(1g

similarly we construct a correction factor

1— 2w
=11 ((1 - f)k) (2.1)

With A(n) = [[,<;<,(n + hi) we define p(p) as the number of solutions of
h(n) =0 (mod p).

In the following we will call the quantity G(#) in (2.1) the singular series of this problem.
Assuming H admissible implies that p(p) < p and for large p we have p(p) = k so that gives
the non-vanishing of G(H).

We then have the quantitative form of the k-tuples conjecture.

Conjecture 2.1.3. Let H = (hy, ..., hi) be an admissible k-tuple then

x
(log )k

{n < z,n+hy,...,n+hg such that n+hy, ...,n+hy, are all primes }| ~ G(H) T — 00.

To work on the GPY method, we will need an assortment of tools on the primes in arithmetic

progressions.

2.2 Primes in arithmetic progressions

As we mentioned in the introduction, Dirichlet in 1837, using the theory of L-functions, proved
that that the polynomial ax + b contains infinitely many primes for a and b co-primes, on
showing that the series

>
a (mod m)
(a,;m)=
is divergent for s — 17. 59 years after Dirichlet, Hadamard and de la Valee-Poussin proved the

p=

Prime Number Theorem, namely
x

as r — OoQ.
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Taking
W (zx) = E logp and 9Y(x;a,m)= E log p,
p prime p prime
p<lx p=a (mod m)
p<z

one can prove that the prime number theorem is equivalent to ¥(x) ~ z as * — 00, so we can

expect that for z — oo
x

¢(m)

If this will hold for all (a,m) = 1 and m — oo, we will say that the primes are (more or less)

IHx;a,m) ~

equi-distributed amongst the arithmetic progression a (mod m).

One of the best known results on the distribution of primes is the Siegel-Walfisz theorem,
which gives the equi-distribution once x > ¢™". In general this is a limitation in applying this
theorem as we need = to be very large comparing to m. We can state Siegel-Walfisz in the

following form.

Theorem 2.2.1. For some ¢ > 0, and for all (a,m) =1 we have

W x;a,m) = ﬁ + O(a: exp(—cy/log x)),

for x > e™.

Assuming the Generalized Riemann Hypothesis (GRH) one can prove that (see Corollary
13.8 in [11])

Hz;a,m) = ﬁ + O(xl/Q(log m)2>,

for x > ™.
But in many applications we don’t need that the equi-distribution holds for all a and m,
but just for m up to some ). The best unconditional result in this context is the Bombieri-

Vinogradov theorem.

Theorem 2.2.2. (Bombieri- Vinogradov)
For all A > 0 there exists a constant B = B(A), such that

T
(log x)4’

max |[J(x;a,m) — L| <4

amod m ¢(m)

m<Q (a,m)=1

where Q = x'/? /(log ).
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We have the following definition.

Definition 2.2.3. Using the same notation as in we say that the primes have a level
of distribution 0 if Q = x°=¢ for all € > 0.

By the Bombieri-Vinogradov theorem, the primes have a level of distribution § = 1/2.
Eliott-Halberstam (1968) conjectured that 6 = 1.

Conjecture 2.2.4. (Eliott-Halberstam) The primes have a level of distribution 6 = 1.

Remark 2.2.5. In April 2013, Yitang Zhang [21] proved a weaker version of Elliott-Halberstam
congjecture when restricting to one particular residue class, considering m to be squarefree and

y—smooth integer (that is, when all the prime factors of q are less than y), and he proved that

X xr
Y. Wwam) - ] <4
P o) < {log )
(_a,n?):l
m is y-smooth
m squarefree

For Q = 2'?*" and y = 22, for alln,5 > 0. And that was the key estimate in his breakthrough
on the bounded gaps between primes, namely the fact that there exist a calculable constant B,
such that there exist infinitely many pairs of primes which differ by no more than B, and he

even showed that we can take B = 70 000 000.

2.3 The work of Goldston Pintz and Yildirim

Indeed to prove the bounded gaps between infinitely many consecutive primes, it’s sufficient
to find a suitable k—tuple H = (hq, ..., hx), such that n + H contains at least two primes for

infinitely many values of n. In other words we have

lim inf(pn-‘rl _pn> S |hk - h1| (22>

n—o0

For a long time equation seemed to be out of reach, and here raised the problem of
proving the existence of infinitely many ”short” intervals containing consecutive primes. The
Prime Number Theorem tells us that in average the length of such intervals is C'log x where C'
is a positive constant. In order to be allowed to choose any ”small” positive constant C', one

should prove that A = 0 where
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A = lim inf IM.
n—yo0 log DPn

The first result on the topic is due to Hardy and Littlewood (1926): in fact they proved
that A < 3/2 with a conditional proof assuming GRH. This last bound was improved by many
specialists : Erdos showed that A < 1— ¢ with ¢ a calculable constant, Bombieri and Davenport
A < 23 Huxley A < 0.4394, and Maier A < 0.2484.

In 2005 Goldston, Pintz and Yildirim developed a new sieve method to prove the following

theorem.

Theorem 2.3.1. Let

A, = lim inf ZM
n—00 log pr

We have
A, = max(v — 26,0),

Where 0 is the level of distribution of primes. Taking 60 = %, and v =1 it follows that A = 0.

Theorem 2.3.2. Assume the primes have level of distribution 6 > 1/2, then there exist an
explicitly calculable constant C(0), such that any admissible k—tuple with k > C(0) contains at

least two primes infinitely often.

Specifically, if # > 20/21, then this is true for £ > 7, and, since the 7-tuple (n,n+2,n+6,n+
8,n+12,n+ 18,1+ 20) is admissible then, the following corollary is an immediate consequence

of the previous theorem.

Corollary 2.3.3. The Elliott-Halberstam conjecture implies that
liminf(p,11 — pn) < 20.

Let us define the following function

[ log(n) if n prime
0n) = { 0 otherwise.

Letting H = (hy, ..., hx) be an admissible k—tuple, to count the primes in the translates of

‘H we consider the following sum
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k

s= 3 (Z(Q(n+hi)—log(3x))>Wn, (2.3)

r<nl2zx =1

where W, is a non-negative weight.

From the simple fact that x < n < 2z implies that n + h; < 2z + h; < 2x + x for any
1 <i <k and large x, we obtain that 6(n + h;) < log(3z) for i € {1,...,k}.

If we prove that S > 0, then there exist at least two different elements h; and h; in H, such
that n + h; and n + h; are primes. The first difficulty in this method comes from choosing a
suitable W, to evaluate (2.3).

2.4 On the weight W,

Our aim in this section is to find a positive weight which is sensitive to the prime k-tuples. The
first propriety we need is that W, has to vanish on the integers that have more than k£ prime
factors. Moreover from ([2.3) we see that to get S > 0 we should consider W, that maximizes

the quantity

o 1 Ay(n)
log(3z) A(n)’
where .
An)= Y W, and  Ayn)= > O 0(n+hi)W,.
e<n<2e e<n<2z i=1
We define

A(n,H) = A(n + h))A(n + ha)...A(n + hy),
where A(n) the von Mangoldt function defined as

_ J log(n) ifn=p™ for m > 1,p prime
Aln) = { 0  otherwise.

We recall the following result on von Mangoldt function.

Proposition 2.4.1. Forn > 1 we have
logn = Z A(d).
dn
The above proposition follows naturally from the fundamental theorem of arithmetic. We

will now use some results on the convolution of two arithmetic functions ([19]).
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Definition 2.4.2. Let f and g be two arithmetic functions (i.e a real or complex valued function

defined on the set of positive integers). We define f * g, the Dirichlet convolution of f and g,

by
(fxg)(n) =) f(d)g
d|n
Remark 2.4.3. o The set of arithmetic functions forms a commutative ring under the

usual addition and Dirichlet convolution.

e the function log defines a derivative on the ring R of arithmetic functions as an en-
domorphism of the additive group of R satisfying the Leibniz rule log(n).(f * g)(n) =
[ (log.g)(n) + g (log .f)(n)

We can write as A = pxlog, so we get the following identity as a direct application of
Mobius inversion formula, namely the fact that if g = f x 1 then f = g * pu with p the Mobius

function:

=" u(d)log g. (2.4)

din
By definition, the von Mangoldt function detects only prime powers, and from (2.4)) we can
study directly A(n) as a sum of arithmetic functions.

We define the generalized Mangold function for a positive integer k as

= u(d)( log

dn

Note that

1 ifn=1
Bo(n) = { 0 otherwise.

Let’s investigate the case k = 2.

Proposition 2.4.4. For all positive integers n we have

As(n) = A(n)log(n) + A x A(n).
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Proof. We have
logZ = log.log
= log x(1*A)
= 1% (logxA)+ (log x1) A we used the fact that log is a derivative
= 1% (A xlog) + log *A.
Then finally we get
Ay = pxlog® = px 1% (A x log) + p*log*A = A x log +A * A.

This proves the proposition. O

From ([2.4.4), it is easy to see that

(2m — 1)(logp)? if n=p™
As(n) =< 2logplogq if n = pq® for p # ¢
0 otherwise .

This shows that Ay(n) is non-zero on the integers n that has at most two prime factors.

Indeed we have the general recurrent relation.

Proposition 2.4.5. For all positive integer k we have

Ak+1 = Ak lOg —|—A * Ak

Proof. By definition

Ap1 = pox (logk log)
= (u*log") log +(—plog) * 1 x Ay, from log(n/d) = log(n) — log(d)

= Aplog+A x Ay, from A = (—plog) * 1.

