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Introduction

Let K be a local field and C the completion of the algebraic closure of K. The non-
archimedean upper-half plane over K is defined as Ω := P1(C) \ P1(K). (cf. [3])

In section 6 of [8], Drinfel’d cites three analogs of the complex upper half-plane in
the non-archimedean setting, viz., Ω as an analytic analog, the Bruhat-Tits tree on
the equivalence class of lattices as a homogeneous analog and the space of norms as a
topological analog. Also, in analogy with the action of GL+

2 (R) on the complex upper-
half plane by Möbius transformation (cf. chapter 2 in [5]), an action of the group
PGL2(K) is defined on each of these non-archimedean analogs and an archimedean
metric is defined on the space of norms. Then the space of norms is identified with
the Bruhat-Tits tree via an isomorphism and the reduction map is defined from Ω
to the Bruhat-Tits tree in order to give a relation between these analogs. This map
commutes with the actions of PGL2(K) and enables us to imagine intuitively Ω as the
boundary of a tubular neighbourhood of the Bruhat-Tits tree with the reduction map
corresponding to the projection onto the tree. (cf. subsection 2.5 in [3])
The simplest way to describe this map is to adopt the point of view of Goldman and
Iwahori (cf. [12]) i.e. to send the point [x, y] ∈ Ω to the equivalence class of the norm
‖ ‖ on K2, which is defined as ‖(a, b)‖ = |ax+ by| ∀ (a, b) ∈ K2, where | | denotes the
norm on C, obtained as the unique extension of the norm on K.
Finally, using the fibers of the reduction map, we obtain a rigid analytic structure on
Ω in the following way:

The pre-image of any archimedean closed ball on the space of norms centred at the
equivalence class of an integral norm turns out to be a connected affinoid subset of
P1(C). Moreover, if we consider a set of concentric closed balls on the space of norms
centred at the equivalence class of an integral norm, their corresponding pre-images give
an admissible covering of Ω by an increasing sequence of connected affinoid subsets of
P1(C). This defines a Grothendieck topology on Ω and thus, a rigid analytic structure
on Ω is obtained. (cf. proposition 6.1 in [8], prposition 1.2.5 in [6] and proposition
2.4(b) in [13])

The space Ω supports a theory of analytic functions, differential forms and it also
has interesting deRham and étale cohomologies. (cf. [3], [7] and [16])
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The existence of the reduction map implies many important connections between Ω
and the Bruhat-Tits tree. One of the most striking result among them is the theorem of
Schneider and Stuhler, which states that, the deRham chohomology group Hn

DR(Ω, K)
is isomorphic with the space of harmonic functions on the Bruhat-Tits tree for K.
(cf. [16])

The rigid analytic structure on Ω lies at the heart of the theory of p-adic
uniformization of Shimura curves (cf. [3] and chapter 2 of [5]). If Γ is a discrete group
of GL2(K), then the quotient space Γ\Ω, may also be given a natural rigid analytic
structure and the natural map Ω→ Γ\Ω is a morphism of rigid analytic spaces (cf. [8]
or proposition 2.3(d) in [13]). In most of the times, The quotient space Γ\Ω turns out
to be an algebraic curve defined over K, by a non-archimedean analog of the GAGA
theorem (cf. [11]). And amazingly, the curves constructed in this way are often the
same Shimura curves which arise out of the complex upper half-plane. (cf. [19] for an
explicit example)

In this thesis, we focus on the relation between the archimedean topology on the
geometric realization of the Bruhat-Tits tree and the rigid analytic structure on Ω via
the fibers of the reduction map.

In chapter 1, we construct an explicit isomorphism between the Bruhat-Tits tree
and the space of non-archimedean norms on K2. Section 1 and 2 develop the necessary
material for this, by introducing the tree (cf. figure 1.1 on page 17) and its geometric
realization as well as proving the discreteness of the non-archimedean norms on
finite dimensional K-vector spaces and describing a natural map from the geometric
realization of the tree to the space of norms. Then we provide a map in the opposite
direction, which is shown to be the inverse of the former map. Thus establishing the
isomorphism between the geometric realization of the tree and the space of norms in
section 2, in the next section we proceed to investigate the effects of this isomorphism
on the natural metric of the geometric realization of the tree given by the length of the
unique path joining any two points on it. Indeed, the knowledge of the relation between
the metric on the geometric realization of the tree and the corresponding metric on the
space of norms turns out to be very useful in the next chapter.

Our goal in chapter 2 is to see the connection between the different geometric
structures on the geometric realization of the Bruhat-Tits tree and on Ω, using the
fibers of the reduction map. In section 1, we define the reduction map from Ω to the
geometric realization of the tree, via the space of injective K-linear forms on K2 and
the space of non-archimedean norms on K2 and then we give a precise description of
its image in the tree. In section 2, we introduce the action of the group PGL2(K)
on the tree, on the space of norms and on Ω. Next, we show that the metric on the
tree is invariant under the PGL2(K)-action, whereas the reduction map is PGL2(K)-
equivariant, i.e. the map commutes with the group action. Then in the final section, we



define the balls on the projective space P1(C) and prove that PGL2(K) sends the balls
to balls in P1(C). Using these facts along with the transitivity of PGL2(K)-action on
the tree, the situation becomes a lot simplified, i.e. considering only the finite subtrees
of the Bruhat-Tits tree around a specific vertex, we are able to draw general conclusions.
With these efficient tools in hand, we finally prove that the pre-image of the geometric
realization of any finite subtree of the Bruhat-Tits tree is a connected affinoid subset of
P1(C). Particularly, when this finite subtree is a closed ball around some vertex of the
tree, we have some more informations about the structure of this connected affinoid
subset (cf. proposition 10 on page 59). We also study the effects of varying the radius
of this closed ball in the tree, on the corresponding affinoid subset of P1(C) and obtain
a nice conclusion. (cf. remark 20 on page 60, figure 2.1 on page 61 and figure 2.2 on
page 62)
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Chapter 1

The Bruhat-Tits Tree

Notation 1.

K : A local field of characteristic 0 with a discrete valuation vK and

a finite residue field k ∼= Fq where, q = pr for some prime p ∈ Z and r ∈ Z≥1.

O : The ring of integers of K.

π : A uniformizing parameter of O.

| |K : The norm on K, given by |x|K :=
1

qvK(x)
.

C : The completion of the algebraic closure of K.

| | : The unique norm on C,which extends that of K.

v : The valuation on C, given by v(x) := logq |x|.
Ω : P1(C) \ P1(K).

Remark 1. # k <∞ ⇒ [K : Qp] <∞.

Therefore, C and Cp can be identified.

1.1 The Tree

Definition 1. A lattice L ⊆ K2 is a free O-submodule of rank 2.

Definition 2. Two lattices L and L′ are equivalent, written L ∼ L′, if ∃ λ ∈ K∗ such
that L′ = λL. We denote the equivalence class of the lattice L by [L] and we denote
the set of the equivalence classes of lattices by S. i.e.,

[L] := { L′ | L ∼ L′ }.

S := { [L] | L ⊆ K2 is a lattice }.
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Definition 3. X is the graph with the set of its vertices, V (X) = S such that
given s1, s2 ∈ S, we have {s1, s2} ∈ E(X), the set of the edges of X,
iff s1 = [L1] and s2 = [L2] with

πL1 ( L2 ( L1.

Remark 2. Note that, the edges of X are not directed, as
πL1 ( L2 ( L1 ⇔ L2 ( L1 ( 1

π
L2 ⇔ π( 1

π
L2) ( L1 ( ( 1

π
L2)

and we have, ( 1
π
L2) ∼ L2.

Definition 4.
i) A tree is a graph in which between any two vertices there is exactly one path.
ii) A homogeneous tree of degree d is a tree in which each vertex belongs to exactly d
edges.

Proposition 1. The graph X is a homogeneous tree of degree q + 1.

To prove this proposition, we need the following lemmas.

Lemma 1. If L ⊆ K2 is a lattice, then L/πnL ∼= O/πnO ⊕O/πnO ∀ n ∈ Z≥0 .
In particular, L/πL ∼= k2.

Proof. Since, for any 2 pair of modules, M ′
1 ⊆M1 and M ′

2 ⊆M2,
we have, (M1 ⊕M2)/(M ′

1 ⊕M ′
2) ∼= (M1/M

′
1)⊕ (M2/M

′
2) .

Lemma 2. If L1, L2, L3, L4 ⊆ K2 be lattices such that

πL1 ⊆ L2 ⊆ L4 and πL1 ⊆ L3 ⊆ L4 ,

then, L2/πL1 = L3/πL1 ⇔ L2 = L3.

Proof. L2/πL1 = L3/πL1

⇔ L2 = L3 + πL1 = L3.

Lemma 3. If L1, L2, L3 ⊆ K2 be lattices such that

πL1 ( L2 ( L1 and πL1 ( L3 ( L1 ,

then, L2 ∼ L3 ⇔ L2 = L3.

Proof. Suppose, if possible, L2 ∼ L3 and L2 6= L3.

Let L ⊆ K2 be any lattice.
Then πL1 ( L ( L1

⇔ {0} ( L/πL1 ( L1/πL1

⇔ L/πL1 is a 1-dimensional subspace of L1/πL1.
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Let x, y ∈ L and let x̄, ȳ ∈ L/πL be their images such that
〈x̄〉 = L2/πL1 and 〈ȳ〉 = L3/πL1.
Now, L2 6= L3

⇔ 〈x̄〉 = L2/πL1 6= L3/πL1 = 〈ȳ〉 (cf. lemma 2)
⇒ 〈x̄, ȳ〉 = L1/πL1 (cf. lemma 1)
⇔ 〈x, y〉 = L1 (cf. Nakayama’s lemma)
⇒ 〈x, πy〉 = L2 and 〈πx, y〉 = L3. (cf. lemma 2)

Again, L2 ∼ L3

⇒ ∃ λ ∈ K∗ such that L3 = λL2.
⇒ either L2 ⊆ πL3 ( L2 or L3 ⊆ πL2 ( L3. (as L2 = 〈x, πy〉 and L3 = 〈πx, y〉)
Thus, we get a contradiction.
Hence, L2 = L3.

Lemma 4. Let L ⊆ K2 be a lattice. For any 1-dimensional subspace N ( L/πL,
∃ a lattice L′ ⊆ K2 such that πL ( L′ ( L and L′/πL = N .

Proof. Let x, y ∈ L and let x̄, ȳ ∈ L/πL be their images such that
〈x̄〉 = N and ȳ /∈ N .
⇒ 〈x̄, ȳ〉 = L/πL (cf. lemma 1)
⇔ 〈x, y〉 = L. (cf. Nakayama’s lemma)

Let L′ := 〈x, πy〉.
⇒ πL ( L′ ( L and L′/πL = N . (cf. lemma 2)

Proof of the proposition. Lemma 3 implies that the edges leaving a given vertex s = [L]
correspond to the distinct lattices L′, satisfying the relation

πL ( L′ ( L

and by lemma 1, 2 and 4, these are in bijection with the 1-dimensional subspaces of k2,
i.e., with P1(k) = k ∪ {∞}.
Hence, there are # P1(k) = q + 1 edges leaving any vertex s ∈ X.

Again, if X is not a tree, a cycle in X can be represented as a chain of lattices :

L0 ( L1 ( . . . ( Ln for some n ∈ Z≥3

such that,

i) πLi+1 ( Li ( Li+1 ∀ i ∈ Z[0,n−1] .

ii) L0 = πmLn for some m ∈ Z[2,n−1] .

iii) Li ∼/ Lj if i, j /∈ {0, n} and i 6= j.
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Considering the exact sequences,

0 // Li/Li−1
// Ln/Li−1

// Ln/Li // 0 ∀ i ∈ Z[1,n],

starting with i = n, by induction and repeated applications of proposition 6.9 of
[2], we get, Ln/Li has length (n− i) ∀ i ∈ [0, n] .
Since Ln/L0 is not cyclic, hence ∃ i0 ∈ Z[0,n−1] such that

i0 := max { i | Ln/Li is cyclic but Ln/Li−1 is not}

⇒ Ln/Li0 is a cyclic O-module of length n− i0
⇒ Ln/Li0

∼= O/πn−i0O
⇒ πn−i0−1Ln * Li0
⇒ πn−i0−1Ln * Li0−1 (as Li0−1 ⊆ Li)

Also, ∃ r1, r2 ∈ Z≥1, such that Ln/Li0−1 = O/πr1O ⊕O/πr2O, where r2 ≥ r1.
As πn−i0−1 does not annihilate all the elements of Ln/Li0−1, hence r2 ≥ n− i0.
Again, r1 + r2 = length of Ln/Li0−1 = n− i0 + 1, where r1, r2 ∈ Z≥1

⇒ r1 = 1 and r2 = n− i0.
⇒ Ln/Li0−1

∼= O/πO ⊕O/πn−i0O
Hence, considering the image of a generator of Li0/Li0−1 in the inclusion
Li0/Li0−1 ↪→ Ln/Li0−1, we see, the exact sequence in the 1st row of the
following diagram splits.

0 // Li0/Li0−1
// Ln/Li0−1

// Ln/Li0 // 0
� _

��

0 // Li0+1/Li0−1
// Ln/Li0−1

// Ln/Li0+1
// 0

⇒ Ln/Li0−1 = Li0/Li0−1 ⊕ Ln/Li0.
Again, Li0/Li0−1 ( Li0+1/Li0−1 ⊆ Li0/Li0−1 ⊕ Ln/Li0 .
⇒ Li0+1/Li0−1 contains a non-cyclic submodule.