Proposition 2.4.6. Let k be a positive integer then

(@ + (a = DF)(logp)* if n =p,
Ar(n) =< k!(logpr)(logps)...(log pk) if n has k distinct prime factors p;,
0 n has more than k distinct prime factors .
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Proof. e If n = p® then by definition
Ax(n) = u(1)(log p™)* + p(p)(log p*)* = (a* — (1 — a)*)(log p)*.

e Let n=[", p;" We assume that

Ax(n) = k!(log p1)(log pa)...(log p) if n has k distinct prime factors p; (2.5)
KA = 0 n has more than k factors ’

which is true for £ = 0. Now we prove by induction that (2.5 holds for k& + 1 too, i.e.,

Ajy1(n) = (k + 1)!(log p1)(log p2)...(log pr+1)
From (12.4.5) and the inductive hypothesis we have

Ak+1(n) = A*Ak(n)
= Y A@Au(n/d)

dn

= (logpy)k! [[log(p:) + (log p2)k! | [ log(ps) + .. + (log prsa)E! [ log(p:)
i#1 i#2 i#k+1

= (k+1)!(logp1)(log p2)...(log pr1)-
0

Then the generalized Mangolt function is non zero (i.e., supported) on the integers that has
at most k£ prime factors.
Assume now that h(n) has r prime factors py, p, ..., p. with r < k. Then there exists an

element n 4+ h; € {n + hy,...,n + hy} such that for all pj*

n + h; there exists some other

element n + hj € {n + hy..n + hy} with p3

n + hj, hence
paai|n—|— hj —n—+ hj/ = hj — hj/.

This holds for all the prime factors of n + h;, and that implies that n + h;| [ [i<i<k(h; — hi).
i#]

Then in this case n < n + h; < h¥™'. From this argument and (2.4.6) we conclude that for

n > hi~1if Ag(h(n)) # 0. So, h(n) has exactly k distinct factors.
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We define the truncated divisor sum as

=> ud 1ogd

dn
d<R

and

Ap(n; H) = EAk(h( n)),

where {hq,...,h;} is an admissible k-tuple, and
h(n) = (n+ hy)(n+ hy)...(n + hy).

We can approximate Ag(n; #H) by the truncated sum

! Z log

d|h(n
d<R

in which we divide by k! to simplify the estimates.
We recall that our aim is to prove that S > 0 for

k

Z (Z(G(n + hi) — log(Bx)))Wn. (2.6)

r<n<l2zr =1
Inspired from Selberg’s work we take

:<Z>\(d)2

d<R
d|h(n)

and we look for a function A which maximizes the quantity

1 Ag(ﬂ)
log3x A(n) "

R =

where i
Z W, and  Ay(n) = Z (Z O(n+ h)W
r<n<2z r<n<l2z i=1
In [I7] Soundrarajan showed that for more general family of weights and, in particular for

Agr(n;H), we can not unconditionally achieve the bounded gaps between primes. Indeed he

proved that x < 1 if the level of distribution of primes is %
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The idea behind the success of GPY sieve is modifying the classical k-tuples detecting
weights.

Letting v(n) be the number of distinct prime factors of n, we have v(h(n)) = k + [, where
0 <l < k. Remark that if [ = k, then H will not be admissible. By the pigeon-hole principle,

we can conclude that there exist k — [ primes among n+ hy,...,n+ hi. Summing up, we define
Ar(n;H, 1) S )
(k +l (k+1)! ’
d|h(n)
d<R

and to prove A = 0 our k—tuples detecting weight will be
Wn = AR(TL; H7 l)2

2.4.7 Outline of the GPY method

In order to motivate the next sections we will discuss the general setting of the GPY method,

taking for instance the weight W, to be

for some R > 0 and

where A(.) is a multiplicative function non zero only on the positive square-free integers less
than R.
Arguing analogously to Selberg’s method, and expanding ({2.6)), we obtain

s - ijwmh(zx @) ~tog3) X (3 @)’

r<n<2z 1=1 dlh(n z<n<2z dlh(n)
d<R d<R
= S Md)A() (Z N O+ ) —log(3x) > 1).
d1,d2<R i=1 z<n<2z r<n<2zc
D=[dy,d2] D|h(n) DIh(n)
Then
p(D)
log(3 1 = log(3 ( O(p(D )
og(3z) Y 0g(3z) (25~ + O(p(D))

r<n<2x
D|h(n)
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By definition of D, we have D = [d;,dy] < didy < R?, and hence we can choose R < x!'/2+o(1)
to be able to have a good final estimate for the error term.
We evaluate the sum on #(n + h;) analogously except that here we insert an additional
condition, which is (D,n + h;) = 1 as 6 is zero whenever n + h; is not a prime.
Letting
pi (D) ={m € Z/DZ, such that D|h(n) and (D, m + h;) = 1},

we have then
2

NN k) = Y > bt k).

=1 x<n<2zx =1 mep*(D) r<n<2x
DJh(n) n=m (mod D)

Remarking that |pf(p)| = p(p) — 1 for p prime, we have now to evaluate a sum on primes over
an arithmetic progression.

By the Siegel-Walfisz theorem, we can get the estimate
x

> O+ hy)~ :

r<n<2z ¢(D)

n=m (mod D)

as T — 00.
As we mentioned before the best available result that can allow us to control the error term

is the Bombieri-Vinogradov theorem. To get an unconditional result we should assume that

D < xl/Q—o(l) .

Remark 2.4.8. Again from D = [dy, dy] < didy < R?, the condition D < x'/>=°W) forces us to
choose R < zV/*=°W)  and we will prove that exceeding the barrier % implies the bounded gaps

between primes.

So an application of the Bombieri-Vinogradov theorem gives us

k
[p*(D)]

Y 0+ hy) < akt5

1=1 x<n<2x ¢(D)
DIh(n)

Hence S has a main term M, of the form
M, = a:(k 3 Ad)A(d:) DI oo 30) 3 )\(dl))\(dg)p(ll;>). (2.7)

D
di,d2<R (b( ) d1,d2<R
D=[d1,d2] D=[d;,d2]
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Remark 2.4.9. The term between the parenthesis in My is negative if A(.) is positive; it means

that we can’t choose A(.) to be positive for all d.

Till now we used just combinatorial arguments to deal with our sums but to estimate the
two sums in M, it will be more efficient to introduce another technique. As we expect that these
sums will involve the Mobius function which produces a lot of different terms of opposite signs
which makes the combinatorial arguments more complicated. Surprisingly Selberg introduced a
combinatorial argument to deal with such sums, but Goldston, Pintz and Yildirim transformed
the them into suitable integrals using the following discontinuous factor known as Perron’s

formula ([2]):

1 ify>1,

L y—ds: 1/2 ify=1,
2T JRe(s)=2 S 0 fo<y<l.
Let
Ip(D)"|
Mys=k Y Mdi)\dy) :
W ¢(D)
D=[d;,d2]
and

We will just study My s since M, s can be studied in a similar way. To evaluate this sum with
the condition d < R we take y = R/d in Perron’s formula thus obtaining

Mo g o (0 AN D)) by 0

2i7)2 d°1d3? D s1 S
(2im) Re(so)=2  di,da>1 172 1 52
D=[dy,d2]

Obviously, the evaluation of the previous integral depends on the nature of the function
A(.). In the next section we will show that the best choice for A is A(d) = mu(d) (log %)k+l.
To motivate the next sections we will assume for instance that A(d) = p(d), then we can write

Ald)A(d:) u(dy)u(ds) p(D)
Z di*dy? Z clslcl‘32 D -

dy,d2>1 dy,do>1
D=[d1,d2] D=[d1,d2]
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p(d1)p(d2) p(D)

Clearly the function =57* =5~ is multiplicative and supported on the square-free integers.
1 72
Hence
3 pldy)p(ds) p(D) 11 <1 _plp)  pp) N p(p) )
e dil d§2 D ) primme psl +1 p82+1 psl +s2+1
D:[dl,dg]

Using the Euler product formula for the Riemann zeta-function, we multiply by a factor
F(s1,82) = 1. To evaluate the integral using our understanding of the Riemann zeta func-
tion, we consider

s+ s I 1\~ 1 \k
F<Sl’82)_C(1+81)k2(1j52)k 1] (1_Im> <1_P1+31> <1_p1+32> .

p prime

Then, finally, we obtain

1 C(1+31 —|—82)k dSl d$2
My, = G(s1, 89) RAT2 L2
25 = (2im)? Aemzz L+ s ROt 5y 1 52) 51 52
Re(s2)=2
where
L \Fk I L o\F plp)  pp) p(p)
G(817 82) = H (1 - p1+51+52> (1 - p1+31> <1 - p1+52> (1 - p31+1 - p82+1 + p81+82+1>'
p prime

Remark that under the hypothesis of admissibility, we have
G(0,0) = G(H) # 0.

We can easily see that p(p) = k if p > hy, and that p(p) < k if there exists some h; < h; such
that h; = h; (mod p). This holds if p|h; — h; for ¢ < j, then we get also p(p) = k if p{ V where

V=TI In—hil

1<i<j<k

Then in order to evaluate G(s1, s9), we will fix an upper bound U for log V: using the trivial

bound V < h’,f, we can choose

U = Ck*log(2hy,). (2.9)

Remark 2.4.10. We see that V' is the absolute value of a Vandermonde’s determinant, so one

can use Hadamard’s inequality to bound V, namely V < kF/2hk.
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We take

G(s1,82) < H <1 - pli&)_k (1 - p1is2)_k<1 N ;(113_)1) <1 - ]59(213-)1)

p prime

Then we evaluate the products separately, taking for s; = o; +it;, =1/4 < 0; <1, t; € R

and 0; = max(—o;,0) for ¢ € {1,2}. Recalling that p(p) is at most k, we obtain

]H (1—;%)1)\ < H <1+%) :eXp<Zlog (1—1—}%))

p<U p<U p<U
k
< exp <ZT5> ( from log(x + 1) < x for z > 0)
p<U
1
< exp </<:U5 Z —) < exp(kU’loglogU) (' by Mertens’s estimate)

p<U
< exp(kU’loglog ) (U < z).

By the inequality (1 —z)™! <1+ 3z for 0 < 2 < 2/3, we have (1 — ﬁ) < (1+ Z%), SO

that, arguing analogously to the previous case, we get

‘ H (1 — p1181>k’ < <H <1 — ﬁ)ly < exp(3kU° loglog ).
p<U <U

r=

Similarly we prove that exists 5y > 0 such that

H (1 - >_k (1 - ;Eﬁ{) < exp(fokU° loglog x).

1+s2
p<U p

Then we find for p < U that
G(s1, 82) < exp(B1kU T2 loglog z), (2.10)

where [; > 0 is an absolute constant.
Now we prove that the upper bound in (2.12)) holds also for the case p > U. Remark first

that in this case we have

#E 4= < 3. Then we consider the case in which p|V but the

primes p will be replaced by the integers between U and 2U as we have just few divisors p|V .
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For the case p { V we have p(p) = k and we will use the Taylor formula for the logarithm.

Hence
IT(1-—) (-
p1+51
>U
v
and
1 \—k
‘H (1_ 1+81) (1_ ps(i?l)‘
%

Then for p > U we have

IN

IA

IN

G(s1, 52) < exp(BakU?),

where 5 > 0 is an absolute constant.

Finally, from (2.12)) and (2.11)) we conclude that

G(s1,82) < exp(Ck:U5 log log x),

IT(1-

p2>U
plV

exp (Z ;—Z) < exp <4k Z

p>U U<n<2U
plV

exp <4k(2U)6 Z %) < exp(4kU?)

U<n<2U

1
nl-o

IN

)

IN

oo (X (- X ) 42 () )))

p>U m=1
oV
— 2/ k \m
o (3 () )
p>U m=2
pfV

(2.11)

(2.12)

for a suitable absolute positive constant C.

Then integrating over some carefully chosen contours, Goldston, Pintz and Yildirim proved

that the main contribution in M, and M, 4 comes from the pole at s; = s, = 0, but in order

to do that we should first give the final form of the weight W,,.
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2.4.11 The average of sifting functions

In this section we will prove that with A(d) = ﬁp(d) (log %)kH. We will get k > 1, recalling
that
1 Ag(ﬂ)
K =
log 3z A(n)’
where

Am)= > W2 and  Ag(n)= > (O 0(n+h)We.

r<n<2x r<n<2zr 1=1

In order to do that we will prove the following propositions and we will see that they give

accurate approximations to the sifting functions A(n) and Ay(n). This will supply £ > 1.

Proposition 2.4.12. Let H be an admissible k—tuple, with |H| = k, M = 2(k +1) . If
R < 2'?(logz)™M and h < RC for all positive C, then
20\ (log R)*2
. 2 _
ZAR(n,'H,l) = <l) it 2] (G(H) + om(1))),

n<x

holds as R, © — o0.

Proposition 2.4.13. Let 1 < hg < h, and H® = HUhy. If R <5 2/*(logz)"BM) and h < R,
then

> Ar(n;H,1)%0(n + he) =

n<x

(il)%glggﬂo) +om(1)))x  if ho not in H
(21+1)M(g(7{ +ou(D))z i ho € Hy\Ha

I4+1) " kf20F1)!

holds as R, © — o0.

We recall the following facts about Riemann zeta function ([2]) for s = o + it, there exists

a constant ¢ > 0, such that ((s) # 0 in the region

4c
l— — . 2.13
7= log(|t] + 3) (2.13)
We have also for all ¢t € R that
1
L < log(|t| +3), and C—/(s) - < log(|t] + 3) (2.15)
¢(s) ’ ¢ s—1 ' '
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We choose ¢ = 1072 and define £ to be the contour given by

C

= ——— 4+ 1t. 2.16
log(t| +3) " (2.16)

To prove the Propositions [2.4.12 and [2.4.13 we will need a couple of lemmas from [3].

Lemma 2.4.14. For R>C, k> 2, B < Ck,
/ﬁ (log(|s| + 3))B|§ds| <o CFR 4 VAR D), (2.17)
where C1, co depends on C. Moreover if for a sufficiently small c3, we have k < c3log(R), then
/L(log(|s| +8))P| o ds| e e VERD (2.18)

Lemma 2.4.15. Let q be a square-free integer and define d,,(q) = m*@, for all positive real

m. For x > 1 we have

dm
Z (4) < ([m] 4+ log2)!™ < (m + 1 +logz)™ . (2.19)
q<w 1
b
Z dn(q) < z([m] +logz)™ < z(m + 1+ logz)™ !, (2.20)
q<zT

where the sum Zb indicate the sum over the square free integers.

Proof. (of the Proposition [2.4.12)) We have for D = [d;, ds] that

S A WP = £M<dl>u<d2>p$> (o5 ) " (1o) " +000), 221

n<x

where

T R k+l R k+
M=(k+l)!2dlzd2u<dl>u<d2>(logd—l) (los ) oD

A direct estimate gives

M < (log R)**+D Z kD) from p(d) < k<@
di,d2<R

< (logR)‘lkZ(Bk)“’(’") using lemma ([2.4.15

r<R2

< R*(logR)™

< '™ imposing R < z'/?7¢.
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Now we consider Ag(n;H,0)? =3 a<r A(d), with \(d) = m log(%)#+) and we proceed as
d|h(n) ‘

in section So using Perron’s formula, the main term in (3.5)) becomes

_ 1 <(1 + 51+ Sg)k Rs1+s2
- G ——— g dsid 2.22
M (2im)? /gZ(zl)zi C(1+ 51)FC(1 + so)F (s1,52) (5150)F 41 51052, (2.22)
where
G(Sl’ 82) - Pgne (1 - p1+31+82> (1 a plﬂl) <1 B Zm) (1 B p81+1 B p52+1 * p51+52+1>.
Then we have
1 D<517 52) Rs1ts2
N ds,d 2.23
M (2im)? éﬁgi;;zz (514 52)F (s182)"! o152, ( )

where
(C(1 4+ 51+ 52) (81 + 89))*
(51C(1 4 s1)k(s2¢(1 + 52))F

D(Sl, SQ) = G(Sl, 82)
We have for ¢; = — min(o;, 0)
G(s1,52) < exp(CMU 2 loglog U). (2.24)

With U = CM?1og(2hy), for some M > k.
Assuming that s;, so and s; + sy are on the right of the contour £ and using [2.4.11| and

Lemma [2.4.14] we find
D(sy, 59) < (log(|t1] + 3)*(log |ta| + 3))* exp(C MU %2 loglog U). (2.25)

Letting
V = exp(y/log R),
we define the following contours:
L ={47c(logV)™' +it : t € R},
Lj ={47c(log V)" +it : |t] <47V},
Li={-47clogV) ' +it:|t| <477V},

H; = {o; £id7V : |oj] < 47¢(log V) '},
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where ¢ > 0 is a sufficiently small constant and j =1 or 2.

For the case j = 1 we illustrate the contours by the following figure

it
L
H,
— v
/;1 4 L1
_4log(\/;") O HToe () a
v
4
H,

From the estimate we see that the integrand in M vanishes if |t;| — oo or |t3] — oo
for s; and so on the right of L. Our first aim is to truncate L; to reach the contour L; then
we will prove that the error term generated by this operation is O(exp(—cy/log R)). Hence to
replace the sj-contours over L; with £;, we will consider the rectangle L;H;L; then, finally, we
will get a main term in the form of integrals over contours containing the poles at s; = s5 =0
and s; = —so. We will finish the proof by using the Cauchy theorem and observing that the
contribution of the pole s; = —s5 is negligible.

Let us start by estimating the error term. Indeed there are two error terms (similar up to
a constant): one from truncating L} and the other from truncating L}. For s; and sy on the

right of Ly we have
R51+52

m < (log V)ka‘sOi’V. (2.26)

We have also

(log |s1] + 3)** / * (logt + 3)** (log V)"
d dt 2.27
/L,2\L2 |51+ 51 < . A+1 < (2.27)
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1 3 2k Toav T 1 3 2k Toay T 1 3 2k
[ oty ol (sl
L

| 52|+ | 52|11 Tegv +i 52|

ThogV
< (log V)1,

Then recalling V' = exp(+/log R)

5¢c
R16logV
|4

(81, 82) R CMU®1+52 2k+1+1
/L //\L (514 52) (3132)”1d81d82 < (logl) (log V')
1 2

log V)¢2M
< <§l—_)5 < exp(—cy/log R).
16
Consequently we get
51782 R51+S2
M = dsyd
(2mi)? /, /, (s1 4 s2)k(s152)H! o152

(s1, 82) R51Ts2
= L L L L L e e
27” Ly JL, \Lo J Ly Ly J L\Ly (51 + 52)%(5152)

51782 R51+S2
dsyd O —cy/log R).
o Gort s () s1dsy + O(exp(—cy/log R)

Lo
Now we shift the L; contours to £;, and we consider the rectangle L;H;L; which contains a

pole at s; = s9 = 0 of order [ 4+ 1 and a pole at s; = —s, of order k. We denote
CZ' :HZU,ClULZ

Then we get

/ D(Sl,Sg)RlersQ ds, — / D(Slng)RlersQ ds / H(Sl,Sg)Rsl+82 ds
1 — 1 — 1-
o (51 + 82)F(s182) 1 c (814 82)F(s159)k 1 muc, (51 + 82)F(s18)1 11

Consequently for

D R81+82
_[1 = / (Sl’ 82) dSl.
¢ (814 82)F(s189)k 1

We have

o D(81782)R81+32 .D(Sl,SQ).RSlJrS2
Il = 2 <R6881:_S2 ((81 + Sg)k(Slsg)k+1) + (R€531:0<(81 + Sg)k(8182)k+1>>. <228>

Arguing analogously on L, we obtain
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D(Sl, 82)R81+82 >

M = R6582=0R6551:0<(81+S2>k(5182)k+1

1 (81, 82)R81+82
+ — Resg, — ( )ds
um HoULs s1=0 (31 —|—82) (3152)l+1 2
1 RS1+82
+ — R6852:0< D(s1,55) ; )dsl
201 Sy, o, (s1 4 s2)k(s182)*!
1 D(Sl 82)R81+82
e (R
+ 7 ) CIs1==52 (51+52)k(5152)l+1 52

51; 82)R81+S2

_l’_
2Z7T Lguﬁg ~/1'11U,C1 Sl + 82) (8152>l+1

) dsodss

+ O VleT)

= Jo+ I+ I+ I3+ 4+ O(e_c'ng),

say. We can write the residue in J, as

517 82 R51+82

T, 51—0—82 (s189)HF1

)dé’gdé’g,

1N

where

={|s1| =7:7 >0} and I'y = {|s1| = 2r : r > 0}.