And length of Li0+1/Li0−1

=(length of Ln/Li0−1)−(length of Ln/Li0+1)
= 2

⇒ Li0+1/Li0−1 is a non-cyclic, length 2 O-module
⇒ Li0−1 = πLi0+1, which contradicts (iii).

Hence, X is a tree. �

Remark 3. The tree X is called the Bruhat-Tits tree.
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1

Figure 1.1: The Bruhat-Tits tree for K = Q2

Definition 5. XR := {(1− t)s1 + ts2 | {s1, s2} ∈ E(X) and t ∈ [0, 1]}.

Remark 4. XR is called the geometric realization of the Bruhat-Tits tree. Note that,
as X is a tree, hence, also for any two points in XR, there is a unique path joining
them.

Definition 6. ∀ x1, x2 ∈ XR ,

σ(x1, x2) := The unique path joining x1 and x2 in XR .

Definition 7. XQ := {(1− t)s1 + ts2 | {s1, s2} ∈ E(X) and t ∈ Q ∩ [0, 1]}.
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1.2 The Space of Non-Archimedean Norms

Definition 8. A non-archimedean norm on a vector space V over K is a function
‖ ‖ : V → R≥0 such that, ∀ x, y ∈ V and ∀ a ∈ K,

i) ‖x‖ = 0 iff x = 0.
ii) ‖ax‖ = |a|K ‖x‖.
iii) ‖x+ y‖ ≤ max{‖x‖, ‖y‖}, where equality holds if ‖x‖ 6= ‖y‖.

Lemma 5. Given a non-archimedean norm, ‖ ‖ on an n-dimensional vector space V
over K, there exists a unique n-tuple (a1, . . . , an) ∈ [1, q)n , where a1 ≤ . . . ≤ an, such
that

‖V ‖ =
n⋃
i=1

ai|K|K =


a1|K|K if a1 = . . . = an.⊔d
i=1 ai|K|K if a1 < . . . < ad = . . . = an.

Proof. There are 2 possible cases:

Case 1: (‖v1‖
‖v2‖ ∈ |K|K ∀ v1, v2 ∈ V such that v2 6= 0)

Let v ∈ V \ {0} be such that ‖v‖ ∈ [qn, qn+1) for some n ∈ Z.
Let v′ := πnv and let a := ‖v′‖. Then ‖V ‖ = ‖v′‖|K|K = a|K|K .

Again, a ∈ [1, q)
⇒ qma ∈ [qm, qm+1) ∀ m ∈ Z
⇒ a ∈ [1, q) is the unique element such that ‖V ‖ = a|K|K .

Case 2. ( ∃ v1, v2 ∈ V \ {0} such that ‖v1‖
‖v2‖ /∈ |K|K)

Let w1, . . . , wd ∈ V \ {0} be such that ‖wi‖
‖wj‖ /∈ |K|K ∀ i, j ∈ {1, . . . , d}.

⇒ ∀ α1, . . . , αd ∈ K, we have,
‖α1w1 + . . .+ αdwd‖ = max {|α1|K‖w1‖, |αd|K‖wd‖}
⇒ Kw1 ⊕ . . .⊕Kwd ⊆ V
⇒ d ≤ dimV

Hence, we can choose the set W := {w1, . . . , wd} ⊆ V \ {0} to have the
maximum possible cardinality.

i.e., if W ′ ⊆ V be some other set such that
‖w′i‖
‖w′j‖

/∈ |K|K ∀ w′i, w′j ∈ W ′, then

d ≥ # W ′ .
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⇒ ∀ v ∈ V, ∃ i ∈ {1, . . . , d} such that ‖v‖
‖wi‖ ∈ |K|K

⇒ ‖V ‖ = tw∈W ‖w‖ |K|K .

Let ∀ i ∈ {1, . . . , d}, v′i := πniwi for some suitable ni ∈ Z such that ‖v′i‖ ∈ [1, q).
Let τ : {1, . . . , d} → {1, . . . , d} be a permutation such that

‖v′τ(1)‖ < . . . < ‖v′τ(d)‖.

Let ai :=


‖v′τ(i)‖ if 1 ≤ i ≤ d− 1.

‖v′τ(d)‖ if d ≤ i ≤ n.

Then ‖V ‖ = tw∈W ‖w‖ |K|K = a1|K|K t . . . t ad|K|K .
Again, (a1, . . . , an) ∈ [1, q)n

⇒ (qma1, . . . , q
man) ∈ [qm, qm+1) ∀ m ∈ Z

⇒ (a1, . . . , an) ∈ [1, q)n, is the unique element such that a1 < . . . < ad = . . . = an
and ‖V ‖ = a1|K|K t . . . t ad|K|K .

Corollary 1. Given a non-archimedean norm, ‖ ‖ on a 2-dimensional vector space V
over K, ∃ a unique pair (a, b) ∈ [1, q)× [1, q), where a ≤ b, such that

‖V ‖ = a|K|K ∪ b|K|K =


a|K|K if a = b .

a|K|K t b|K|K if a 6= b .

Definition 9. Two non-archimedean norms ‖ ‖1 and ‖ ‖2 on a K-vector space V are
equivalent, written ‖ ‖1 ∼ ‖ ‖2, if ∃ c ∈ R>0 such that ‖ ‖1 = c‖ ‖2.

[‖ ‖] := { ‖ ‖′ | ‖ ‖ ∼ ‖ ‖′ } .

Y := { [‖ ‖] | ‖ ‖ is a non-archimedean norm on K2} .

Remark 5. If we have had taken a weaker criterion of equivalence of norms, viz.,‘two
norms are equivalent, if they give the same topology on V ’, then, even if we have had
considered all the norms (i.e., which are not necessarily non-archimedean) on a finite
dimensional K-vector space V, the set of equivalence classes would have been a singleton
set. (Theorem 5.2.1 of [14])

Convention.
From now on, by a ‘norm’, we shall mean a ‘non-archimedean norm’.
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Definition 10. For any lattice, L = Oe1 ⊕ Oe2 ⊆ K2, the norm ‖ ‖L is defined as :
∀ v = a1e1 + a2e2 ∈ K2,

‖v‖L := max {|a1|K , |a2|K} .

Definition 11. For any two lattices, L1, L2 ⊆ K2, such that πL1 ( L2 ( L1, by
Elementary divisors theorem, ∃ a basis (e1, e2) of L1 such that (e1, πe2) is a basis of
L2.We fix some (e1, e2) as above.Then ∀ t ∈ [0, 1], the norm ‖ ‖(L1,L2, t) is defined as :
∀ v = a1e1 + a2e2 ∈ K2,

‖v‖(L1,L2, t) := max {|a1|K , qt|a2|K} .

Lemma 6. The norms ‖ ‖L and ‖ ‖(L1,L2, t) are well-defined.

Proof. Let L ⊆ K2 be any lattice. Given any two bases (v1, v2) and (w1, w2) of L,
∀ v = a1v1 + a2v2 = b1w1 + b2w2 ∈ K2, we have,

‖v‖L = max {|a1|K , |a2|K} = max
n∈Z
{qn | π−nv ∈ L} = max {|b1|K , |b2|K}.

Hence, ‖ ‖L is well-defined.

Again,∀ v = a1e1 + a2e2,

‖v‖(L1,L2, t) = max {|a1|K , qt|a2|K} =


‖v‖L1 if ‖v‖L1 = ‖v‖L2

qt‖v‖L1 = qt−1‖v‖L2 if ‖v‖L1 6= ‖v‖L2

And, ‖ ‖L1 and ‖ ‖L2 are well-defined.

⇒ ‖ ‖(L1,L2, t) is well-defined.

Remark 6. Note that, any lattice L ⊆ K2, is the unit ball w.r.t. the norm ‖ ‖L.

Definition 12. For each {s1, s2} ∈ E(X), let us fix some lattices L1, L2 ⊆ K2 such
that s1 = [L1], s2 = [L2] and πL1 ( L2 ( L1. The map φ : XR → Y is defined as

φ((1− t)s1 + ts2) := [‖ ‖(L1,L2, t)] ∀ (1− t)s1 + ts2 ∈ XR .

Lemma 7. The map φ : XR → Y is well-defined.

Proof. Suppose, we have fixed some L1, L2 ⊆ K2 such that s1 = [L1], s2 = [L2]
and πL1 ( L2 ( L1.

Now, there are 2 possible cases:
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Case 1. We fix another pair L′1, L
′
2 ⊆ K2 such that L′1 ∼ L1, L

′
2 ∼ L2

and πL′1 ( L′2 ( L′1
⇒ ∃ λ ∈ K∗ such that L′1 = λL1

⇒ πL′1 ( λL2 ( L′1 and πL′1 ( L′2 ( L′1 with L′2 ∼ λL2

⇒ L′2 = λL2 (cf. lemma 3)

⇒ ‖v‖(L′1,L
′
2, t)

=


‖v‖L′1 = |λ|K ‖v‖L1 if ‖v‖L′1 = ‖v‖L′2

qt‖v‖L′1 = |λ|K qt‖v‖L1 if ‖v‖L′1 6= ‖v‖L′2
⇒ ‖v‖(L′1,L

′
2, t)

= |λ|K‖v‖(L1,L2, t)

⇒ ‖ ‖(L′1,L
′
2, t)
∼ ‖ ‖(L1,L2, t).

Case 2. We fix another pair L′1, L
′
2 ⊆ K2 such that L′1 ∼ L1, L

′
2 ∼ L2

and πL′2 ( L′1 ( L′2.

πL1 ( L2 ( L1

⇒ πL2 ( πL1 ( L2.

Again, ∃ λ ∈ K2 such that L′2 = λL2.
⇒ πL′2 ( πλL1 ( L′2 and πL′2 ( L′1 ( L′2 with L′1 ∼ πλL1

⇒ L′1 = πλL1. (cf. lemma 3)

⇒ ‖v‖(L′2,L
′
1, t)

=


‖v‖L′1 = q−1|λ|K ‖v‖L1 if ‖v‖L′2 = ‖v‖L′1

qt−1‖v‖L′1 = q−1|λ|K qt‖v‖L1 if ‖v‖L′2 6= ‖v‖L′1

⇒ ‖v‖(L′2,L
′
1, t)

= q−1|λ|K‖v‖(L1,L2, t)

⇒ ‖ ‖(L′2,L
′
1, t)
∼ ‖ ‖(L1,L2, t).

Lemma 8. Given any norm, ‖ ‖ on K2, ∀ α ∈ R>0, Lα := {v ∈ K2 | ‖v‖ ≤ α} is a
lattice.

Proof. By definition 5, Lα is a non-zero O-submodule of K2.
Let u ∈ Lα and let v ∈ K2 \Ku.
⇒ v ∈ K2 \ Ou
⇒ ∃ a ∈ K such that v′ = av ∈ Lα \ Ou
⇒ Lα is generated by more than 1 element.

Again, Lα/πLα ⊆ k2 is a k-vector space,
⇒ dim(Lα/πLα) ≤ 2.
⇒ Lα is generated by less than 3 elements. (cf. Nakayama’s lemma)

Hence, Lα is generated by 2 elements.
Let Lα = 〈v1, v2〉.
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If Ov1 ∩ Ov2 6= {0}
⇒ ∃ i ∈ {1, 2} such that v3−i ∈ Ovi
⇒ Lα = 〈vi〉, which is impossible.
⇒ Ov1 ∩ Ov2 = {0}
⇒ Lα = Ov1 ⊕Ov2.

Lemma 9. Let {s, s′} ∈ E(X), where s = [L] and s′ = [L′] with πL ( L′ ( L.
Then given the norm ‖ ‖(L,L′, t) , we have,

Lα =

{
L′ ∀ α ∈ [1, qt)
L ∀ α ∈ [qt, q) .

In particular,

Lα =

{
L ∀ α ∈ [1, q) if t = 0
L′ ∀ α ∈ [1, q) if t = 1 .

Proof. By definition 7, we have, L = Oe1 ⊕Oe2 = {v ∈ K2 | max {|a1|K , |a2|K} ≤ 1}.
Now, ∀ v = a1e1 + a2e2 ∈ K2, ∃ r, s ∈ Z such that |a1|K = qr and |a2|K = qs.
⇒ {v ∈ K2 | max{|a1|K , |a2|K} ≤ 1} = {v ∈ K2 | max{|a1|K , |a2|K} ≤ α} ∀ α ∈ [1, q)
⇒ L = {v ∈ K2 | ‖v‖L ≤ α} ∀ α ∈ [1, q)
⇒ Lα = L ∀ α ∈ [1, q) if t = 0.

Again, we have, L′ = Oe1 ⊕Oπe2 = {v ∈ K2 | max {|a1|K , q|a2|K} ≤ 1}.
Also, ∀ v = a1e1 + a2e2 ∈ K2, ∃ r, s ∈ Z such that |a1|K = qr and q|a2|K = qs.
⇒ {v ∈ K2 |max{|a1|K , q|a2|K}≤ 1} = {v ∈ K2 |max{|a1|K , q|a2|K}≤ α} ∀ α ∈ [1, q)
⇒ L′ = {v ∈ K2 | ‖v‖L′ ≤ α} ∀ α ∈ [1, q)
⇒ Lα = L′ ∀ α ∈ [1, q) if t = 1.

So, the claim holds for t = 0 and t = 1. Now suppose t ∈ (0, 1).
Let v = a1e1 + a2e2 ∈ K2. ∃ r, s ∈ Z such that |a1|K = qr and |a2|K = qs.
As t ∈ (0, 1), hence r > s ⇔ r > s+ t and r ≤ s ⇔ r < s+ t.

Case 1. (α ∈ [1, qt))

‖v‖(L,L′, t) < qt

⇔ max {qr, qs+t} < qt

⇔
{

qr < qt if r > s
qs+t < qt if r ≤ s

⇔
{

r ≤ 0 if r > s
s+ 1 ≤ 0 if r ≤ s

⇔ ‖v‖L′ ≤ 1

⇔ v ∈ L′ = {v ∈ K2 | max {|a1|K , q|a2|K} ≤ α} ∀ α ∈ [1, qt)
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⊆ {v ∈ K2 | max {|a1|K , qt|a2|K} ≤ α} ∀ α ∈ [1, qt)

⇒ L′ = {v ∈ K2 | ‖v‖(L,L′, t) ≤ α} ∀ α ∈ [1, qt)

⇒ Lα = L′ ∀ α ∈ [1, qt) .

Case 2. (α ∈ [qt, q))

‖v‖(L,L′, t) < q

⇔ max {qr, qs+t} < q

⇔
{

qr < q if r > s
qs+t < q if r ≤ s

⇔
{
r ≤ 0 if r > s
s ≤ 0 if r ≤ s

⇔ ‖v‖L ≤ 1

⇔ v ∈ L = {v ∈ K2 | max {|a1|K , |a2|K} ≤ 1}
= {v ∈ K2 | max {|a1|K , qt|a2|K} ≤ 1}
⊆ {v ∈ K2 | max {|a1|K , qt|a2|K} ≤ α} ∀ α ≥ 1

⇒ v ∈ L ⊆ {v ∈ K2 | max {|a1|K , qt|a2|K} ≤ α} ∀ α ∈ [qt, q)

⇒ L = {v ∈ K2 | ‖v‖(L,L′, t) ≤ α} ∀ α ∈ [qt, q)

⇒ Lα = L ∀ α ∈ [qt, q) .

Lemma 10. Given any norm, ‖ ‖ on K2, let (a, b) ∈ [1, q)× [1, q) be the unique pair,
with a ≤ b, such that ‖K2‖ = a|K|K ∪ b|K|K. Then

{Lα | α ∈ [1, q)} =

{
{La , Lb} if a = 1 .
{πLb , La , Lb} if a > 1 .

Proof. ‖K2‖ = a|K|K ∪ b|K|K , where a, b ∈ [1, q)

⇒ ‖K2‖ ∩ [1, q) = {a, b}
⇒ ‖K2‖ ∩ [1

q
, q) = (‖K2‖ ∩ [1

q
, 1)) ∪ (‖K2‖ ∩ [1, q)) = {a

q
, b
q
, a, b}

⇒



L b
q

( La ( Lb

and

Lα =


L b

q
if α ∈ [1, a)

La if α ∈ [a, b)
Lb if α ∈ [b, q)
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Again, L b
q

= {v ∈ K2 | ‖v‖ ≤ b

q
}

= {v ∈ K2 | ‖π−1v‖ ≤ b}
= π{v ∈ K2 | ‖v‖ ≤ b}
= πLb

⇒ {Lα | α ∈ [1, q)} =

{
{La , Lb} if a = 1 .
{πLb , La , Lb} if a > 1 .

Definition 13. For each y ∈ Y , we fix some ‖ ‖y such that y = [‖ ‖y].
By lemma 5, for ‖ ‖y , ∃ a unique (a, b) ∈ [1, q) × [1, q) such that a ≤ b and
‖K2‖ = a|K|K ∪ b|K|K. And by lemma 10, we have,

{[Lα] | α ∈ [1, q)} = {[La] , [Lb]} .

Let t := logq(
b
a
). The map ψ : Y → XR is defined as

ψ(y) := (1− t)[Lb] + t[La] ∀ y ∈ Y

Lemma 11. The map ψ : Y → XR is well-defined.

Proof. Suppose, given y ∈ Y , we have fixed some ‖ ‖ such that y = [‖ ‖] and let
(a, b) ∈ [1, q)× [1, q) be the unique pair such that a ≤ b and ‖K2‖ = a|K|K ∪ b|K|K .

Let ‖ ‖′ ∼ ‖ ‖ and let (a′, b′) ∈ [1, q)× [1, q) be the unique pair such that a′ ≤ b′

and ‖K2‖′ = a′|K|K ∪ b′|K|K .
⇒ ‖ ‖′ = c‖ ‖ for some c ∈ R>0

⇒ a′|K|K ∪ b′|K|K = ‖K2‖′ = ca|K|K ∪ cb|K|K
⇒ ∃ m,n ∈ Z such that {a′, b′} = { ca

qm ,
cb
qn }

Now, ∀ α, β ∈ R>0,
if Lα := {v ∈ K2 | ‖v‖ ≤ α} and L′β := {v ∈ K2 | ‖v‖′ ≤ β},

then, L′cb
qn

= {v ∈ K2 | ‖v‖′ ≤ cb

qn
}

= {v ∈ K2 | ‖v‖ ≤ b

qn
}

= {v ∈ K2 | ‖π−nv‖ ≤ b}
= πn{v ∈ K2 | ‖v‖ ≤ b}
= πnLb
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and L′ca
qm

= {v ∈ K2 | ‖v‖′ ≤ ca

qm
}

= {v ∈ K2 | ‖v‖ ≤ a

qm
}

= {v ∈ K2 | ‖π−mv‖ ≤ a}
= πm{v ∈ K2 | ‖v‖ ≤ a}
= πmLa

⇒ L′cb
qn
∼ Lb and L′ca

qm
∼ La .

We have, a′ = min { ca
qm ,

cb
qn }, b′ = max { ca

qm ,
cb
qn }

and as a, b, a′, b′ ∈ [1, q), hence 1
q
< c

qm ,
c
qn < q

⇒ qm−1 < c < qm+1 and qn−1 < c < qn+1

Hence, there are 3 possible cases, viz., m = n− 1, m = n or m = n+ 1.

Case 1. (m = n− 1)

⇒ (a′, b′) =


( ca
qn−1 ,

cb
qn )

or

( cb
qn ,

ca
qn−1 )

⇒ b′

a′
=


b
qa

or
qa
b

Case 2. (m = n)

⇒ (a′, b′) = ( ca
qn ,

cb
qn )

⇒ b′

a′
= b

a

Case 3. (m = n+ 1)

⇒ (a′, b′) = ( ca
qn+1 ,

cb
qn )

⇒ b′

a′
= qb

a

Again, a, b, a′, b′ ∈ [1, q)
⇒ b

a
, b′

a′
∈ [1, q)

⇒ b
qa
, qb
a
/∈ [1, q)

⇒ b′

a′
6= b

qa
, qb
a
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Hence, only the following 2 cases can occur:

(a′, b′) =


( ca

qn ,
cb
qn )

or

( cb
qn ,

ca
qn−1 )

Let t′ := logq(
b′

a′
).

Now if (a′, b′) = ( ca
qn ,

cb
qn )

⇒ La ∼ L′ca
qn

= L′a′ , Lb ∼ L′cb
qn

= L′b′ and t = t′.

And if (a′, b′) = ( cb
qn ,

ca
qn−1 )

⇒ La ∼ L′ ca
qn−1

= L′b′ , Lb ∼ L′cb
qn

= L′a′ and t = 1− t′.

Therefore, in both cases, we have,

(1− t)[Lb] + t[La] = (1− t′)[L′b′ ] + t′[L′a′ ]

Proposition 2. ψ ◦ φ = IdXR and φ ◦ ψ = IdY .

Proof. Let x := (1 − t)s + ts′ ∈ XR. Let L,L′ ⊆ K2 be two lattices such that
s = [L], s′ = [L′] and πL ( L′ ( L.
⇒ φ(x) = [‖ ‖(L, L′, t)]

Let (a′, b′) ∈ [1, q)× [1, q) be the unique pair such that a′ ≤ b′

and ‖K2‖(L, L′, t) = a′|K|K ∪ b′|K|K . (cf. lemma 5)

⇒ (a′, b′) = (1, qt), La′ = L′ and Lb′ = L (cf. lemma 9)

⇒ ψ ◦ φ(x) = (1− t)[L] + t[L′] = (1− t)s+ ts′ = x

Conversely, let y ∈ Y and let ‖ ‖ be a norm on K2 such that y = [‖ ‖].
Let (a, b) ∈ [1, q)× [1, q) be the unique pair such that a ≤ b

and ‖K2‖ = a|K|K ∪ b|K|K (cf. lemma 5)

⇒ ψ(y) = (1− t)[Lb] + t[La], where t := logq(
b
a
)

⇒ φ ◦ ψ(y) = [‖ ‖(Lb,La,t)]

Now, ∀ v ∈ K2, the following 2 cases are possible:
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Case 1. (‖v‖ ∈ a|K|k)

Let ‖v‖ = qma for some m ∈ Z.

⇒


‖v‖La = maxn∈Z {qn | πnv ∈ La} = qm

‖v‖Lb
= maxn∈Z {qn | πnv ∈ Lb} = qm

⇒ ‖v‖(Lb,La,t) = qm.

Case 2. (‖v‖ ∈ b|K|k)

Let ‖v‖ = qmb for some m ∈ Z.

⇒


‖v‖La = maxn∈Z {qn | πnv ∈ La} = qm−1

‖v‖Lb
= maxn∈Z {qn | πnv ∈ Lb} = qm

⇒ ‖v‖(Lb,La,t) = qt‖v‖Lb
= b

a
qm.

Hence, ‖ ‖ = a‖ ‖(Lb,La,t)

⇒ φ ◦ ψ(y) = [‖ ‖(Lb,La,t)] = [‖ ‖] = y.

Corollary 2. XR and Y are naturally isomorphic as sets. �

Corollary 3. Given any norm ‖ ‖ on K2, there exists
i) a unique t ∈ [0, 1

2
]

ii) a basis (e1, e2) of K2

iii) s ∈ [1, q)
such that ‖a1e1 + a2e2‖ = sup {s|a1|, sqt|a2|} ∀ a1, a2 ∈ K2.

Remark 7. A norm on K2 is called irrational, rational or integral according as,
respectiviely, the unique t ∈ [0, 1

2
] determined by it, is irrational, rational or 0.
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1.3 A Metric on the Tree

Definition 14. For each y ∈ Y , we fix some ‖ ‖y such that y = [‖ ‖y]. The map
µ : Y × Y → R≥0 is defined as

µ(y1, y2) = logq

(
sup
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)
+ logq

(
sup
v∈K2\{(0,0)}

‖v‖y2

‖v‖y1

)
(1.1)

= logq

(
sup
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)
− logq

(
inf
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)
(1.2)

Lemma 12. the map µ is well-defined.

Proof. Follows directly from (1.2).

Lemma 13. µ is a metric on Y .

Proof. Let y1, y2, y3 ∈ Y . We have,

i) µ(y1, y2) ≥ 0 where, equality holds iff y1 = y2. (cf. (1.2))
ii) µ(y1, y2) = µ(y2, y1). (cf. (1.1))

Again,

sup
v∈K2\{(0,0)}

‖v‖y1

‖v‖y3

≤

(
sup
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)(
sup
v∈K2\{(0,0)}

‖v‖y2

‖v‖y3

)
and

inf
v∈K2\{(0,0)}

‖v‖y1

‖v‖y3

≥

(
inf
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)(
inf
v∈K2\{(0,0)}

‖v‖y2

‖v‖y3

)
Hence,
iii)µ(y1, y3) ≤ µ(y1, y2)+µ(y2, y3). (cf. (1.2))

Lemma 14. Let ‖ ‖1 and ‖ ‖2 be 2 norms on K2 such that c1‖v‖1 ≤ ‖v‖2 ≤ c2‖v‖1

∀ v ∈ K2, where c1, c2 ∈ R≥0. Then

logq(
c1

c2

) ≤ µ([‖ ‖1], [‖ ‖2]) ≤ logq(
c2

c1

) .

Proof. c1‖v‖1 ≤ ‖v‖2 ≤ c2‖v‖1 ∀ v ∈ K2

⇒ 1
c2
≤ ‖v‖1
‖v‖2 ≤

1
c1

and c1 ≤ ‖v‖2
‖v‖1 ≤ c2 ∀ v ∈ K2

⇒ logq(
c1
c2

) ≤ µ([‖ ‖1], [‖ ‖2]) ≤ logq(
c2
c1

). (cf. (1.1))
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Definition 15. The metric d on XR is defined as

d(x1, x2) = µ(φ(x1), φ(x2)) ∀ x1, x2 ∈ XR .

Lemma 15. For s ∈ V (X) and y ∈ Y , let L ⊆ K2 be a lattice and ‖ ‖ be a norm on
K2 such that s = [L] and y = [‖ ‖]. Then

d(s, ψ(y)) = logq (sup
v∈L\πL

‖v‖)− logq ( inf
v∈L\πL

‖v‖) .

Proof. Since, K2 \ {(0, 0)} = tn∈Z π
n(L \ πL) and ‖v‖L = 1 ∀ v ∈ L \ πL ,

hence, the lemma follows directly from (1.2).