If we choose s; = s and so = As, and I'3 is the circle |\| = 2, then J; becomes

S S)\ Rs(lJr)\
Jo = (2im)? /F1 /F3 1+ M) k/\l+1821+k+1>d8d)\'

For a fixed A the integrand has a pole at s = 0 of order 2l 4+ k 4 1. Recalling the formula

D(s, \s Rs(+X) 1 Otk .
. )= ( ) o_o(D(5, As) RZHY),

Ress:o< G2tk O ENIRNCE

we get a main term
2irD(0,0)(log R)*+*
(k+20)!
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By the well-known Cauchy estimate, we have

‘ 7!
[f9(z0)| < max |f(2)|=,
|z—zo0|=n 77
where f) is the j-th derivative of f, and f analytic on |z — 2| < 7.
Choosing zg on the right of £, and

1

= ClogUlogT’

for T'=|s1| + |s2] + 3 we get that the partial derivatives of D(s1, s2) satisfies (2.25)). In fact we

have
o a—jD(sl s9) < j'm!(ClogUlog Ty ™™ max |D(sy,ss)| (2.29)
07”52 8152 ’ - \8'1—81|§7I 7
|s—s2|<n
< exp(CMU 2 ]oglog U). (2.30)
Hence

Jo = d\ + O((log U)* " (loglog U)“).

D(O,O)(logR)’““l/ (1+A)*
2in(k +20)  Jp. AT

By Newton’s formula we have

(1+ )% (1+ )% 21
/VF3 Td)\ = ReS)\:()W = l .

Finally we can write

20\ D(0,0)(log R)**+* e
Jo = : O((log U (loglog U)“). 2.31
o= () PG i + O((og U)o log ) (2.31)
Now to evaluate the integral .J3, we should calculate the residue at s; = —s, of order k. By

the residue formula we have

D(81,52>R81+S2 )_ 1 (9’“_1 D(Sl,Sg)RSH_SQ

’
(s1 4 s2)k(s182)*1 o

Resyy=— ( -
o= st (k= D)1 oF—1s,  (s189)1 71

Then by Leibniz rule we get

k—1

= 3 (tog R) B (s0).

1=0

‘ ak—l D(Sl, SQ)RSH-SQ
lim
sim—s2 OF gy (8189)1FT
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k—1\ o (i) 07

J=

where
(=171 +1)...(l + )

S1=—s02 (_ 1)l+j+1sgl+]+2

Hence we can finally write

k—

) = (k—ll)! > (log )55,

=0

—

l)(Sl7 SQ)RSH_SQ

(s1 4 $2)*(s182)!*!

Resg -, <

Summing up we get

Ed
—_

1 :
=————» (logR)*" (52)dso.
JS 2277'(]{7 — 1)‘ ( og R) /L2 BZ(SQ) So

2

I
<)

Using again the Cauchy estimate and arguing analogously we obtain the estimaate

log([t2] +3)*

Bi(sy) < exp(CﬁMU‘s2 loglog U) |2 %+2 max (1, [to]1)’

which holds for s, on the right of £. Now we can finally say that the contribution from J; in
M is in fact an error term. For Jy, J5 and J; we repeat the same argument in (29) — (31), and
this completes the proof of the Proposition [2.4.12]

]

Proof. (of the Proposition [2.4.13]) The proof is very similar to the one we used for proving the
Proposition [2.4.12} we just need to translate k£ in £ — 1 and [ in [ + 1. Furthermore, instead of

G(s1, 52) we use

) k-1 1 \—(k-1) 1 \~(*k-1)
G (517 52) = Hp prime (1 - p1+511+32> (1_ ) (1 B )

1 1
p +s1 p +s2

<1_p(p)—1 1 1 1 >

p—1 (psl+1 + poatl B ps1+52+1)

Remarking that
G*(0,0) = G(0,0),

]

and using the previous propositions, by the Eliott-Halberstam conjecture, Goldston Pintz

and Yildirim proved the following theorem.
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Theorem 2.4.16. Assume the primes have a level of distribution 6 > 1/2. Then there exists
an explicit constant C(0), such that any admissible k—tuple with k > C(0) contains at least

two primes infinitely often.

Moreover, if § > 20/21, then Theorem [2.4.16| holds for & > 7, and the 7-tuple (n,n+2,n +
6,n 4+ 8 n+ 12,n + 18,n + 20) is admissible. Then the following corollary is an immediate

consequence of the previous theorem.

Corollary 2.4.17. The Elliott-Halberstam conjecture implies that

lim inf(p, 1 — pn) < 20.

n—oo

Proof. (of Theorem [2.4.16)
From Proposition [2.4.12] we get

, 1 /2 .
ZAR(H;HJ) ~ m(l>g(7{)x(logl%)k L

n<x

as r — 00, and for all positive €, h; € H, and R < T3¢,

We also have from Proposition [2.4.13] that

> Ar(n;H,1)%0(n + hy) ~

n<x

as x — 0o. Choosing R = :Cg’e, we obtain for S defined in 1' that

1 (21—1—2

(k+20+1)I\1+1 )g(’H)x(IOg RyFH2+1

~Y

k <2l+2

m I+1 )Q(H)x(log R)kHlH — log 3:6; <2Z) G(H)z(log R)k+2z7

(k+ 201\ 1

as £ — 00. So we can write that

S~< 2k 20+1

1 21
1 R—1 ,}[ 1 Rk+2l
k+2+1i+1 0 Og?’x) ( )g( Ja(log B)™,

(k+20)!'\ 1
as v — 00.

As we mentioned before, if S > 0 then there exists n € [z + 1, 22| such that at least two of
the integers n + hq,...,n + hy will be primes. This follows from the condition

2k 20+1
E+204+11+1
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Since for any # > 1/2 and k,l — oo with [ = o(k), we have that

2k 20+1

0201
kra+1ir1. V7

And this proves Theorem [2.4.16)
For the Corollary it is sufficient to take [ = 1, k = 7 and 6 = 20/21 to get that

2k 20+1
E+20+1101+1

Using the previous results we prove the following theorem.

Theorem 2.4.18. Letting

A, = lim inf Prtv = Pn

n—o00 log Pn ’

we have

A, = max(v — 26,0),

where 0 is the level of distribution of primes.
We will need a result of Gallagher [18] (for a simpler proof see also [12]).

Lemma 2.4.19. For h — oo, we have

> G(Hy) ~ -

1<hy,...hy<h
distinct

Proof. (Of Theorem [2.4.18)
We use the same idea already applied in ([2.4.16]), we just modify the sum S by considering

2x k
S = Z (Z@(n%—hz) —V10g3x>A(n;H,l)2,
n=x-+1 =1

where v is positive. From Proposition [2.4.13| we have if hq is not in H;, that

Z Ar(n; Hi, 1)*v(n + ho) ~ ﬁ (2;) G(Hp U {ho})z(log R)***,

n<x

as r — OoQ.
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€

Choosing now R = 25~ , we get

5. Z << k (2l + Q)Q(Hk)x(log R+

|
e E+204+ 1)\ 1+1

distinct

ho<h,1<i<k

1 21
—vlog 3$m ( I )g(%k)ilf(lOg R)k+2l>’

as r — 00. Assuming

h>( B 2k 2l+1(0_>>1
Y E+20+11+1\2 €)) e

we obtain

_N( 2k 20+ 1

1 2l
1 — vl kl k+21
Fras il sftth VOggx) ( )M (log )™,

(k+20)\ 1
as © — oo. Hence, we have at least v + 1 primes in the interval (n,n + h], for N < n < 2N.

Letting k be large and choosing | = [Vk/2] we get

h > (1/— 2(9+46+O<%>) log x.

This proves Theorem [2.4.18| O

By the Bombieri-Vinogradov Theorem we have § = 1/2; so the following corollary is a trivial

consequence of the previous theorem.

Corollary 2.4.20. We have

Ay = lim inf 2 " P
n—00 logpn






Chapter 3

Higher dimensional analysis

3.1 The basic setting

Our aim in this section is to present the Maynard’s work on the bounded gaps between primes

[13], namely the following theorem

Theorem 3.1.1. We have

lim inf(py4+1 — pn) < 600.

n—

Assuming the Elliot-Halberstam conjecture we will prove the following result
Theorem 3.1.2. Assume that the primes have a level of distribution 8 < 1. then

liminf(p,11 — pn) < 12,

n—

lim inf(p,12 — p,) < 600.

n—
Definitions and notations

In the following, we will perform many multi-dimensional summations, so in order to simplify

the notations, we denote
)DL IR AP IS
a1>1ags>1 ap>1 ai,..., ag
and

SIS I O

a1>laz>1 ap>1 A yeeny ag
a1|by az|bz a|b a;i|b;
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For the one dimensional sums we will use the usual notation Zm‘n A(m) to denote the sum
of the values of X\ in all the divisors of n. But for the multi-dimensional sums, we will use
> di,di Ady....d,, 0 denote the restriction of Zdl dy Adi,....dy, b0 d; divisible by a;. We will also

a;|d;

denote by
o Ry is the simplex {(z1,...,2%)} €[0,1]%: Zle r; < 1}
e §S;. is the set of real valued Riemann integrable functions supported on Ry.

® Qg .., is the real sequence indexed by (ay, ..., a;) € Z’;O, where Z> is the set of positive

integers.

For an admissible k-tuple H = {hy, ..., hy}, we define the sum
k
@)= 3 (Y xn+h) = p)Wi. (3.1)
r<n<2z =1

where p >. Here we consider the characteristic function of the primes

| 1if n prime
x(n) = { 0 otherwise .

The key idea in Maynard’s improvement is to consider a multi-dimensional weight by taking

W= (X haa)

dy,...,dy

where (d;,d;) =1 for i # j.
We take D = H;DSDO p, where Dy = logloglogx, and by the Prime Number Theorem we
have D < (loglogz)?. Recall that the role of D is eliminating the contribution coming from the

primes less than Dy, we remark that the optimal choice of Dy is not important in our context.