Proposition 3. ∀ s, s′ ∈ V (X), d(s, s′) = # (σ(s, s′) ∩ V (X))− 1.

To prove this proposition, we need the following lemmas.

Lemma 16. Let k1, l1 ∈ R be such that k1 ≥ l1. Then

sup
b,c∈R>0

(
max {ak1b, al1c}

max {b, c}

)
= ak1 ∀ a ∈ R>0.

Proof. For b ≥ c, max {ak1b, al1c} = ak1b

⇒ max {ak1b, al1c}
max {b, c} = ak1 .

And for b < c,

max {ak1b, al1c}
max {b, c} =


ak1b
c
< ak1 (as b < c)
or

al1 ≤ ak1

Lemma 17. Let k1, l1 ∈ R be such that k1 ≥ l1. Then

inf
b,c∈R>0

(
max {ak1b, al1c}

max {b, c}

)
= al1 ∀ a ∈ R>0.

Proof. For b ≥ c, max {ak1b, al1c} = ak1b

⇒ max {ak1b, al1c}
max {b, c} = ak1 ≥ al1 .

And for b < c,

max {ak1b, al1c}
max {b, c} =


ak1b
c
> al1 if ak1b > al1c

al1 otherwise.
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Proof of the proposition. ∀ s, s′ ∈ V (X), ∃ a unique path joining them in X, which
can be represented as a chain of lattices :

L0 ( L1 ( here, n := 1) if {s, s′} ∈ E(X)

L0 ( L1 ( . . . ( Ln for some n ∈ Z≥2 , otherwise.

such that,

i) πLi+1 ( Li ( Li+1 ∀ i ∈ Z[0,n−1] .

ii) s = [L0] and s′ = [Ln].

Now, by Elementary divisors theorem, ∃ a basis (e1, e2) of Ln such that
(πke1, π

le2) is a basis of L0, where l ≥ k.
If l = k, we have, L0 = πkLn, hence s = s′ and we are done.
Now, we assume l > k.
⇒ L0 = Oπke1 ⊕Oπle2 ( πk(Oe1 ⊕Oe2) = πkLn
Let L′m := Oπke1 ⊕Oπl−me1 ∀ m ∈ Z[0,l−k].
⇒ L0 = L′0 and πkLn = L′l−k.

So, the unique path, joining s snd s′ in X, can be represented as a chain of lattices:

L′0 ( L′l−k if l − k = 1

L′0 ( L′1 ( . . . ( L′l−k otherwise.

where, we have,

i) πL′i+1 ( L′i ( L′i+1 ∀ i ∈ Z[0, l−k−1] .

ii) s = [L′0] and s′ = [L′l−k].
⇒ n = # (σ(s, s′) ∩ V (X))− 1 = l − k

Hence,

d(s, s′)= µ(φ(s), φ(s′))

= µ([‖ ‖L0 ], [‖ ‖Ln ])

= logq

(
sup
v∈K2\{(0,0)}

‖v‖L0

‖v‖Ln

)
− logq

(
inf
v∈K2\{(0,0)}

‖v‖L0

‖v‖Ln

)

= logq

(
sup

(a1,a2)∈K2\{(0,0)}

max {q−k|a1|, q−l|a2|}
max {|a1|, |a2|}

)
−

logq

(
inf
(a1,a2)∈K2\{(0,0)}

max {q−k|a1|, q−l|a2|}
max {|a1|, |a2|}

)

= l − k (cf. lemma 16 and 17, putting k1 = −k , l1 = −l and a = q)

= # (σ(s, s′) ∩ V (X))− 1. �
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Corollary 4. Let, L0 ( L1 ( . . . ( Ln for some n ∈ Z≥2 be a chain of lattices in K2

such that πLi+1 ( Li ( Li+1 ∀ i ∈ Z[0,n−1]. Then ∃ a basis (e1, e2) of Ln such that

Li ∼ Oe1 ⊕Oπn−ie2 ∀ i ∈ Z[0,n] .

Corollary 5. {s, s′} ∈ E(X) ⇔ d(s, s′) = 1.

Remark 8. As O is a d.v.r., hence, by Elementary divisors theorem, for any 2 lattices
L′ ⊆ L in K2, (L/L′) is finite and has at most 2 cyclic components.

Corollary 6. Let L′ ⊆ L be 2 lattices in K2 and let k, l ∈ Z be such that L/L′ =
(O/πkO)⊕ (O/πlO). Then

d([L], [L′]) = |l − k|R ,

where, | |R denotes the usual archimedean absolute value on R.

Remark 9. As any 2 vertices of X are joined by a path, hence, ∀ {s, s′} ⊆ V (X),
∃ lattices L′ ( L in K2, such that s = [L] and s′ = [L′]. Also note that, if necessary,
after replacing L′ by π−mL′ for some m ∈ Z≥1, we can assume that L′ * πL.

Lemma 18. If L,L′ ⊆ K2 be lattices, such that L′ ( L and L′ * πL, then ∃ a unique
n such that πnL ( L′ and πn−1L * L′ , where,

n = length of (L/L′) = # (σ([L], [L′]) ∩ V (X))− 1 = length of (L′/πnL).

Proof. Let n := length of (L/L′) and let

L′ = L0 ( L1 = L for n = 1

L′ = L0 ( L1 ( . . . ( Ln = L for n ≥ 2

be the lifting of a composition series of (L/L′) (1.3)

⇒ Li+1/Li are simple O-modules

⇒ Li+1/Li ∼= O/πO ∀ i ∈ Z[0,n−1]

⇒ πLi+1 ( Li ( Li+1 ∀ i ∈ Z[0,n−1] (1.4)
⇒ Li/πLi+1

∼= O/πO ∀ i ∈ Z[0,n−1]

⇒ πiLi/π
i+1Li+1

∼= Li/πLi+1 are simple O-modules ∀ i ∈ Z[0,n−1]

⇒ the following is the lifting of a composition series of (L′/πnL) (1.5)

πL = πL1 ( L0 = L′ for n = 1

πnL = πnLn ( πn−1Ln−1 ( . . . ( L0 = L′ for n ≥ 2.
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Now, by (1.4) we have, both of the chains of lattices (1.3) and (1.5) represent
the unique path joining [L′] and [L] in X.

⇒ # (σ([L], [L′]) ∩ V (X))− 1 = n

= length of (L/L′)

= length of (L′/πnL). (1.6)

Again, if possible, suppose, πn−1L ⊆ L′.
⇒ n ≥ 2.
⇒ πn−1L ( L′ (cf. (1.4))
Now, let

πL = M0 ( M1 = L′ for n = 2

πn−1L = M0 ( M1 ( . . . ( Mm = L′ for n ≥ 3

be the lifting of a composition series of (L′/πn−1L). (1.7)

Then the chain of lattices (1.7) represents the unique path joining [L′] and [L] in X.
⇒ # (σ([L], [L′]) ∩ V (X))− 1 = length of (L′/πn−1L) = m.
⇒ m = n. (cf. (1.6))

But, considering the chain πnL ( πn−1L = M0 ( M1 ( . . . ( Mm = L′ modulo
πnL, by (1.5) and proposition 6.7 of [2], we have, m ≤ n− 1.
Thus, we get a contradiction.

Corollary 7. Let L ⊆ K2 be a lattice, s ∈ V (X) and d([L], s) = n for some n ∈ Z≥0.
Then ∃ a unique lattice L′ ⊆ K2 with [L′] = s, which satisfies the following conditions:

i) L′ ⊆ L and L′ is maximal w.r.t. this property.

ii) L′ ⊆ L and L′ * πL.

iii) L′ ⊆ L and L/L′ is cyclic.

iv) L′ ⊆ L and L/L′ ∼= O/πnO.

v) L′ ⊆ L and L′/πnL ∼= O/πnO.

Corollary 8. Let L ⊆ K2 be a lattice and let n ∈ Z≥0. The elements of the set,
{s ∈ V (X) | d([L], s) = n} correspond bijectively to the direct factors of L/πnL of rank
1, i.e., to the points on the projective line P(L/πnL) ∼= P1(O/πnO). (cf. definition 38)

Proposition 4. For s, s′ ∈ V (X), if ∃ L,L′ ⊆ K2 and n ∈ Z≥1, with s = [L],
s′ = [L′], πnL ( L′ ( L and πn−1L * L′ * πL, then

d(s, s′) = n.
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Proof. πnL ( L′ ( L

⇒ ‖v‖L ≤ ‖v‖L′ ≤ qn‖v‖L ∀ v ∈ K2

⇒ µ([‖ ‖L], [‖ ‖L′ ]) ≤ n (cf. lemma 14)

Now, πnL ( L′ ( L and πn−1L * L′ * πL

⇒ ∃ a basis (e1, e2) of L such that (e1, π
ne2) is a basis of L′.

(cf. Elementary divisors theorem)

⇒ ‖e1‖L′ = ‖e1‖L = 1

⇒ − logq ( infv∈L\πL ‖v‖L′) ≥ 0

Again, ‖e1‖L = 1 and ‖e2‖L′ = qn.

⇒ logq ( supv∈L\πL ‖v‖L′) ≥ n

⇒ d(s, s′) = n. (cf. lemma 15)

Remark 10. Note that, by remark 9 and lemma 18, we have the equivalence of
proposition 3 and proposition 4.

Lemma 19. Let x = (1− t)s+ ts′ and x′ = (1− t′)s+ t′s′ ∈ XR , where t′ ≥ t.
Then d(x′, x) = t′ − t.

Proof. Let L,L′ ⊆ K2 be lattices such that s = [L], s′ = [L′] and πL ( L′ ( L. By
Elementary divisors theorem, ∃ a basis (e1, e2) of L such that (e1, πe2) is a basis of L′.

⇒ ∀ v = a1e1 + a2e2 ∈ K2,

‖v‖(L,L′, t′) = max {|a1|K , qt
′ |a2|K} and ‖v‖(L,L′, t) = max {|a1|K , qt|a2|K}

Hence, the lemma follows directly from lemma 16, lemma 17 and (1.2).

Corollary 9. Let x = (1− t)s+ ts′ ∈ XR. Then d(s, x) = t and d(s′, x) = 1− t.

Corollary 10. Let x = (1− t)s1 + ts2 ∈ XR. Then

d(x, si) = |i− 1− t|R ∀ i ∈ {1, 2} ,

where, | |R denotes the usual archimedean absolute value on R.
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Proposition 5. For x1, x2 ∈ XR , ∃ s1 , s2 , s
′
1 , s

′
2 ∈ V (X) and t1, t2 ∈ [0, 1

2
]

such that x1 = (1− t1)s1 + t1s2 and x2 = (1− t2)s′1 + t2s
′
2.

i) If σ(x1, x2) ∩ V (X) = ∅,

d(x1, x2) =


|d(x1, si)− d(x2, si)|R ∀ i ∈ {1, 2} if s1 = s′1

|d(x1, si)− d(x2, s3−i)|R ∀ i ∈ {1, 2} otherwise.

In other words,

d(x1, x2) =


∣∣∣|i− 1− t1|R − |i− 1− t2|R

∣∣∣
R
∀ i ∈ {1, 2} if s1 = s′1∣∣∣|i− 1− t1|R − |2− i− t2|R

∣∣∣
R
∀ i ∈ {1, 2} otherwise

ii) If σ(x1, x2) ∩ V (X) 6= ∅,

let {si} = σ(x1, x2)∩{s1, s2} and {s′j} = σ(x1, x2)∩{s′1, s′2} , for some i, j ∈ {1, 2}.
Then

d(x1, x2) = d(x1, si) + d(si, s
′
j) + d(s′j, x2) (1.8)

= # (σ(x1, x2) ∩ V (X)) + |i− 1− t1|R + |j − 1− t2|R − 1 (1.9)

where, | |R denotes the usual archimedean absolute value on R.

Proof. i) Follows directly from lemma 19 and corollary 10.

ii) {si} = σ(x1, x2) ∩ {s1, s2} and {s′j} = σ(x1, x2) ∩ {s′1, s′2} ,
⇒ σ(si, s

′
j) ⊆ σ(x1, x2)

⇒ s3−i, s
′
3−j /∈ σ(si, s

′
j)

⇒ d(s′j, s3−i)− 1 = d(s′j, si) = d(s′3−j, si)− 1 (cf. proposition 3)

and d(s′j, s3−i) + 1 = d(s′3−j, s3−i) = d(s′3−j, si) + 1 (cf. proposition 3)

Now , d(s′j, s3−i) ≤ d(s′j, x1) + d(x1, s3−i) and d(s′j, x1) ≤ d(s′j, si) + d(si, x1)

⇒ d(s′j, s3−i)− d(x1, s3−i) ≤ d(s′j, x1) ≤ d(s′j, si) + d(si, x1)

⇒ d(s′j, si) + 1− d(x1, s3−i) ≤ d(s′j, x1) ≤ d(s′j, si) + d(si, x1)

⇒ d(s′j, si) +d(si, x1) ≤ d(s′j, x1) ≤ d(s′j, si) +d(si, x1) (cf. lemma 18)

⇒ d(s′j, x1) = d(s′j, si) + d(si, x1)
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Again, d(s′3−j, s3−i) ≤ d(s′3−j, x1)+d(x1, s3−i) and d(s′3−j, x1) ≤ d(s′3−j, si)+d(si, x1)

⇒ d(s′3−j, s3−i)− d(x1, s3−i) ≤ d(s′3−j, x1) ≤ d(s′3−j, si) + d(si, x1)

⇒ d(s′3−j, si) + 1− d(x1, s3−i) ≤ d(s′3−j, x1) ≤ d(s′3−j, si) + d(si, x1)

⇒ d(s′3−j, si)+d(si, x1) ≤ d(s′3−j, x1) ≤ d(s′3−j, si)+d(si, x1) (cf. lemma 18)

⇒ d(s′3−j, x1) = d(s′3−j, si) + d(si, x1)

Also, d(x1, x2) ≤ d(x1, s
′
j) + d(s′j, x2) and d(x1, s

′
3−j) ≤ d(x1, x2) + d(x2, s

′
3−j)

⇒ d(x1, s
′
3−j)− d(x2, s

′
3−j) ≤ d(x1, x2) ≤ d(x1, s

′
j) + d(s′j, x2)

⇒ d(s′3−j, si) + d(si, x1)− d(x2, s
′
3−j) ≤ d(x1, x2) ≤ d(x1, si) + d(si, s

′
j) + d(s′j, x2)

⇒ d(si, s
′
j) + 1 + d(si, x1)− d(x2, s

′
3−j) ≤ d(x1, x2) ≤ d(x1, si) + d(si, s

′
j) + d(s′j, x2)

⇒ d(x1, si) + d(si, s
′
j) + d(s′j, x2) ≤ d(x1, x2) ≤ d(x1, si) + d(si, s

′
j) + d(s′j, x2)

(cf. lemma 18)⇒ d(x1, x2) = d(x1, si) + d(si, s
′
j) + d(s′j, x2)

⇒ d(x1, x2) = # (σ(x1, x2) ∩ V (X)) + |i− 1− t1|R + |j − 1− t2|R − 1

(cf. proposition 3 and corollary 10)

Corollary 11. ∀ x1, x2 ∈ XQ , d(x1, x2) ∈ Q.

Corollary 12. Let x1, x2, x3 ∈ XR such that x2 ∈ σ(x1, x3).
Then d(x1, x3) = d(x1, x2) + d(x2, x3).

Remark 11. Note that, both corollary 11 and corollary 12 can also be obtained as
trivial implications of the following corollary.

Corollary 13. The metric d is the same as the canonical archimedean distance metric
on XR , given by the length of σ(x1, x2) ∀ x1, x2 ∈ XR.

Remark 12. At this point, one may ask that why we introduced the metric d through
µ and φ, rather than taking corollary 13 as the definition. The reason is that we need
the knowledge of the relation between the metric on the Bruhat-tits tree and the metric
on the space of norms, which will very useful in the next chapter. So, if we have had
defined the metric d as in corollary 13, we had to work backwards all the propositions
in this section, in order to arrive at definition 13 anyway.
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Chapter 2

The Reduction Map

2.1 The Map and the Image

Definition 16. Two K-linear morphisms, f, g : K2 → C are equivalent, written f ∼ g,
if ∃ c ∈ C∗ such that f = cg.

[f ] := { g | f ∼ g } .

Z := { [f ] | f : K2 → C is an injective K-linear morphism } .

Definition 17. For each ω ∈ Ω, we fix some c, d ∈ C such that ω = [c : d].
The map ρ : Ω→ Z is defined as

ρ(ω) = [f(c,d)] where,

f(c,d)(x, y) = cx+ dy ∀ (x, y) ∈ K2.

Definition 18. For each z ∈ Z, we fix some f : K2 → C such that z = [f ].
The map ρ′ : Z → Ω is defined as

ρ′(z) = [f(1, 0) : f(0, 1)] ∀ z ∈ Z.

Lemma 20. The maps ρ, ρ′ are well-defined.

Proof. Follows directly from the definitions.

Lemma 21. ρ′ ◦ ρ = IdΩ .

Proof. Follows directly from the definitions.

Lemma 22. ρ ◦ ρ′ = IdZ .

Proof. Follows directly from the definitions.

37
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Corollary 14. Ω and Z are naturally isomorphic as sets. �

Definition 19. For each z ∈ Z, we fix some f : K2 → C such that z = [f ].
The map γ : Z → Y is defined as

γ(z) = [‖ ‖f ] ∀ z ∈ Z such that

‖v‖f = |f(v)| ∀ v ∈ K2.

Remark 13. The well-definedness of γ is evident from the definition of Y .

Definition 20. The reduction map, θ : Ω→ XR is defined as

θ := ψ ◦ γ ◦ ρ.

Proposition 6. θ(Ω) = XQ.

Proof. Let x := (1− t)s+ ts′ ∈ XR and let L,L′ ⊆ K2 be two lattices
such that s = [L], s′ = [L′] and πL ( L′ ( L.
⇒ φ(x) = [‖ ‖(L, L′, t)] .

So, we have,
x ∈ θ(Ω) ⇔ ∃ ω′ ∈ Ω such that γ ◦ ρ(ω′) = [‖ ‖(L, L′, t)].

Now, by Elementary divisors theorem, ∃ a basis (e1, e2) of L such that
(e1, πe2) is a basis of L′.
Let ω ∈ Ω and suppose, ρ(ω) = [f ], where f(e2) = c.
Let g := c−1f . (as ρ(ω) ∈ Z, hence c 6= 0)
⇒ ρ(ω) = [g] and g(e2) = 1
⇒ g(e1) ∈ C \K (as g ∈ Z, hence g(e1) /∈ Kg(e2))
Let ζ := g(e1).
⇒ γ ◦ ρ(ω) = [‖ ‖],
where, ‖a1e1 + a2e2‖ := |g(a1e1 + a2e2)| = |ζa1 + a2| ∀ (a1, a2) ∈ K2

Hence,

x = θ(ω) ⇔ ∃ r′ ∈ R>0 such that ‖a1e1 + a2e2‖(L, L′, t) = r′|ζa1 + a2|
⇔ sup {|a1|, qt|a2|} = r′|ζa1 + a2| ∀ (a1, a2) ∈ K2

⇔ sup {|a1|, qt|a2|} = qt|ζa1 + a2| ∀ (a1, a2) ∈ K2

⇔ sup {q−t, |a|} = |ζ + a| ∀ a ∈ K

There are 3 possible cases:
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Case 1. (t = 0)

sup {q−t, |a|} = |ζ + a| ∀ a ∈ K
⇔ |ζ| = 1 and |ζ + a| = 1 ∀ a ∈ O \ πO.

Case 2. (0 < t < 1)

sup {q−t, |a|} = |ζ + a| ∀ a ∈ K
⇔ |ζ| = q−t

Case 3. (t = 1)

sup {q−t, |a|} = |ζ + a| ∀ a ∈ K
⇔ |ζ| = q−1 and |ζ + a| = q−1 ∀ a ∈ πO \ π2O.

Again, ∃ αi, βi ∈ K, such that ei = (αi, βi) ∀ i ∈ {1, 2}

⇒
(
α1 β1

α2 β2

)
∈ GL2(K)

⇒ ∃
(
c1 c2

d1 d2

)
∈ GL2(K) such that

(
α1 β1

α2 β2

)(
c1 c2

d1 d2

)
=

(
1 0
0 1

)
Let c := ζc1 + c2, d := ζd1 + d2 and let h(x, y) := cx+ dy ∀ (x, y) ∈ K2.

⇒ h(a1e1 + a2e2) = h(a1(α1, β1) + a2(α2, β2))

= h(a1α1 + a2α2, a1β1 + a2β2)

= c(a1α1 + a2α2) + d(a1β1 + a2β2)

= (ζc1 + c2)(a1α1 + a2α2) + (ζd1 + d2)(a1β1 + a2β2)

= ζa1 + a2

⇒ h(x, y) = g(x, y) ∀ (x, y) ∈ K2

⇒ ρ(ω) = [h].

⇒ ω = ρ′([h]) = [c : d].

Hence, from case 1, case 2 and case 3, we have,

θ−1(s) = {ω | ω = [c : d] ∈ Ω, where |ζ| = 1 and |ζ + a| = 1 ∀ a ∈ O \ πO} (2.1)

θ−1((1− t)s+ ts′) = {ω | ω = [c : d] ∈ Ω, where |ζ| = q−t} ∀ t ∈ (0, 1) (2.2)

θ−1(s′) = {ω | ω = [c : d] ∈ Ω, where |ζ| = q−1 and |ζ + a| = q−1 ∀ a ∈ πO \ π2O}
(2.3)



40 CHAPTER 2. THE REDUCTION MAP

where, c := ζc1 + c2, d := ζd1 + d2.

Again, x ∈ θ(Ω) ⇔ θ−1(x) 6= ∅.
Now, for a ∈ C and r′ ∈ R, let us denote,
D+(a, r′) := {ξ ∈ C | |ξ − a| ≤ r′} and D−(a, r′) := {ξ ∈ C | |ξ − a| < r′}.
⇒ D+(0, 1) = ∪α∈D+(0,1)D

−(α, 1).

Let k̄ denote the algebraic closure of k and let η : D+(0, 1)→ k̄ denote
the canonical projection modulo D−(0, 1).
Let α, β ∈ D+(0, 1),

⇒
{
D−(α, 1) = D−(β, 1) if η(α) = η(β)
D−(α, 1) ∩D−(β, 1) = ∅ if η(α) 6= η(β)

⇒ D+(0, 1) = tδ∈k̄ D−(α, 1), for some α ∈ η−1(δ)
⇒ ∃ ζ ∈ D+(0, 1)\(tδ∈k D−(α, 1)), for some α ∈ η−1(δ) (as # k <∞ = # k̄)
⇒ |ζ| = 1 and |ζ + a| = 1 ∀ a ∈ O \ πO
⇒ θ−1(x) 6= ∅ ∀ x ∈ V (X).

Again, we have |C| = Q (cf. proposition 5.7.7 of
[14])
⇒ For t ∈ (0, 1) , ∃ ζ ∈ C such that |ζ| = q−t ⇔ t ∈ Q ∩ (0, 1)
⇒ For x = (1− t)s+ ts′, where t ∈ (0, 1), θ−1(x) 6= ∅ ⇔ t ∈ Q ∩ (0, 1)

Therefore, θ(Ω) = XQ.

2.2 The Action of PGL2(K)

Definition 21. (Möbius transformation) For each ω ∈ Ω, we fix some c, d ∈ C such

that ω = [c : d]. Let g :=

(
r1 r2

s1 s2

)
∈ GL2(K). g defines a function from Ω→ Ω,

given by
g(ω) = [r1c+ r2d : s1c+ s2d] .

Lemma 23. ∀ g ∈ GL2(K), the Möbius transformation is well-defined.

Proof. Follows directly from the definition.

Definition 22. Z := {cI | c ∈ K∗} ⊆ GL2(K) and PGL2(K) := GL2(K)/Z.

Definition 23. For each δ ∈ PGL2(K), let us fix some g ∈ GL2(K) such that δ = ḡ.
The action of PGL2(K) on Ω is defined by

δ(ω) := g(ω) ∀ ω ∈ Ω .
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Lemma 24. The action of PGL2(K) on Ω is well-defined.

Proof. For the action of GL2(K) on Ω by Möbius transformation, we have,
Z ⊆ Stabω ∀ ω ∈ Ω
⇒ the action of PGL2(K) on Ω is well-defined.

Definition 24. Let g =

(
r1 r2

s1 s2

)
∈ GL2(K). g defines a function from K2 → K2,

given by

g(x, y) = (x, y)

(
r1 r2

s1 s2

)−1

∀ (x, y) ∈ K2 .

Definition 25. Let g ∈ GL2(K). For any lattice, L = Oe1⊕Oe2 ⊆ K2, the lattice gL
is defined as

gL := Og(e1)⊕Og(e2) .

Lemma 25. ∀ g ∈ GL2(K) and for any lattice L ⊆ K2, gL is well-defined.

Proof. Given any 2 bases (v1, v2) and (w1, w2) of L, we have,

Og(v1)⊕Og(v2) = g(Ov1 ⊕Ov2)

= { g(x, y) | (x, y) ∈ L}
= g(Ow1 ⊕Ow2)

= Og(w1)⊕Og(w2) .

Hence, gL is well-defined.

Lemma 26. GL2(K) permutes the lattices in K2 transitively.

Proof. Let L = Oe1⊕Oe2 and L′ = Ov1⊕Ov2 be two lattices, where e1, e2, v1, v2 ∈ K2.

Let ei = (αi, βi) and vi = (γi, δi) ∀ i ∈ {1, 2}.

⇒
(
α1 β1

α2 β2

)
and

(
γ1 δ1

γ2 δ2

)
∈ GL2(K).

Let g :=

(
γ1 δ1

γ2 δ2

)−1(
α1 β1

α2 β2

)
Then gL = L′.

Lemma 27. Let g ∈ GL2(K). If L,L′ ⊆ K2 are lattices, such that L′ ( L, then,
gL′ ( gL.

Proof. Otherwise, we have, gL′ = gL
⇒ L′ = g−1(gL′) = g−1(gL) = L.
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Definition 26. For each {s, s′} ∈ E(X), let us fix some lattices L,L′ ⊆ K2 such that
s = [L], s′ = [L′] and πL ( L′ ( L. Let g ∈ GL2(K). g defines a function from
XR → XR , given by

g((1− t)s+ ts′) := (1− t)[gL] + t[gL′] ∀ ((1− t)s+ ts′) ∈ XR

Lemma 28. The action of GL2(K) on XR is well-defined.