3.2 Maynard’s combinatorial approach

In the rest of the thesis, we assume that

d <R, (d,D) =1, and d square-free, (3.2)

where, (dy,...,dy) is the support of Ay, 4., and d = Hf d;.
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We remark that, if S(z,p) > 0, then by the positivity of W/, we have that there exists at
least one element ng € [z, 22[ such that S5, x(ng+ h;) > p, that implies that, at least [p+ 1]
of the ng + h; are primes, where 1 < i < k. If that’s true for any large z, then there exists
infinitely many integers n for which at least |p+ 1| of the n + h; are primes, where 1 <i < k.
Taking 0 < hy < hy < -+ < hg, we obtain liminf,, o pni1 — P < by — hy.

In the same fashion as in the GPY method, we write

S(maﬂ) =Sy — pSi,

where
S, = Z W, (3.3)
r<n<2z
n=m (mod D)
and

k

Sy = Z (Z x(n+ hJ)W; (3.4)

r<n<2z =1
n=m (mod D)

Maynard proved the following proposition on estimating S; and S,.

Proposition 3.2.1. Assume that the primes have a level of distribution € > 0, and let R =
29279 for a fized 5 > 0. Then

2
w dk:<f[,u(di)di> 3 M(l}f:ﬁi) F<logr1 logm>7

i=1 e Ly o(14) logR’ " 'logR

Moreover, if F' is supported on Ry, then we have

(1+ o(1))¢(D)*x(log R)*

S —
! D¥+llogx

I.(F),

o k2 (lo k+1 K
Sy = (1+ (1))¢§)€11 (log R) Z‘]Igm)(F)7

m=1

as x — oo, where I;,(F) # 0, J,im)(F) #0, and

1 1
Ik(F):/O /0 F(ty,... tp)%dt, ... dty,

1 1 1 9
J,gm><p>:/0 /0 (/0 F(tl,...,tk)dtm> dty ... Aty dt e diy,
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We will start by proving the following lemma, as a first step toward proving the Proposition

B.211

Lemma 3.2.2. Let S; be as in and assuming that \g, . 4
supported on (dy, ..., dy) satisfying the conditions in . We have

x >\d wnd )\e e
S1=— Dokl Shvoth O()\fnasz(log R)Zk),
D d1,Z.,dk H’I;:l [d“ ei]

€1,--,€k

(er,di)=1Vij

. 15 a sequence of real numbers

where Apax = SUDg, ...y Ny, |-

Proof. We have

S) = Z Z MNy,od, | = Z Ay dpNer .. en Z 1.

r<n<2z d;|n+h; dy,...,dg r<n<2z
n=m (mod D) €1,-5€k n=m (mod D)
[di,ei]|n+hi
If D, [dy,ei],...,[d;,e;] are pairwise coprime, then using the Chinese Remainder Theorem, we

can write the sum over a residue class modulo D []-_,[di, ¢;]. From the conditions (d;,d;) = 1
and (D,d;) = 1 for all ¢ and j, we conclude that (D, [d;,e;]) = 1. It remains the case where
([d;, ei], [dj, ej]) > 1 for some 1 <4, j < k. Again from the condition (d;, d;) = 1, that is satisfied
if only there exist a prime p dividing d; and e; for 1 < 7,5 < k. But in this case we will have
pln + h; —n + h;, that implies p|h; — h;. If we choose Dy > max|h; — h;|, this will contradict
the fact that (D, d;) = 1, and that justifies our choice of Dy = logloglogz for x sufficiently

large. Hence we have

Z 1= DIE el +0(1).

r<n<2z
n=m (mod D)
[di,ei]|n+h;

We recall that Ay, 4, is supported on the d;’s such that (d;,d;) = 1 and (D, d;) =1 for all ¢

k

and j. Hence, we have

Sy = Z )\dl,...,dk)\el,...,ekm + O( Z |/\d1,...,dk/\el,...,ek|>-

di,...,dg dy,...,dg
€1,m,€k €1,..,ek
(di,e;)=1Vi#j (diyei)=1Vi#£j

It is easy to see that

di,...,dg n<R
€1,.-,€k
(diyei)=1Vi#j
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where 7;(n) is the number of ways expressing n as a product of k factors, and we have the

following lemma.

Lemma 3.2.3. We have
> 7i(n) < Rlog R)*~

n<R

as R — oo

Proof. We will show the result by induction. We see that the result is trivial for £ = 1, then

assuming the estimate for £ — 1 we prove the estimate for k. We have

n) =Y 7 —1(n/d).
din

Hence

ZTk<”) = ZZkal(n/d)SZ Z Tr—1(m

n<R n<R d|n d<Rm<R/d
R Ry k=2 k—2 1 k—1
< Z i log (E) < R(log R) Z p < R(log R)
d<R d<R
[
For our purpose, it will be sufficient to take
Z 7(n) < R(log R)".
n<R
Hence
T )\d wod )\e
S =" vty O(\2, R2(log R)™). (3.5)
D dlg,:dk Hle[d% ei]
(esnds) = 1Vij
O

Recalling that the main term in S; depends in the condition (e;,d;) = 1,Vi # j, we can

remove this condition multiplying by the well known discontinuous factor

Z plsig) = { 0 otherwise .

si,5l€i,d;
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Replacmg — in 5) by ﬁ Zu” di.e, P(ui), we get a main term of the form

A A
M]. e % Z dlr}(;,dk €1,...,€L
di,...,d Hi=1 [d“ ei]

€1,--,€k
(ei,di)=1Vi#j

S (IS ) (5 o)

d17 ,dk i#£] s 5lei,d; =1 w|dje;

.....

- S T ([[Saie) ¥ et

ULy, U =1 1#] Sij5 d1,...,dg
€1,.-,€k
ui|di,eq
sijldise;
Remarking that with the assumptions w;|d;,e; and s, j|d;,e;, we have (s;;,u;) = 1 (resp.

(sij,uj) = 1), from (e;,e;) = 1 (resp. (d;,d;) = 1), otherwise A, ., (resp. Mg, .4, ) Wil
be zero. Hence, s, ; is coprime to u; and w;. Furthermore, from s; ;|d;, e; and (d;, d;)(e;, e;) =1

for all i # j, we get (s, [[y4 575) = 1, and (i, [[;14; 8i57) = 1. Now, we take
a; = Uj H Sjis and bj = Uy H Sij- (36)
i#j 7]

This implies that

Z )‘d17---7dk/\81 ----- er Z Adlv---ydk Z >\€17---73k
k k - k k :
di,edy, [[im &Il e iy [Tici di e e Tz €
€1,.-,€k al\dl blldz

uild;,e;

sijldizej

Hence

x b Ndy.....dy, Netroen
M, =5 > H¢(W><HZM(S¢,J’)> >, . d, > I e (3.7)

Ulyeen Uk 1=1 i#j Sij di,...,dp Lli=1%1 e1,....ep

Obviously, a meaningful simplification of M;, could be done by replacing the sums

by a quantity satisfying the conditions (3.2)).
In order to do that we will need the following lemma, which can be seen as a multi-

dimensional Mobius inversion formula.
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o7

Lemma 3.2.4. Let 84, .q

number of k-tuples of integers (dy, . .

then

Proof. We have

We put m; = 2.

We know that

Hence

Corollary 3.2.5. Let Bq4,,..4

many k-tuples of square-free integers (dy, . .

> Hu(z—j)aal,...

k
S dy) and (ay, ... ax). If
Qay,..ap = ﬁdh...,dka
di,...,dg
a;ld;
k

Ban,....dy

k

al,.-,0k =1

dila;

Hence

ai,...,ak j=1

dila;le;

mil%

= Z H ﬂ(%)aal,...,aka

a1,k j=1 ?

d;la;

N Z HM(%) Z 661,...,%

dz a; Cj az‘cz
b a
7
= E IS —— E , Hﬂ(d_)
Cl,..,Ck ai,...,0k =1 t
dilailc;
k k
>, Hnmy=11 > wtm)
mi,...,Mg =1 1=1 Mi,...,mg
i, thd

Z (m) i 1if €; = d,
P ) =Y 0 otherwise .

k
Z HM(Z_:)OCal,...,ak = ﬂdl,n-,dk'

a1,.-,0k 5=1

dila;

k

Oéah---»ak

S dg) and (o, .. 4 ), then

k
:HILL(GZ) Z Bd17-~~7dk’
=1

d1,...,dg
a;ld;

and o, . q, be two sequences of real numbers supported on a finite

]

and o, ,...q, be two sequences of real numbers supported on finitely
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if and only iof

Proof. By symmetry, it’s sufficient to prove just one implication. Assuming that

k
Qqy,...,a5 H al § , ﬁdh e
i=1 dy,...,dg
a;|d;
Qqq,...,a
We apply the lemma [3.2.4{to B4, . 4, and W, Hence
=1 T
k a
i
Bay .y, = § HM(E)M(GJ E Qay,...ap,
di,...,dy, =1 ’ a1yesQk
dila; dila;

Using the fact that a; and d; are square-free, we get u(3)u(a;) = pu(d;). Hence

Qay,...ap = § : ﬁdh---,dk

di,...,d
a;ld;
Then i
5d1,...7 Z H,u Qgy,...a Z H,U(di)aal,...,ak-
al,...,aL =1 al,...,aL =1
d;la; dila;
Hence k
/Bdl,...,dk = H/”L(dl) Z aal,...,ak'
i=1 al,...,0k
dila;
]
Now we set i
Ady,....d
o on = ([T mlads(a)) 3 Tt
i=1 dy,e.dy [Ti- di
a;ld;
Then, applying the corollary (3.2.5 with
Ady,...d
/8d1, = ]19,.”7 ka
[[i-1 di
Yas,....a
Qgq,..a, = ! E

Hf:1 ¢(ai) 7
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We obtain

Hence

Ny .., dp = (ﬁ#(dz)dz) %l—ak (3-8)

Remark 3.2.6. With any choice of Ya, . a, satisfying (3.4), we can get a suitable wight func-

tion Aa,,.a,- We comment that the conditions (3.9) will be satisfied if we take yq, =

77777

F(lo‘lglR, e @), where F' is a smooth function supported on Ry, a; square-free for all 1 < i <

k, and []_, a; < R.

The change of variable above, gives

5 3 TTo (I nte) T4

..... ug =1 1#£] Sij i=1

Recalling that from (3.6)), we have

= o(u;) [ [ #si), nlar) = plu) ] [ ulsi).

J#i J#i
¢(b uz H¢sz and,u uz H,U/S]z
J# J#i
Then
i) pu(be) _ 1) s 1(550)°
P(a;) ¢(bs) P(ui)? H#i ¢<Si,j)2
Hence i
s 51
e X S s

Now we split the sum over s;; to a sum over s; ; = 1 for all 1 <4, j, < k, and a sum over

s;; > 1. By hypothesis, we have, if s; ; = 1 then a; = b; = u;. So, we can write

k

x 1
My == ) (|| )2 B,
"D L L o) ) e e
(751 1=

where F); is the term coming from the contribution of s; ; > 1. Remarking that the condition

sij|di, e; implies that (s;;, D) = 1 and s;; < R, we deduce that the contribution of s; ; > 1
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comes from Dy < s;; < R. We have also that, from (e;,e;) = 1 and (d;,d;) = 1 for all i # j,

=1 for all k # j, and (s;;,s,;) = 1 for all [ # i. Additionally, we have the

p(siz)?

we have (s; ;, Sik)
product over i # j have k? — k elements, then factoring by (ZD0<S”<R i) ), we get

(si,5,D)=1
(M) <( X Sn( X g
1#£] Si 5 Qb D0<52J<R 7"] 1<m<R
(513 D)=1 (m D)
Hence
k 2 2 2 K2 f—
x () 1(si ;) [1(m)2\ k2 k-1
EM << N Z (H L 2) ( Z 2) yal 77777 akybl ,,,,, bk
D UL,y 1=1 ¢(uz) Do<s; j<R ¢(Si]) 1<m<R (b(m)
(Si j,D):l (m,D):l
T H M(m)2 k2—k—1
< ymaXE( Z > ( Z )( Z gb(m)?) :
1<ug D0<s”<R 1<m<R
(u,D)=1 (sij,D)=1 (m,D)=1

In order to continue our analysis, we will need the following lemma.

Lemma 3.2.7. Let x be a large positive real number.

1. We have
)2
,u < log x.
n<x )
2. Let D be a square-free integer, then we have
u ¢(D)
1 .
U D),
n<x
(n,D)=1

p(n)?n 1

Proof. 1. For the first estimate we apply the Abel’s summation formula to anx PR

remarking that

We find

Hence
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2. It is easy to see that
2 2 2
(X 50 (S50) < 2 5
n<lz d|D n<Dx
(n,D)=1
For D square-free, we have
S~ ud? _p(DPD D
22°5(d) ~ oD)  a(D)
then the result follows from the first estimate.
n
Remarking that
u(sig)® 1
< n
2= P Sy
(si,,D)=1
and
2\ k2—k—1
(¥ )T <
1<m<
(m,D)=1
Then, by the Lemma [3.2.7] we have
¢(D)(log R)\*
By < v 5, ( )
JVRSS Ymax DD() D
Now we can write
2 2 k k
o £ yul ..... Uk ymax(b(D) (10g R) 2 2 2k
S =+ > s + O(:v DD, ) + O(AWR (log R) ) (3.9)
u UL 1=

.....

Hence

Amax < Ymax SUP <Hdl> /;(ai;
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gymaxljl¢( z“ >>)

n<R/T]ds

< (ﬁ 3 “@2) (y ) (becanse 24 =3 ”(”2)
= e =1 {|d; Qb(l) n<R/[]d; ¢<d2) - ¢(l>
< Ymax Z #(n < ymax( Z Iu ) < ymaX<10g R>k'

n<R n<R

Combining the two error terms in (3.9)), we get

k 9 k
Sl == % Z (Hl %)yil ..... u, + O(xymax(bl()lk)jlgzg R) ymaxRQ(log R)4k> (310)
up  i=

By hypothesis, we have R = 2!/27% and D < (loglog z)?, and hence

2 2 k k
x Yoy, Ymax®(D)" (log R)
Sy == e ) (g Tmax (3.11)
D= Tl o(w) ( DDy )

-----

3.3 Sums of multiplicative functions

Now taking y,, where F' is a smooth function supported on Ry, a;

= F(logR,...,b"g—lR),
square-free integers for all 1 < ¢ < k, and Hle a; < R. By the Corollary , F' defines a

.....

weight function Ay, 4, satisfying the conditions (3.2). Hence, the main term in S; becomes

F(big—lR,...,h}é—lR)z

UL,... U Hi’c:l ¢(UZ)

x plu) o w Ui\
M =— F e .
'"D Z H o(u;) (logR log R)
Our main goal in this section is to get an accurate estimate of the main term in S;. Indeed,

using the lemma we can get

x p(w)?\ z (¢(D)(log R)\*
M3 MY A

We see that we gained a factor Dy comparing with the error term. Recall that our main goal

is to maximize the ratlo , but unfortunately, this rough estimate will not serve our purpose.
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In order to get a better estimate, we will introduce some tools from Analytic Number Theory

[10].

Definition 3.3.1. Let f be an arithmetic function, the Dirichlet series associated to f, is

formally defined by

Dy(s)=> f::)7

n>1
where s is a complex variable. The von Mangolt function Ay associated to f is defined by the

formal equality

Di(s) _ $ Ay(n)

Dy(s) T

s
n>1

Remark 3.3.2. 1. For f(n) =1 for alln > 1, we have Ds(s) = ((s) and Ag(n) = A(n).

2. If f is a multiplicative function and Re(s) > 1, then D¢(s) has an Euler product

Df(s>:H(1+Lf)+@+...),

P p2$

and

Lemma 3.3.3. Let f be a multiplicative function satisfying

ZAf(n) = klogx + O(1),

n<x
and

> 1f(n)] < (logx)*,

n<x

where k > —1/2. Then

g k K|—1
D f) = gy log )" + Ollog ),

where

g, = [0 - }9>’f<1+f<p> I ),

p

and I" the Euler Gamma function.
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Proof. For the proof see [[10],Theorem 1.1]

The following corollary follows from the Lemma above.

Corollary 3.3.4. Let f be a multiplicative function satisfying the conditions in , and F

be a smooth function on [0, 1], with

Fmax = Ssup |F((L’)| + |F/(£U)|
z€[0,1]

Then

logn _ Grloghx (1 i1
Zf ]ogm o (k) /Ot F(t)dt + O(Fpax(log z)" 7).

n<zx

We establish the corollary using the summation formula and replacing »_, . f(n) by its

value in the Lemma (3.3.3)), for the error term, we use an integration by parts with a change

of variable u = z*.

Lemma 3.3.5. Let F' be a smooth function on [0, 1], with

Fax = sup |F(z)| + |F'(z)].
z€[0,1]

Then
)2

Z p(n >F logn) =¢(D)logx/1F()dt+O( Fo).

log x D 0

n<x
(n,D)=

where D is a square-free integer.

Proof. We apply the corollary [3.3.4/ to f(n) = W)) supported on n which is co-prime to D.
From the estimate (3.2.7]), we have

S 17 ()] < (log),

n<x

and
S Astn) = S A ) = 3 B < loga + O(1)

Recalling that f is supported on square-free integers, we get
1 p—1 _¢(D)
G=1[0--)" Hl—— H =D

ptD p p p p|D
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With k applications of Lemma [3.3.5, we obtain
Z H w(u log Uy log uk)g _ loga; / / t Odby - dt
e Lo logx 7 logw Lo Lo T
(3.12)
where i
oF
Frax = sup (F(t,...,tk + ti, ...ty )
B (LGRS Wi AR
Remark 3.3.6. To get the estimate (5.19), Maynard used the Lemma 3 in ([7])
Let now
log uq log uy,
u up — F yee ey
S ( log log x )
Recalling that
Si=L Y S o Yand(D oz )Y
D UL yeeny Uk Hf:l ¢(ul) Dk+1D0
by substitution, S; becomes
Z yzl ----- Ug + O (x yrgnaxgzs(D)k(lOg R)k>
) UL
7 S T, o(us) D1 Dg
(us, D)=1

To apply the estimate (3.12)), we should definitely discard the condition (u;,u;) = 1 from
the sum in the main term above. To do so, we multiply again by the discontinuous factor

Z M(ng:{ Lif (ug,uj) =1

0 otherwise . (3.13)

/ L ap
Sij [wi,ug

Then we proceed as in [3.3.5], recalling that this cancellations will cost an error term of size
Faaxd(D)Fa

R D(logR Hence
d(D)*(log R)* Faux®(D)*z(log R)*
S, = Dk+1 / / (b1, )yt + O DD, ).
This completes the proof of the first part of Proposition [3.1.1
Recalling that
K 2
S= Y (Dwen)( T )
r<n<2z =1 dy...,dg
n=m (mod D)
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we write
k
SQZZsél)a
=1
where
2
V= 3 xe+m( X Maa)
r<n<2z dy....dg
n=m (mod D) di|n+h;
Hence

Sél): Z )\dl ,,,,, dk/\el 77777 ek Z X(n_l_hl)'

dy...,dg r<n<2z
€1,--,€k n=m (mod D)
[diei]|n+h;

We can restrict again our sum to the elements e; and d; such that (e, d;) = 1 and (d;, D) = 1;
additionally, the condition x(n + h;) # 0 and [d;, e;]|n + hy, implies d; = ¢; = 1

By the Chinese Remainder Theorem, we can see that the inner sum counts the primes in
the arithmetic progression m (mod DHle[di, e;]). That justifies that the accurate choice of

m is to take (m, D []i_,[d;, e;]) = 1. Hence, we write

k
X
:L‘<nz<2x (b(D Hz:l[dl? el]) H
n=m (mod D)
[di,e;]In+h;
where
1
E(z,D) = sup max‘ x(n) — —— x(n)l,
(m,g)=1Mm<D I@Z<2x ¢(D) x<§<:2:t
n=m (mod D)
and
Xe = Z X(n)
r<n<2x
Hence

Xm )\d wd /\e ...,e
Sél) = Loo@h” ClonCh + O )\dl ..... d )\el ,,,,, e E(-Z'?(D y

e1...,ek €1,..,€k
(di,ei):l
di=e;=1

where ¢ = D[, [d;, e
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By hypothesis, we have that ¢ is a square-free integer, and from [[,d; < R, we deduce
g < DR?. Then using the fact that the number of ways of writing D Hle[di, e;] = r, where r

is a square-free integer is bounded by 74 (r). Hence

dy....dg r<DR?