Proof. Follows directly from lemma 25, lemma 27 and definition 2.

Definition 27. For each δ ∈ PGL2(K), let us fix some g ∈ GL2(K) such that δ = ḡ.
The action of PGL2(K) on XR is defined by

δ(x) := g(x) ∀ x ∈ XR .

Lemma 29. The action of PGL2(K) on XR is well-defined.

Proof. For the action of GL2(K) on XR , we have,
Z ⊆ Stabx ∀ x ∈ XR
⇒ the action of PGL2(K) on XR is well-defined.

Lemma 30. PGL2(K) acts on V (X) transitively.

Proof. Follows directly from definition 25, definition 26 and lemma 26.

Lemma 31. PGL2(K) acts on E(X) transitively.

Proof. Let, L1, L
′
1 and L2, L

′
2 be lattices in K2 such that

{[L1], [L′1]} and {[L2], [L′2]} ∈ E(X).
⇒ ∃ e1, e2, v1, v2 ∈ K2 such that L1 = Oe1 ⊕Oe2, L′1 = Oe1 ⊕Oπe2

and L2 = Ov1 ⊕Ov2, L′2 = Ov1 ⊕Oπv2. (cf. Elementary divisors theorem)
∃ g ∈ GL2(K) such that g(e1) = v1 and g(e2) = v2 (cf. the proof of lemma 26)
⇒ g({[L1], [L′1]}) = {[L2], [L′2]}.

Definition 28. For each y ∈ Y , let us fix some ‖ ‖y such that y = [‖ ‖y]. Let

g =

(
r1 r2

s1 s2

)
∈ GL2(K). g defines a function from Y → Y , given by, g(y) := [‖ ‖g(y)],

where,

‖(x1, x2)‖g(y) := ‖g−1(x1, x2)‖y =

∥∥∥∥(x1, x2)

(
r1 r2

s1 s2

)∥∥∥∥
y

∀ (x1, x2) ∈ K2.
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Definition 29. For each δ ∈ PGL2(K), let us fix some g ∈ GL2(K) such that δ = ḡ.
The action of PGL2(K) on Y is defined by

δ(y) := g(y) ∀ y ∈ Y .

Lemma 32. The action of PGL2(K) on Y is well-defined.

Proof. Follows directly from the definitions.

Lemma 33. δ(γ ◦ ρ(ω)) = γ ◦ ρ(δ(ω)) ∀ ω ∈ Ω, where, δ ∈ PGL2(K).

Proof. Let g =

(
r1 r2

s1 s2

)
∈ GL2(K) be such that δ = ḡ and let ω = [c : d].

⇒ g(ω) = [r1c+ r2d : s1c+ s2d]
⇒ γ ◦ ρ(g(ω)) = [‖ ‖], where,

‖(x, y)‖ = |(r1c+ r2d)x+ (s1c+ s2d)y| ∀ (x, y) ∈ K2

=

∣∣∣∣(x, y)

(
r1 r2

s1 s2

)(
c
d

)∣∣∣∣
=

∥∥∥∥(x, y)

(
r1 r2

s1 s2

)∥∥∥∥
(γ◦ρ(ω))

⇒ g(γ ◦ ρ(ω)) = γ ◦ ρ(g(ω))
⇒ δ(γ ◦ ρ(ω)) = γ ◦ ρ(δ(ω)).

Lemma 34. ψ(δ(y)) = δ(ψ(y)) ∀ y ∈ Y , where, δ ∈ PGL2(K).

Proof. Let g =

(
r1 r2

s1 s2

)
∈ GL2(K) be such that δ = ḡ and let

x = (1− t)[L] + t[L′] ∈ XR, where, L,L′ ⊆ K2 are lattices such that πL ( L′ ( L.

Now, for any lattice L1 ⊆ K2, we have,
∀ v ∈ K2,

‖v‖gL1 = max
n∈Z
{qn | π−nv ∈ gL1}

= max
n∈Z
{qn | g−1(π−nv) ∈ L1}

= max
n∈Z
{qn | π−nv

(
r1 r2

s1 s2

)
∈ L1}

=

∥∥∥∥v(r1 r2

s1 s2

)∥∥∥∥
L1

= ‖g−1(v)‖L1
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Again, φ(δ(x)) = [‖ ‖(gL,gL′,t)], where, ∀ v ∈ K2,

‖v‖(gL,gL′, t) =


‖v‖gL if ‖v‖gL = ‖v‖gL′

qt‖v‖gL if ‖v‖gL 6= ‖v‖gL′

⇒ ‖v‖(gL,gL′, t) =


‖g−1(v)‖L if ‖g−1(v)‖L = ‖g−1(v)‖L′

qt‖g−1(v)‖L if ‖g−1(v)‖L 6= ‖g−1(v)‖L′

⇒ ‖v‖(gL,gL′, t) = ‖g−1(v)‖(L,L′,t)

⇒ φ(δ(x)) = δ(φ(x)) ∀ x ∈ XR (cf. definition 26)

⇒ ψ(δ(y)) = δ(ψ(y)) ∀ y ∈ Y (cf. proposition 2).

Lemma 35. Let δ ∈ PGL2(K). Then θ(δ(ω)) = δ(θ(ω)) ∀ ω ∈ Ω.

Proof.

θ(δ(ω)) = ψ ◦ γ ◦ ρ(δ(ω))

= ψ(δ(γ ◦ ρ(ω))) (cf. lemma 27)

= δ(ψ ◦ γ ◦ ρ(ω)) (cf. lemma 28)

= δ(θ(ω)).

Lemma 36. Let δ ∈ PGL2(K). Then µ(y1, y2) = µ(δ(y1), δ(y2)) ∀ y1, y2 ∈ Y.

Proof. Let g ∈ GL2(K) be such that δ = ḡ.

⇒ g−1 ∈ GL2(K)

⇒ g−1 : K2 → K2 is an isomorphism.
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Hence, we have,

µ(y1, y2) = logq

(
sup
v∈K2\{(0,0)}

‖v‖y1

‖v‖y2

)
+ logq

(
sup
v∈K2\{(0,0)}

‖v‖y2

‖v‖y1

)

= logq

(
sup

g−1(v)∈K2\{(0,0)}

‖g−1(v)‖y1

‖g−1(v)‖y2

)
+ logq

(
sup

g−1(v)∈K2\{(0,0)}

‖g−1(v)‖y2

‖g−1(v)‖y1

)

= µ(g(y1), g(y2))

= µ(δ(y1), δ(y2))

Corollary 15. Let δ ∈ PGL2(K). Then d(x1, x2) = d(δ(x1), δ(x2)) ∀ x1, x2 ∈ XR.

2.3 The Fibers of the Map

Definition 30. ∞C denotes a symbol satisfying the following formal identities :

i) c+∞C = ∞C ∀ c ∈ C .

ii) c.∞C = ∞C ∀ c ∈ C∗.
iii) c/∞C = 0 ∀ c ∈ C∗.

Definition 31. The map η : P1(C)→ C ∪ {∞C} is defined as

η([c : d]) :=


c
d

if d 6= 0.

∞C if d = 0.

Lemma 37. η(Ω) = C \K.

Proof. Follows directly from the definition of Ω.

Definition 32. ∀ u = [c : d] ∈ P1(C), where, c, d ∈ C,

u′ := [d : c] .

Remark 14. Note that, ∀ u ∈ P1(C) \ {[1 : 0] , [0 : 1]}, we have,

u = [η(u) : 1] = [1 : η(u′)] .
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Convention. We extend the norm | | : C → R to | | : C ∪ {∞C} → R ∪ {∞}
by defining |∞C | :=∞ .

Lemma 38. min {|η(u)|, |η(u′)|} ≤ 1 ∀ u ∈ P1(C) .

Proof. Since, from the definitions, we have,

|η(u′)| =


0 if u =∞C .

1
|η(u)| if u 6=∞C .

Definition 33. ν : C → R≥0 is defined as

ν(c) := inf
b∈K
|c− b| ∀ c ∈ C .

Remark 15. Note that, ν(c) is just the distance from c ∈ C to K ↪→ C .

Lemma 39. ν(c) =


|c| if |c| /∈ |K|

infb∈K, |b|=|c| |c− b| if |c| ∈ |K|

Proof. Follows directly from the definition.

Definition 34. τ := ν ◦ η|
Ω

.

Definition 35. Λ := O(1, 0)⊕O(0, 1) and x := [Λ].

Lemma 40. d(x, θ(ω)) = d(x, θ(ω′)) ∀ ω ∈ Ω.

Proof. Follows directly from lemma 15 and the definitions of x and θ.

Proposition 7. ∀ ω ∈ Ω,

d(x, θ(ω)) =


− logq τ(ω) if |η(ω)| ≤ 1 .

− logq τ(ω′) if |η(ω′)| ≤ 1 .
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Proof.
Case 1. (|η(ω)| ≤ 1)

⇒ |η(ω)x+ y| ≤ max {|η(ω)| |x| , |y|} ≤ 1 ∀ (x, y) ∈ Λ \ πΛ.

Also, (x, y) ∈ Λ \ πΛ ⇒ max {|x|, |y|} = 1.

If |x| < 1, then, we have, |y| = 1 and hence, |η(ω)x+ y| = 1

⇒ sup(x,y)∈Λ\πΛ |η(ω)x+ y| = 1 and

inf
(x,y)∈Λ\πΛ

|η(ω)x+ y| = inf
y∈O
|η(ω) + y|

= inf
y∈K
|η(ω) + y| ( as |η(ω)| ≤ 1)

= ν ◦ η(ω)

= τ(ω)

⇒ d(x, θ(ω)) = − logq τ(ω) (cf. lemma 15)

Case 2. (|η(ω′)| ≤ 1)

Follows directly from Case 1 and lemma 39.

Remark 16. Since any other s ∈ V (X) is x upto the action of PGL2(K), θ is
PGL2(K)−equivariant and d is PGL2(K)−invariant by lemma 30, lemma 34 and
corollary 15 respectively, hence from proposition 7 we obtain d(s, θ(ω)) ∀ s ∈ V (X)
and ∀ ω ∈ Ω.

Corollary 16. Let, s ∈ V (X) and let δ ∈ PGL2(K) be such that δ(s) = x.
Then ∀ ω ∈ Ω,

d(s, θ(ω)) =


− logq τ(δ−1(ω)) if |η(δ−1(ω))| ≤ 1 .

− logq τ((δ−1(ω))′) if |η((δ−1(ω))′)| ≤ 1 .

Definition 36. ∀ x ∈ XR, and ∀ a ∈ R≥0,

B(x, a) := {y ∈ XR | d(x, y) ≤ a}.

Definition 37. ∀ u ∈ P1(C) and ∀ a ∈ R>0, the open balls in P1(C) are defined as

B(u, a) :=


{ ξ ∈ P1(C) | |η(ξ)− η(u)| < a } if u 6= [1 : 0].

{ ξ ∈ P1(C) | |η(ξ)| > 1
a
} if u = [1 : 0].
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and the closed balls in P1(C) are defined as

B+(u, a) :=


{ ξ ∈ P1(C) | |η(ξ)− η(u)| ≤ a } if u 6= [1 : 0].

{ ξ ∈ P1(C) | |η(ξ)| ≥ 1
a
} if u = [1 : 0].

Definition 38. A connected affinoid subset of P1(C) is the complement of a non-empty
finite union of open balls.

Definition 39. α, β, µλ ∈ PGL2(K) are defined as

α :=

(
0 1
1 0

)
, β :=

(
1 1
0 1

)
and µλ :=

(
λ 0
0 1

)
∀ λ ∈ K∗.

Lemma 41. Let a ∈ R(0,1], u1 ∈ P1(C) and δ ∈ PGL2(K).

Then δ(B(u1, a)) = B(u2, b) for some u2 ∈ P1(C) and b ∈ R>0.
Moreover, we have, either u2 = δ(u1) or u2 = [1 : 0].

Proof. It is enough to consider δ(B0(u, a)), where δ is a generator of PGL2(K).
And we have, PGL2(K) = 〈α, β, {µλ}λ∈K∗〉. (cf. section 2 of chapter 1 of [1])

Now, there are two possible cases:

Case 1. (u 6= [1 : 0])

For δ = β, we have,
β(B(u, a)) = { β(ξ) ∈ P1(C) | |η(ξ)− η(u)| < a }
⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(β−1(ξ))− η(u)| < a }
⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)− 1− η(u)| < a }
⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)− η(β(u))| < a }
⇔ β(B(u, a)) = B(β(u), a)

For δ = µλ, we have,
µλ(B(u, a)) = { (µλ(ξ) ∈ P1(C) | |η(ξ)− η(u)| < a }
⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(µ−1

λ (ξ))− η(u)| < a }
⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(µλ−1(ξ))− η(u)| < a }
⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |λ−1η(ξ)− η(u)| < a }
⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)− (η(µλ(u))| < |λ|a }
⇔ µλ(B(u, a)) = B(µλ(u), |λ|a)

For δ = α, we have,
α(B(u, a)) = { α(ξ) ∈ P1(C) | |η(ξ)− η(u)| < a }
⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(α−1(ξ))− η(u)| < a }
⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ′)− η(u)| < a }

Now, there are two possible cases:
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Subcase 1. (|η(u)| < a or |η(u)| = 0)

⇒ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ′)| < a } (by ultrametric inequality)
⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)| > 1

a
}

⇔ α(B(u, a)) = B([1 : 0], a)

Subcase 2. (|η(u)| ≥ a and |η(u)| 6= 0)

⇒ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ′)− η(u)| < a and |η(ξ′)| = |η(u)| }
(by ultrametric inequality)

⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ′)−η(u)|
|η(ξ′)||η(u)| <

a
|η(u)|2 }

⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)− η(u′)| < a
|η(u)|2}

⇔ α(B(u, a)) = B(α(u), a
|η(u)|2 ).

Case 2. (u = [1 : 0])
For δ = α, we have,
α(B(u, a)) = { α(ξ) ∈ P1(C) | |η(ξ)| > 1

a
}

⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(α−1(ξ))| > 1
a
}

⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ′)| > 1
a
}

⇔ α(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)| < a }
⇔ α(B(u, a)) = B([0 : 1], a)

For δ = µλ, we have,
µλ(B(u, a)) = { (µλ(ξ) ∈ P1(C) | |η(ξ)| > 1

a
}

⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(µ−1
λ (ξ))| > 1

a
}

⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(µλ−1(ξ))| > 1
a
}

⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |λ−1η(ξ)| > 1
a
}

⇔ µλ(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)| > 1
|λ|a }

⇔ µλ(B(u, a)) = B(u, |λ|a)

For δ = β, we have,
β(B(u, a)) = { β(ξ) ∈ P1(C) | |η(ξ)| > 1

a
}

⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(β−1ξ)| > 1
a
}

⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)− 1| > 1
a
}

⇔ β(B(u, a)) = { ξ ∈ P1(C) | |η(ξ)| > 1
a
}

(by ultrametric inequality, as a ≤ 1)
⇔ β(B(u, a)) = B(u, a).

Remark 17. If we wish to consider also the open balls of radius > 1 in the previous
lemma, then to make sure that the open balls centred at [1 : 0] remain in the set of
open balls on P1(C) after the action of any element of PGL2(K), it is necessary also to
include the sets {ξ ∈ P1(C) | |ξ−ζ| > b} ∀ ζ ∈ P1(C)\{[1 : 0]} and ∀ b ∈ {qs | s ∈ Q}
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in the definition of open balls centred at [1 : 0].
And if we wish to prove a similar lemma for closed balls B+(u, a), where a ≤ 1, it is
necessary to include at least the sets {ξ ∈ P1(C) | |ξ− 1| ≥ b} ∀ b ∈ {qs | s ∈ Q≥0} in
the definition of such closed balls centred at [1 : 0]. (cf. section 2.1 of [9])

Corollary 17. Let a1, a2 ∈ R(0,1], u ∈ P1(C) and δ ∈ PGL2(K).

Then
radius of δ(B(u, a1))

radius of δ(B(u, a2))
=
a1

a2

.

Definition 40. ∀ n ∈ Z≥0, Let n : O → (O/πn+1O) denote the canonical projection.
We fix a sequence of injective set-morphisms ın : (O/πn+1O)→ O such that

i) ın is a section of n, i.e. n ◦ ın = id(O/πn+1O).
ii) ın(0̄) = 0.

Below, we recall the definition of P1 of a ring:

Definition 41. Let R be a ring with identity. Two pairs (a, b) and (c, d) ∈ R×R are
equivalent, written (a, b) ∼R (c, d) if ∃ λ ∈ R∗ such that (a, b) = (λc, λd).

[a : b] := {(c, d) | (a, b) ∼R (c, d)} .
R1 := {[a : 1] | a ∈ R} .
R2 := {[1 : a] | a ∈ R} .

P1(R) := R1 ∪R2 .

Lemma 42. ∀ a ∈ O ,
i){(c, d) ∈ O ×O | (a, 1) ∼O (c, d)} = {(c, d) ∈ C × C | (a, 1) ∼C (c, d)}.
ii){(c, d) ∈ O ×O | (1, a) ∼O (c, d)} = {(c, d) ∈ C × C | (1, a) ∼C (c, d)}.

Proof. Follows directly from the definition.

Corollary 18. P1(O) ↪→ P1(C).

Definition 42. rn : P1(O)→ P1(O/πn+1O) is defined as

rn([a : 1]) = [n(a) : 1] ∀ a ∈ O.
rn([1 : a]) = [1 : n(a)] ∀ a ∈ O.
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Definition 43. sn : P1(O/πn+1O)→ P1(O) ↪→ P1(C) is defined as

sn([b : 1]) = [ın(b) : 1] ∀ b ∈ O/πn+1O.
sn([1 : b]) = [1 : ın(b)] ∀ b ∈ O/πn+1O.

Remark 18. Note that, n ◦ ın = id (O/πn+1O) ⇒ rn ◦ sn = id P1(O/πn+1O) .

Definition 44.
i) Λ′ := [O(1, 0)⊕O(0, π)] and y := [Λ′].
ii) e := {(1− t)x + ty | t ∈ [0, 1]}
ii) e′ := {(1− t)x + ty | t ∈ (0, 1)}

Lemma 43.
i) θ−1(x) = P1(C) \

(
tξ∈P1(O/πO) B(sn(ξ), 1)

)
.

ii) θ−1(y) = P1(C) \
((
tξ∈{z∈P1(O/π2O) | |η(sn(z))| ≤ q−1} B(sn(ξ), q−1)

)
tB([1 : 0], q)

)
.

iii) θ−1(e′) = P1(C) \ (B+([0 : 1], q−1) tB+([1 : 0], 1)) .

iv) θ−1(e) = P1(C) \((
tξ∈P1(O/πO)\{[0̄:1̄]}B(sn(ξ), 1)

)
t
(
tξ∈{z∈P1(O/π2O) | |η(sn(z))| ≤ q−1}B(sn(ξ), q−1)

))
.

Proof. All the assertions follow directly from (2.1), (2.2) and (2.3).

Proposition 8. Let TR be the geometric realization of a finite subtree T of X.
Then θ−1(TR) = complement of a finite number of disjoint open balls in P1(C) each of
which contains an element of P1(K).

To prove this proposition, we need the following lemmas:

Lemma 44. Let B1 and B2 be two open balls in P1(C). Then,

i)B1 ∩B2 6= ∅.
ii)Bi * B3−i ∀ i ∈ {1, 2}.

⇔ ∃ a, b ∈ R>0 such that

i′) ab > 1.

ii′) {B1, B2} = {B([0 : 1], a), B([1 : 0], b)}

Proof. (⇒)
As the norm that we have used to define the open balls in P1(C) is the non-

archimedean norm on C, hence for u1, u2 ∈ P1(C) \ {[1 : 0]} and a1, a2 ∈ R>0, we
have, B(u1, a1) ∩B(u2, a2) 6= ∅ iff one of the balls is contained in the other.
(cf. proposition 2.3.6 of [14])
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⇒ ∃ j ∈ {1, 2} and b ∈ R>0 such that Bj = {[1 : 0], b}
(since, B1 and B2 satisfy (i) and (ii) simultaneously)
⇒ [1 : 0] /∈ B3−j.

As the open balls in P1(C) have been defined using the non-archimedean norm on
C, hence, except the balls containing [1 : 0], which have their fixed centres at [1 : 0],
any other ball can be taken as a ball centred at any of its point. (cf. proposition 2.3.6(i)
of [14])

Suppose, [0 : 1] /∈ B3−j.
Now, B3−j * Bj

⇒ B3−j ∩ ( P1(C) \Bj) 6= ∅
⇔ B3−j ∩B+([0 : 1], 1

b
) 6= ∅

⇔ B3−j ( B+([0 : 1], 1
b
) (since, [0 : 1] /∈ B3−j, cf. proposition 2.3.6 of [14])

⇔ B3−j ∩Bj = B3−j ∩B([1 : 0], b) = ∅
⇔ B1 ∩B2 = ∅, which contradicts (i).

Hence, ∃ a such that B3−j = B([0 : 1], a).
Now, ab ≤ 1
⇒ B([0 : 1], a) ⊆ B([0 : 1], 1

b
) ⊆ B+([0 : 1], 1

b
)

⇔ B([0 : 1], a) ∩B([1 : 0], b) = ∅, which contradicts (i).

Hence, ab > 1.

(⇐)
a, b ∈ R>0

⇒ [0 : 1] /∈ B([1 : 0], b) and [1 : 0] /∈ B([0 : 1], a)
⇒ Bi * B3−i ∀ i ∈ {1, 2}.

Again, ab > 1
⇔ (1

b
, a) ∩Q 6= ∅

⇔ {c ∈ C | 1
b
< |c| < a} 6= ∅ ( since |C| = Q, cf. proposition 5.7.7 of [14])

⇔ B1 ∩B2 = B([0 : 1], a) ∩B([1 : 0], b) = {[c : 1] ∈ P1(C) | 1
b
< |c| < a} 6= ∅

Lemma 45. Let T1 and T2 be two subsets of XR such that

i) T1 ∩ T2 ∩XQ 6= ∅.
ii) θ−1(Ti) is the complement of a finite number of disjoint open balls in P1(C),

each of which contains a point of P1(K) ∀ i ∈ {1, 2}.

Then, θ−1(T1 ∪ T2) is also the complement of a finite number of disjoint open balls in
P1(C), each of which contains a point of P1(K).
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Proof. As θ was defined from Ω = P1(C) \ P1(K) to XR, hence P1(K) is contained in
the complement of the pre-image of any subset of XR,

Suppose if possible, ∃ i ∈ {1, 2} such that the open ball containing [0 : 1] in
(P1(C) \ θ−1(Ti)) and the open ball containing [1 : 0] in (P1(C) \ θ−1(T3−i)) intersects.
Let, B1 and B2 denote these balls respectively. Now, ∃ a, b ∈ R>0 such that
B1 = B([0 : 1], a) and B2 = B([1 : 0], b).

Hence, we have,
i){ω ∈ P1(C) | |η(ω)| ≤ 1

b
} = B1 \B2

ii){ω ∈ P1(C) | 1
b
< |η(ω)| < a} = B1 ∩B2

iii){ω ∈ P1(C) | |η(ω)| ≥ a} = B2 \B1

⇒ B1 ∪B2 = P1(C).

Let, Ui := the union of the disjoint open balls in the complement of Ti in
P1(C) ∀ i ∈ {1, 2}.
⇒ Bi ⊆ Ui ∀ i ∈ {1, 2}.
⇒ P1(C) = B1 ∪B2 ⊆ U1 ∪ U2 ⊆ P1(C)
⇒ U1 ∪ U2 = P1(C)

Now,

θ−1(T1 ∩ T2) = θ−1(T1) ∩ θ−1(T2)

= (P1(C) \ U1) ∩ (P1(C) \ U2)

= P1(C) \ (U1 ∪ U2)

= ∅

But T1 ∩ T2 ∩XQ 6= ∅
⇒ θ−1(T1 ∩ T2) 6= ∅ (since θ(Ω) = XQ)
Thus, we get a contradiction.
Hence, the open ball containing [0 : 1] in (P1(C) \ θ−1(Ti)) and the open ball
containing [1 : 0] in (P1(C) \ θ−1(T3−i)) does not intersect.
Therefore, by lemma 44, two open balls, which are in the complements of θ−1(T1)

and θ−1(T2) in P1(C) respectively, intersects if and only if one of the balls is a subset
of the other.
⇒ θ−1(T1 ∪ T2) = P1(C) \ (U1 ∩ U2)=the complement of a finite number of disjoint

open balls in P1(C), each of which contains an element of P1(K).
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Proof of the proposition. Let εR ⊆ TR be the geometric realization of an edge ε ∈ E(T ).
Then by lemma 31, ∃ δ ∈ PGL2(K) such that δ(e) = εR. Hence, by lemma 35, lemma
43(iv) and lemma 41, we get, θ−1(εR) = the complement of a finite number of disjoint
open balls in P1(C), each of which contains an element of P1(K).

Since T is a finite subtree, hence ∃ an ordering of the edges of T such that
E(T ) = {ε1, . . . , εn} and εi ∩ εi+1 6= ∅ ∀ i ∈ Z[1,n].

Let, T1j := ∪ji=1 εiR ∀ j ∈ Z[1,n] and T2j := εj+1R ∀ j ∈ Z[1,n−1].
⇒ T1j ∩ T2j ∩XQ 6= ∅ and T1j+1 = T1j ∪ T2j ∀ j ∈ Z[1,n−1].

Hence, applying lemma 45 for j = 1, . . . , n− 1 successively, we get,

θ−1(TR) = θ−1(T1n) = the complement of a finite number of disjoint open balls in P1(C),

each of which contains an element of P1(K). �

Proposition 9. Let n ∈ Z≥0 and let a ∈ [n, n+ 1). Then

θ−1(B(x, a)) = P1(C) \

( ⊔
ξ∈P1(O/πn+1O)

B(sn(ξ) , rξ)

)

where,

rξ :=


|η(sn(ξ))|2q−a if 1 ≤ |η(sn(ξ))| <∞

q−a otherwise.

To prove this proposition, we need the following lemmas.

Lemma 46. Let n ∈ Z≥0 and let a ∈ [n, n+ 1).
For ξ1, ξ2 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≤ 1}, with ξ1 6= ξ2 ,

B(sn(ξ1), q−a) ∩B(sn(ξ2), q−a) = ∅.

Proof. Let ω ∈ B(sn(ξ1), q−a) for some ξ1 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≤ 1}.
Since, |η(sn(ξ1))| ≤ 1, hence ξ1 = [α1 : 1] for some α1 ∈ O/πn+1O
Let ın(α1) = β1.