We prove the following proposition.

Proposition 3.3.7. Let

k

/
m di,y..d
2= (T wtotr)) 3 wtoi)) 3 st
=1 S¢7j|di,ei dy...,dg =1 1
dn.L|;.1

where g is the totally multiplicative function defined on primes by g(p) = p — 2. Let yfg';L =

(m) ’

SUp,, o |Yrirr|. Then for any fived A > 0, we have

g _ T (Yhns) N O(jjyﬁé@ (D)“(logR)“>
P o(D)logw o, TIE, g(w) DD,

U=

Proof. By the Prime Number Theorem in arithmetic progressions, we have E(x, D) < ﬁ, but

as we mentioned in the previous chapter, assuming that the primes have a level of distribution

0, we have) o5 E(z,D) < Toa > for any fixed A > 0. Thus using the Cauchy-Shwarz

inequality, and recalling that A\, < y2,.(log R)?*, we obtain

di...,dy r<DR?
€1,..,€L
1/2 1/2
< X X n0Pn?=7) (X w0 B@,)
r<DR? ¢(T) r<DR?

21/2

1/2 6k 2 Z
< x/*(logx) Tog )12 < ymax—(logx)A'

Now we will study the main term in Sél). First, we drop the condition (e;,d;) = 1 using the

same factor defined in (3.13]). Recall that in the estimation of the main term in S}, we replaced
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1

el by ﬁ Zuil d; ¢(u;). Using the same technique, we define g to be an arithmetic function

satisfying

1 1
) = adae 2 9w

u;|dise;
It’s not hard to prove that for d; and e; square-free, we have

o(di)g(e;)

By Mobius inversion formula, we find that
g((diye)) = D pu(r)d((di ) /),
r|d;,eq

Hence, g is multiplicative and g(p) = p — 2.

This gives a main term of

>\d1 ..... dy, )\51 ..... ek
dk: i#£j SZ]‘d €4 Hi:l ¢(dl)¢<€z> U ;
dl el 1
Using the same change of variable above
a; = Uj HSJ"Z‘, and bj = Uy H Si.j
i#J i#j

we obtain

< H Z S ) Z )\dl ..... dy, Z )\el ..... ek
i,J k .
uk i=1 ] si5]dises dy...,dy H¢:1 ¢(dz) e1 Jik Hz 1 gb(ez)
ul* 1,771 d;=1 €=
al\dl b1|61

Now we make the following invertible change of variable

k
)\/
(m) _< . da -
yrl 77777 T “(Tz)g(rl)>
‘ H Z [T, o(c)
dm|§‘1

..........
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Substituting this change of variable into Mél), we obtain

(H Z /1/ SZJ > all 7777 akylgl) ~~~~~ b "

DUk i=1 #J si,5ld; el
Ul 1 J#l

As we have seen before, splitting the sum on s; ; to s;; =1 and s; ; > D, MQ(l) becomes

( ﬁ YinaxP(D)* 2 (log R)* 2 > :

0 _
- g ) b + O3 DFTD,

2

’lLl 1
(Remark that here we have k — 2 instead of k — 1, this shift of exponents arises naturally from
the condition u; = 1).

Now, we can write

o X (Ystn)? Yaxd(D)**(log R)*2 . (Mrpax)”
S2° = $(D) UIZUK 1%, g(w) + O( Dk-1D, ) +0( (log:c)A)'

ul:1
Using the inversion formula, and with the same argument we used to compare A« and Ymax,

we prove that
(Nnae)® < (i) (log B)**

Hence 0 "
Xl' max 2 max -D k_z 1 k_2
o Z (Yrmax) +O<:cy (D)**(log R) )

g _
i ¢(D >u1 Sk Hz 1 9(wi) DF=1Dy

U/l—

By the Prime Number Theorem

Xy = + O(z/(log z)?).

log

The contribution of the error term of X, in Sél), is of size

() \2 w)2 k-1 I(Ill)axz oo 7\ k-1
O<x¢((ymax) ( 3 M)k ) _ O(%((y ) (cb(D)lg )k )

D)(logx)*\ 4 g(u) D)(log z)? D
(u,D)=1
(yinx)20(D)* 2 (log z)*
= O(m = )
Hence o o
Inax2 A Dk—21 k—2
o __ ¢ (Ymax) +O<Iy ( )k_l(ogR) >
oD g 2, TIE gl DD,

ulf
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This completes the proof of Proposition [3.3. O]

The following lemma give a relation between yf«:n)

-----

Lemma 3.3.9. Ifr,, =1, then

(m) — yh ,,,,, Tm—1,m, ,Tm+15--+ Tk O <ymaX¢(D) log R)
yrl ..... Tk GX: ¢(am) + DDO .

Proof. Recalling that

k
)\/
(m) . . . dl ..... dk
Yriorr = p(ri)g(ri) )
D= (TLntrasten) 32 sl
dm=1
rild;
and )
Yaq,....a
Ny ..., d:< M(di)z) ek
o 111 asld; Hf:1¢(az)
we obtain
(m) d : M(dz)dz
o = (Heeoetn)) 32 T
i=1 dy..dy =1 t
dm=1
ri|di,di|a;
— ([Lrtst)) S T ek
i=1 dy....dr i#m (b(az)
dm=1
ri|di,di|a;

Considering the support of y,, . ., only the terms a;, such that (a;, D) = 1 contribute to the

-----

above sum. Then, again splitting the sum over a; to a; = r; and a; > Dyr;, by Lemma ?7 and

the same argument used in [3.3.7, we find

k
o _ < g(ﬁ)ﬂ) Yr e P 1@ T 15Tl +0 <ymax¢(D) log R) .
Yy, H o(r:)? ; P(am) DD,

But we have that g(p) = p — 2, hence gg’};; =1+ O(l%), and for any prime p such that p|r;, we

have p > Dy. Hence

11 f;“))gi ~140().

i O
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Without loss of generality, we take [ = k. Recalling that

log log 7,
raseor ( log x log x )
from Lemma |3.3.9, we obtain
Y _ Z u(ak)QF logri  logre1 logay Lo Fruax®(D)log R '
1Tkl = o(ar) logR> ' logR "logR DD,
(ag,W [rs)=1

(k)

We remark that the main term in y, =~

o1 1s @ sum of multiplicative functions, then

applying [3.2.5 with x = 1, and f(n) = qb((" )) we obtain

o(ri) log R Frax®(D) log R
yn el = (H ; F(rl,...,m_ht)dt—i-() DDO .

Using again

¢(D)Frax log R
D )

Ymax K (3.14)

we get

kol 2 2 k k
= x (r;) (k) 9 (Fmaxqb(D) (log R)
S S lonz o 0 ,
oesr 2 (H 9(r1) ) el DH 1D,
ri,m5)=1V1i,j
((m,[;)zle

We drop the condition (5, 7;) = 1 using the same argument we used to find ({3.7)).

Hence
k-1 2 3 k
x /“L 2 (Fmax¢(D) (lOg R)
Gy = — @) .
2 (W) logx 7’17;91 (g g(r ) ym o) ( Dk+1 Dy
(ri,D)=1V1i

Then the result follows by k& — 1 application of |3.2.5, with x = 1, and f(n) = “(Z)—q;(ny, if
(n, D]]r;) =1, 0 otherwise.

Remark 3.3.10. Let g be a real quadratic form, i.e., g—is a homogeneous polynomial of degree

2 in k variables with coefficients in R. Hence we can write

ko k
q(xy, ... x,) = g E ;T
i=1

=1 j=1
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It is well known that, we can write q(xy,...,x,) = v'Mv, where v = (xy1,...,v;) and M =
(a;7)1<ij<k @ symmetric matriz. The theory of quadratic forms tells us that any real quadratic
form over a field of characteristic different than 2 is diagonalizable, that means that we can

write q in the following form
a1, yk) = biyi +bays + ...+ biyi.

.....

diagonal form of S1 and Ss. The same concept applies to the sums in the GPY method. This
serve our purpose, which is mazimizing the ratio of Sy and Sy to get a positive S, because the

diagonal form is easier to manipulate and it’s a sum of positive terms.

3.4 An optimization problem

We recall that if we show that S(z,p) = Sy — pS; > 0, then there exist infinitely many n such
that at least |p + 1] of the n 4 h; are all prime, for 1 <1i < k. We define

k
MF
Mk = sup Zmzl Jk’ ( )

FeS;, I(F) 7 (3.15)

where J and I(F') as in and
O M,

2,

where 6 is the level of distribution of primes. By hypothesis, there exist a function F{ such that
Zﬁlzl J(Fy) > (M, —26) 1 (Fyp), for a small 6 > 0. Hence, from Proposition and taking
R = 29279 we get

S(z,p) = 2D og 1) IOgRZJk Fy) — plu(Fy) + o(1))

Dk+1 logx —
. x(b(D)k(l(l))gki)k[k(F@ ((6/2 = 8)(My — 6) + o(1)),

as T — 00.
We see that to prove that S(z,p) > 0. Indeed if we take p = 0My/2 — €, and choosing §
such that 1+ €/20 > M;, we will get the desired result.
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That means that, to prove the unconditional bounded gap between primes (taking 6§ = 1/2)
it’s enough to prove that M, > 4, and assuming Elliott-Halberstam conjecture we need just

M;, > 2. With this, our problem turns out to be a pure optimization problem.

3.4.1 Optimizing the ratio of two quadratic forms

We can see easily that Z?l:l:l J'(F) and I (F') are symmetric (i.e., if any of the variables are
interchanged the value remains the same), then we can find some symmetric function Fax

defined on Ry, such that

k
M, = sup Zm:l len(FmaX).
res,  Lu(Fiax
We have that if F.. is a symmetric and continuous function on a compact, then we can

approximate it with a symmetric polynomial P. Such polynomials are polynomial expressions
in the jth power-sum polynomials
k
Pt
i=1
Indeed Goldston, Pintz, and Yildirim argument is equivalent to choose F' = P; in the actual
setting. With a basic integral calculation, we can prove that this choice we cannot get M > 4.
The key idea in Maynard’s lower bound of My, is to consider symmetric polynomials in P; and

P,. In particular he focused focused on the polynomials of the form (1 — P,)*P?. The following

lemmas give formulas to calculate the integrals above.