Now, ω ∈ B(sn(ξ1), q−a)
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⇔ ω ∈ B([β1 : 1], q−a)

⇔ |η(ω)− β1| < q−a

Suppose, if possible ω ∈ B(sn(ξ2), q−a) for some ξ2 6= ξ1, where
ξ2 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≤ 1}.

⇒ ξ2 = [α2 : 1] for some α2 ∈ O/πn+1O.

Let ın(α2) = β2.

Now, ξ1 6= ξ2 ⇔ α1 6= α2 ⇔ n(β1) 6= n(β2)

⇔ β1 ≡/ β2 ( mod πn+1O)

⇔ |β1 − β2| > q−(n+1)

⇔ |β1 − β2| ≥ q−n > q−a (as (β1 − β2) ∈ K)

⇒ |η(ω)− β2| = |β1 − β2| > q−a (by ultrametric inequality)

⇒ η(ω) /∈ B(sn(ξ2), q−a)

Thus, we get a contradiction.

Lemma 47. Let n ∈ Z≥0 and let a ∈ [n, n+ 1).
For ξ1, ξ2 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≥ 1}, with ξ1 6= ξ2 ,

B(sn(ξ1), rξ1) ∩B(sn(ξ2), rξ2) = ∅

where,

rξ :=


|η(sn(ξ))|2q−a if 1 ≤ |η(sn(ξ))| <∞

q−a otherwise.

Proof. ∀ ξ ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≥ 1},
we have, B(sn(ξ), rξ) = α(B((sn(ξ))′, q−a). (cf. lemma 41)
⇒ B(sn(ξ), rξ) = α−1(B((sn(ξ))′, q−a). (as α = α−1)

Suppose, if possible, ∃ ω ∈ P1(C) and
ξ1, ξ2 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≥ 1}, with ξ1 6= ξ2 , such that
ω ∈ B(sn(ξ1), rξ1) ∩B(sn(ξ2), rξ2).
⇒ α(ω) ∈ α(B(sn(ξ1), rξ1) ∩B(sn(ξ2), rξ2))
⇒ α(ω) ∈ B((sn(ξ1))′, q−a) ∩B((sn(ξ2))′, q−a)

Now, ξ1, ξ2 ∈ {z ∈ P1(O/πn+1O) | |η(sn(z))| ≥ 1},
⇒ ξ1 = [1 : α1] and ξ1 = [1 : α2] for some α1, α2 ∈ O/πn+1O.
Let, ξ′1 := [α1 : 1] and ξ′2 := [α2 : 1].
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Then (sn(ξi))
′ = sn(ξ′i) and |η(sn(ξ′i))| ≤ 1 ∀ i ∈ {1, 2}.

Again, ξ1 6= ξ2

⇒ ξ′1 6= ξ′2.

Therefore, as α(ω) ∈ B((sn(ξ1))′, q−a) ∩B((sn(ξ2))′, q−a) ,
we get a contadiction from lemma 46.

Lemma 48. Let, ξ1, ξ2 ∈ P1(O/πn+1O) be such that |η(sn(ξ1))| < 1 and |η(sn(ξ2))| > 1.
Then

B(sn(ξ1), q−a) ∩B(sn(ξ2), rξ2) = ∅.

where,

rξ2 :=


|η(sn(ξ2))|2q−a if 1 ≤ |η(sn(ξ2))| <∞

q−a otherwise.

Proof. Suppose, if possible, ∃ ω ∈ P1(C) and ξ1, ξ2 ∈ P1(O/πn+1O) such that
ω ∈ B(sn(ξ1), q−a) ∩B(sn(ξ2), rξ2) where, |η(sn(ξ1))| < 1 and |η(sn(ξ2))| > 1.

|η(sn(ξ1))| < 1
⇒ ∃ β1 ∈ (O \ πn+1O) ∪ {0} such that sn(ξ1) = [β1 : 1]
⇒ |β1| < 1.

Now, ω ∈ B(sn(ξ1), q−a)
⇔ |η(ω)− β1| < q−a ≤ 1
⇒ |η(ω)| ≤ max {|η(ω)− β1|, |β1|} < 1.

We consider two possible cases for ξ2 :

Case 1. (sn(ξ2) = [1 : 0])

Then rξ2 = q−a

Now, ω ∈ B(sn(ξ1), q−a)
⇔ |η(ω)| > qa ≥ 1

Case 2. (sn(ξ2) 6= [1 : 0])

⇒ ∃ β2 ∈ (O \ πn+1O) such that sn(ξ1) = [1 : β2]

⇒ q−n ≤ |β2| < 1 and rξ2 = q−a

|β2|2

Now, ω ∈ B
(
sn(ξ1), q

−a

|β2|2

)
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⇔ |η(ω)− 1
β2
| < q−a

|β2|2

Also, a ∈ [n, n+ 1)
⇔ q−a ≤ q−n

⇒ q−a ≤ |β2| (since q−n ≤ |β2|)
⇔ q−a

|β2|2 ≤
1
|β2| .

Hence, |η(ω)− 1
β2
| < 1

|β2|
⇒ |η(ω)| = 1

|β2| > 1 (by ultrametrc inequality)
Thus, both of the cases lead to contradictions.

Lemma 49. Let n ∈ Z≥0 and let a ∈ [n, n+ 1).
For ξ1, ξ2 ∈ P1(O/πn+1O), with ξ1 6= ξ2 ,

B(sn(ξ1), rξ1) ∩B(sn(ξ2), rξ2) = ∅

where,

rξ :=


|η(sn(ξ))|2q−a if 1 ≤ |η(sn(ξ))| <∞

q−a otherwise.

Proof. Follows directly from lemma 46, lemma 47 and lemma 48.

Lemma 50. Let n ∈ Z≥0, a ∈ [n, n+ 1) and let c ∈ C be such that |c| ≤ 1.
Then

ν(c) < q−a ⇔ [c : 1] ∈ tξ∈ {z∈P1(O/πn+1O) | |sn(z)|≤1}B(sn(ξ) , q−a) .

Proof. ν(c) < q−a

⇔ b ∈ K be such that |c− b| < q−a.

Now, |c| ≤ 1

⇒ b ∈ O (as otherwise, |c− b| = |b| > 1 ≥ q−a)

Let ` := n(b)

Then |c− b| < q−a

⇔ |c− ın(`)| < q−a (by ultrametric inequality, as |b− ın(`)| < q−(n+1) < q−a)

⇔ |η([c : 1])− η([ın(`) : 1]| < q−a.

⇔ |η([c : 1])− η(sn([` : 1]))| < q−a.

⇔ [c : 1] ∈ B(sn([` : 1]), q−a)
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Lemma 51. Let n ∈ Z≥0, a ∈ [n, n+ 1) and let c ∈ C be such that |c| ≤ 1.
Then

ν(c) < q−a ⇔ [1 : c] ∈ tξ∈ {z∈P1(O/πn+1O) | |η(sn(z))|≥1}B(sn(ξ) , rξ) .

where,

rξ :=


|η(sn(ξ))|2q−a if 1 ≤ |η(sn(ξ))| <∞

q−a otherwise.

Proof. From lemma 50 , we have,

ν(c) < q−a ⇔ [c : 1] ∈ tξ∈ {z∈P1(O/πn+1O) | |η(sn(z))|≤1}B(sn(ξ) , q−a) .

Now, there are two possible cases:

Case 1. ([c : 1] ∈ B([0 : 1], q−a)

Then [1 : c] = α([c : 1]) ∈ α(B([0 : 1], q−a)) = B([1 : 0], q−a) (cf. lemma 41)

Case 2. ([c : 1] ∈ B([ın(`) : 1], q−a) for some ` ∈ (O/πn+1O) \ {0̄})

Then ın(`) ∈ O \ πn+1O
⇒ |ın(`)| ≥ q−n ≥ q−a

⇒ [1 : c] = α([c : 1]) ∈ α(B([ın(`) : 1], q−a)) = B
(

[1 : ın(`)], q−a

|ın(`)|2

)
(cf. lemma 41)

⇒ [1 : c] ∈ B (sn([1 : `]) , |η(sn([1 : `]))|2q−a)

Proof of the proposition. Let ω ∈ Ω.

Now, ω ∈ θ−1(B(x, a))

⇔ θ(ω) ∈ B(x, a)

⇔ d(x, θ(ω) ≤ a

⇔


− logq τ(ω) ≤ a if |η(ω)| ≤ 1

− logq τ(ω′) ≤ a if |η(ω′)| ≤ 1
(cf. proposition 7)
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⇔


− logq(ν ◦ η(ω)) ≤ a if |η(ω)| ≤ 1

− logq(ν ◦ η(ω′)) ≤ a if |η(ω′)| ≤ 1

⇔


ν ◦ η(ω) ≥ q−a if |η(ω)| ≤ 1

ν ◦ η(ω′) ≥ q−a if |η(ω′)| ≤ 1

⇔


ω ∈ P1(C) \

(
tξ∈ {z∈P1(O/πn+1O) | |η(sn(z))|≤1} B(sn(ξ) , q−a)

)
if |η(ω)| ≤ 1

ω ∈ P1(C) \
(
tξ∈ {z∈P1(O/πn+1O) | |η(sn(z))|≥1} B(sn(ξ) , rξ)

)
if |η(ω′)| ≤ 1

(cf. lemma 50 and lemma 51 and remark 14)

⇔ ω ∈ P1(C) \
(
tξ∈P1(O/πn+1O) B(sn(ξ) , rξ)

)
(cf. lemma 48 and lemma 49)

�

Remark 19. Let us fix some ordering of the qn(q + 1) elements of P1(O/πn+1O).
i.e. let

P1(O/πn+1O) = {ξ1, . . . , ξqn(q+1)}.

Let ∀ i ∈ Z[1 , qn(q+1)] ,

fi(x, yi) :=


yi(x− η(sn(ξi)))− πn+1 if |η(sn(ξi))| ≤ 1

yi(x− η(sn(ξi)))− πn+d2v(η(sn(ξi)))e+1 if 1 < |η(sn(ξi))| <∞

yi − πn+1x otherwise

Note that, P1(C) \
(
tξ∈P1(O/πn+1O) B(sn(ξ) , q−a)

)
is an affinoid space with

K〈x, y1, . . . , yqn(q+1)〉/〈f1, . . . , fqn(q+1)〉

as its associated affinoid algebra.

(cf. defn. 2 of sec. 1.2, defn. 1 in sec. 1.4 of [4] and defn. 3.3.1, exmpl. 3.3.5 in [9] )

Proposition 10. Let s ∈ V (X) and n ∈ Z≥0. Let, a ∈ [n, n+ 1).
Then ∃ uξ ∈ P1(K) and bξ ∈ R>0 ∀ ξ ∈ P1(O/πn+1O) such that

θ−1(B(s, a)) = P1(C) \
(
tξ∈P1(O/πn+1O) B(uξ , bξ)

)
.
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Proof. Let δ ∈ PGL2(K) be such that δ(x) = s
Now, ω ∈ θ−1B(s, a)
⇔ θ(ω) ∈ B(s, a)
⇔ d(s, θ(ω)) ≤ a
⇔ d(x, θ(δ−1(ω))) ≤ a (as s = δ(x), cf. lemma 34 and corollary 15)
⇔ δ−1(ω) ∈ P1(C) \

(
tξ∈P1(O/πn+1O) B(sn(ξ) , rξ)

)
(cf. proposition 9)

⇔ ∃ uξ ∈ P1(K) and bξ ∈ R>0 ∀ ξ ∈ P1(O/πn+1O) such that

θ−1(B(s, a)) = P1(C) \
(
tξ∈P1(O/πn+1O) B(uξ , bξ)

)
. (cf. lemma 41)

Remark 20. Let n ∈ Z≥0 and s ∈ V (X). From proposition 10, we see that the pre-
image of the archimedean closed ball B(s, b) of the geometric realization of the Bruhat-
Tits tree, is the complement of qn(q+ 1) disjoint open balls in P1(C) ∀ b ∈ [n, n+ 1).
Now, if b increases by ε in the interval [n, n+1) for some ε ∈ [0, n+1−b), the radii of
all these open balls in P1(C) decrease by the factor q−ε (cf. proposition 9, proposition
10 and corollary 17). When b = n+ 1, qn+1(q+ 1) new vertices of the tree enter in the
closed ball B(s, b) (cf. corollary 8); whereas in P1(C), each of the former qn(q + 1)
open balls split into q disjoint open balls of smaller radii (decreased by the factor qn+1−b

compared to the original radius of the corresponding former ball, (cf. corollary 17)) and
each of these smaller balls lie in the corresponding former ball. (cf. proposition 9)

Remark 21. Thus, we see that the connected affinoid subsets of P1(C) obtained as the
pre-images of the archimedean closed balls in the geometric realization of the Bruhat-
tits tree via the fibers of the reduction map, define a Grothendieck topology on Ω and
hence, gives an admissible covering of this non-archimedean upper half-pane.
Thus, a rigid analytic structure on Ω is obtained.
(cf. chapter 3 of [7] or section 6 of [8])
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θ−1

−→

θ−1

−→

θ−1

−→

Figure 2.1: The fibers of the reduction map for K = Q2
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θ−1

−→

θ−1

−→

θ−1

−→

Figure 2.2: The fibers of the reduction map for K = Q2
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