Lemma 3.4.2. We have

/ ' z’“: “ﬁb,d ; ol TTE, b!
— t; t;'dty ... dty = = ,
Ri i=1 i=1 (k+a+ Zle b;)!

where a and b; for 1 < i < k are positive integers.

Proof. We consider the following integral

5k k a
/1 - (1—2@-) [t
0 i=1 i=1

Then, we insert a change of variables u = Hence, using the beta function integral

(ie. fyt*(1—1)" = &) we find

/ -0 ) [Iean = [T (1-2n) [ a-wrata
0 i=1 i=1 =2 0

=2

t1
& .
1=3 o ti
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[b a+bi+1
a:01:

S A 1— t .
e (12

And the result follows by induction. m
Lemma 3.4.3. Let P; denotes the Gt symmetric power polynomial in ti,... 1, then
k
/ (1— P)*Pbdt, ... dt a 3 b []c20)!
— I pQly ...Aalg = —| ﬁ i)
Ri k+ a+ 20b! byt tbp=b bl- c. bk i1

Proof. By the multinomial theorem,

B o
Pp= > mgtzbz_

bi+...+bp=b

Using Lemma |3.4.2] we have

bl b
1— P)Pdty...dt, = / 1—P)° — = || dt, ... dt,
/Rk( )" Pyt Rk( MDY bl!...bk!H !

b1+...4+bp=b
k

b! a 2b;

bit..+bp=b 1 2 i=1

| Z b! Hf:1(2bi)!
e a! .
bl b (k4o + 308 20!

bi+...+b=b
]
Taking
k
F = Zalbl(l — Pl)aiPéBi,
=1
we find

Z a;b; / az—&-a] Pﬂﬂrﬁg

i,j=1
Then we apply the previous lemma. For J;"(F) we apply [3.4.2]
Indeed we expressed JJ"(F') and I(F) as positive definite quadratic forms. Hence, we can

write

JMF) =" M™v | and I(F) = v" My,
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where M; and Mém) are symmetric positive definite matrices. To get a lower bound for M,
(m)

T
we should maximize the ratios UUTAA{;W . We recall the definition of the norm of a matrix M

[M]| = sup || Muv]].

flvll=1
From linear Algebra, we can write

M = ADBT,

where D = diag(Aq,...,\x), and A, D are two orthonormal matrices (i.e., ||A]| = ||B]| = 1).
Taking v = (vy,...,vx), we get

[M]| = sup [[Do]].

lloll=1

By the usual inner product, we have that

k

Dol =37 A2

i=1
We want to find sup || Dvl|, under the constraint >, v* = 1. This holds, when )\, = max | )|,
vy =1, and v; = 0 for ¢ # [. Hence

HMH = Amax-

By hypothesis, we have that M, is a symmetric positive definite matrix, so M; defines an inner
product

< a,b>y,= a’ Myb.

Using this product, we find
M7 M) = o My M (M) = o7 (ME™)o.

Hence, UT(MQ(m))v is maximal when v is the eigenvector corresponding the maximal eigenvalue

of My (™).

Theorem 3.4.4. We have

liminf p,,1 — p, = 600

n—

Proof. Taking F' to be a linear combination of symmetric polynomials in the form (1 — P)*P?.

To work in a finite dimensional vector space, we impose a bound on a and b. We let a+2b < 11,
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so finding F is equivalent to work in a vector space of dimension 42 spanned by (1 — P,)*P?.
we use the integration formulas in to calculate M; and Mg(m), and then we calculate the
maximal eigenvalue A of M, 1Mz(m). This process is feasible by computer. indeed Maynard was

able to get that for k£ = 105 and a + 20 < 11
M;,05 > 4.0020679 > 4

. To complete the proof, we should find a 105-tuple. By an exhaustive search we can prove
that the minimal diameter of an admissible 105-tuple is 600, explicitly the following 105-tuple
([13]) H = {0,10,12,24, 28,30, 34,42, 48,52, 54, 64, 70, 72,78, 82,90, 94, 100, 112, 114,

118,120, 124,132,138, 148, 154, 168, 174, 178, 180, 184, 190, 192, 202, 204, 208, 220,

222,232,234, 250,252,258, 262, 264, 268, 280, 288, 294, 300, 310, 322, 324, 328,

330,334, 342, 352, 358, 360, 364, 372, 378, 384, 390, 394, 400, 402, 408, 412, 418, 420,

430,432,442, 444,450,454, 462, 468, 472, 478, 484, 490, 492, 498, 504, 510, 528, 532,

534,538,544, 558,562, 570, 574, 580, 582, 588, 594, 598, 600}, is what we want to prove.

O
Theorem 3.4.5. Assuming the Elliott-Halberstam conjecture, we have
liminf p,.1 — p, = 12.
n—oo
Proof. Taking k =5, and
1
F=(1-P)P+7/10(1 - P)*+ b 3/14(1 — Py)
Maynard showed that
S _LJMF) 1417255
= = =2.00116 > 2.
I.(F) 708216
The minimal 5-tuple is {0,2,6,8,12}. O

We saw that to get the bounded gap between primes, Maynard translated the problem to
an optimization problem, and he used an optimization method based on basic linear Algebra,
so it was believed that the bound in Theorem could be improved combining more so-

phisticated tools from Optimization Theory and Analytic Number Theory. Few months after
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Maynard’s breakthrough, Tao administered an on-line collaboration project called Polymath8b

[?] to improve Maynard’s result, and they succeeded to prove that
liminf p, 1 — p, = 246,
n—oo
and assuming Elliott-Halberstam conjecture, they showed that

liminf p,+1 — p, = 6.
n—o0

We will not prove this results here, but we will present an upper bound for Mj proved by

Polymath8b.

Proposition 3.4.6. Let My be as defined in we have

klog k

M, <
F=TE

Proof. By the Cauchy-Schwarz inequality we have

1—t;——tp_1 2 1—t1—...—tr_1 dt
Ft,...,tkdtk> g/ :

. 1-ty——tg—1
X/ F(tl,...,tk)Q(l—tk—...—tk,1+(]€—1)tk)dtk
tr=0

Let u = C + (k — 1)t we have

/C dt 1 /kcd_u_logk
o C+ k-1t k—-1Jo u k-1

Taking C' =1—1t; —... —tg, t = t, and , we find by induction that
- log k -
> JR(F) < & / F(ty, .. te) Y (L=t1— ... =t + kty)dty, .. dty.
m=1 k=1 Jg, j=1

Recalling that on Ry, we have that Zle t; <1, we get

k
log & klog k
kofl/ Fty, .. )2 (1=t — . =ty + kty)dty ... dty < k,igl/ F(ty, ... tp)%dt ... dty
R j=1 R
Hence
klogk
M, < }
Pk
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This upper bound turns to be very meaningful. Maynard obtained that
Mip5 > 4.0020679 and M5 > 2.00116.
With the upper bound in we find
Migs < 4.698709 and Ms; > 2.011797.

That means that Maynard’s bounds were optimal.

Using the upper bound in [3.4.6] we get M5y < 3.99, we have seen that for an unconditional
gap we need M to be greater than 4, that means that we still far from proving the twin prime
conjecture, even assuming the Elliot-Halberstam conjecture, we need M > 2, and we have
M, = 1.3862 < 2 (remark that the only admissible 2-tuple is {0,2}). Using Maynard’s method
its even impossible to prove unconditionally that there exist infinitely many gaps of length 240,
as we have M9 < 3.97, and for k = 49, the shortest admissible k—tuple is of diameter 240. To
hope to improve Maynard’s unconditional gap using a variant of his method, one should start
from k = 51 as M5y < 3097 and M5, < 4.01. We have also M5y < 4.02 and Msz < 4.0466.
Indeed, Polymath8b proved that Ms3 > 4.

3.5 Conclusion

To summarize, we have seen that Maynard’s improvment of the GPY mathod was to consider
weights in a higher dimension, keeping the same basic setting on detecting the prime k-tuples,
considering a weighted sum say S, and proving that S is strictly positive. The first step in both
methods was to express S as a difference of two quadratic forms S; and S;. The main difficulty
here lies in expressing S7 and Ss in a simple from, in other words diagonalizing the quadratic
forms Sy and S5, and this could be achieved making the accurate change of basis (variable).
Estimating sums of multiplicative functions is another difficulty that arises during the di-
agonalization process, In this context, Goldston, Pintz, and Yildirim’s favorite method was
transforming this sums to integrals using Perron’s formula, then treating this integrals using
the theory of Riemann zeta function and the Dirichlet series associated to a multiplicative func-

tion. Maynard introduced a relatively simple combinatorial argument, where he generalized a
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sort of Mobius inversion formula in a higher dimension to estimate sums of multi-dimensional
multiplicative functions. Historically speaking that was few months after Y.Zhang approach
[21] and the complicated machinery he used to get a bounded gap, so coming up with an elegant
combinatorial sieve setting that improves considerably Zhang’s bound was surprising.

We should also mention that an analytic approach to estimate the multiplicative functions
in Maynard’s work is available. Indeed, Tao introduced a multi-dimensional analytic method
in [0] based on Fourier Analysis, with this he also obtained (unpublished work) the theorem
[B.1.1] with a weaker bound.

Few weeks after publishing Maynard’s paper, many results were derived from their work.
To name just few, for example, Pintz ([I4]) proved that there exists a positive integer B
such that there are infinitely many arithmetic progressions of primes p,, ..., P,k such that
Pn+ B, ..., pnix + B are all primes. Thorner [I6] Proved that, in a Galois extension K of Q,
there exists infinitely many pairs of prime ideals of the ring of integers of K whose norms are
distinct primes that differ by a positive constant B. and until writing this lines mathematical
journals still receiving applications of Maynard’s method. Unfortunately, Maynard and even
Polymath8b’s methods are inadequate to prove the twin prime conjecture, and that’s an open

problem that we leave for the reader.
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